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PREFACE 


During the past seven years, the author has been giving courses in the 
theory of elasticity to graduate engineering students at New York Uni¬ 
versity. This book is an outgrowth of these lectures. In preparing 
these lecture notes, the author had two objectives in mind: first, to pro¬ 
vide the student with the necessary fundamental knowledge of the theory 
so that he will be able to formulate any problem occurring in the classical 
theory of elasticity; second, to acquaint him with the most useful ana¬ 
lytical and numerical methods so that after the problem is formulated, 
the student will be able to solve it by one of these methods. 

The author has found that the students, while taking a course in the 
theory of elasticity, are often studying advanced calculus concurrently. 
Therefore, in presenting the material, the mathematics is kept at a level 
which does not presume a thorough background in advanced calculus. 
Whenever higher mathematics is involved, it will be derived where it is 
first encountered. It is hoped, however, that the restriction to the 
elementary mathematics will result in no undue sacrifice of rigor. 

As this book is intended mainly for engineers, an attempt is made to 
emphasize the physical meanings of the notations and mathematical 
relationships occurring in the subject. Since it is the engineer’s task 
to furnish necessary information and data to the designer within a limited 
period of time, several of the most powerful numerical methods are dis¬ 
cussed in detail. Whenever an exact solution is intractable by other 
means, these numerical methods usually yield an approximate solution 
with sufficient accuracy for engineering applications. 

Suitable acknowledgments to sources are made throughout this volume, 
but the author’s chief debt is to Professors S. Timoshenko, R. V. South- 
well, and I. S. Sokolnikoff, whose work influenced the selection of topics 
covered in this book. The author is indebted to many of his students, 
particularly to Frank Lane and Robert J. Vaccaro, who read the com¬ 
plete manuscript and made many corrections and suggestions. To Pro¬ 
fessor E. Reissner of the Massachusetts Institute of Technology, the 
author is grateful for his valuable criticisms. The author wishes to 
take this opportunity to thank Professor F. K. Teichmann, chairman of 
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the Department of Aeronautics at New York University, for his unfailing 
cooperation. To his wife Julia, the author is indebted for her long and 
persevering efforts in encouraging his completion of this manuscript. 
To Jane, a young lady of six, who so often and so cheerfully sacrificed 
her weekend playtime to “let Dad finish his work,” this book is humbly 
dedicated. 

C. T. Wang 
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CHAPTER 1 
ANALYSIS OF STRESS 
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1.1. Definition and Notation of Stress. When a body is under the 
action of external forces, it undergoes distortion and the effect of the forces 
is transmitted throughout the body. Across any small internal plane 
area of the body, forces are exerted by the part of the body on one side of 
the area upon the part of the body on the other side. The term stress 
denotes internal force per unit area. Let us assume that the material is 
continuous. Then the stress at any point across a small area A A can be 
defined by the limiting equation 

Stress = limit —7 

aa- >0 AA 

where A F is the internal force on the area A A surrounding the given point. 
The justification of the assumption of continuity of material will be dis¬ 
cussed later. 

Passing through a given point, infinitely many planes may be drawn. 
Take, as an example, the case of a bar under simple tension. In Fig. 1.1, 
we have drawn two planes passing through the point P. 

Although the resultant forces acting on these planes are the 
same, the stresses on these planes are different because the areas 
and the inclinations of these planes are different. Therefore, 
for a complete description of a stress, we have to specify not \J 
only its magnitude, direction, and sense but also the surface 
upon which it acts. Consequently, stress is described by 
tensors , because in addition to its magnitude, direction, and 
sense, which define a vector , it depends on another vector, which 
represents the surface upon which it acts. Referring to an 
arbitrarily chosen set of rectangular cartesian coordinate 
axes, a force is completely determined by its components in 
the directions of these axes. A convenient way of describing these com¬ 
ponents is the single-subscript notation, wherein F x , F y , F z denote, respec¬ 
tively, the x, y , 2 component of the force. This notation, however, is not 
sufficient to describe a stress completely because in this case we have to 
designate also the surface on which it acts. A surface may be designated 
by a subscript which gives the direction of its normal. For example, a 
plane parallel to the yz plane has its normal in the x direction, so that we 

may use the subscript x to denote the yz plane. The stress at a point on 
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a surface may be resolved into two components—a normal stress perpen¬ 
dicular to the surface and a shearing stress acting in the plane of the sur¬ 
face. We shall denote the normal-stress component by the letter a and 
the shearing-stress component by the letter r. For a normal-stress com¬ 
ponent, the direction is already specified, and only one subscript is needed 

to denote the plane on which it acts. 
In the case of a shearing-stress com¬ 
ponent, it can again be resolved into 
two components in the directions of 
the coordinate axes in its plane, and 
we therefore need two subscripts 
for its description—one, say the first 
subscript, to denote the plane on 
which it acts, and the other, or the 
second subscript, to denote its direc¬ 
tion. For example, the three stress 
components acting on a surface 
parallel to the yz plane will be de¬ 
noted by o' x, Txy, r zz according to this notation. Through a point in a 
body we can construct three orthogonal coordinate planes on which we 
have nine stress components. The notation of other stress components 
is shown in Fig. 1.2. 

Let us next define the sign convention. A normal stress is defined as 
positive if it is a tensile stress, z.e., if it is directed away from the surface 
upon which it acts. If it is directed toward the surface, it is called a 
compressive stress and is defined as negative. Since a tensile stress is 
always directed away from the surface, on a surface such as A'B'C'D' in 
Fig. 1.2, it is positive when it is in the positive direction of the coordinate 
axis, while on such a surface as ABCD, it is positive when opposite to the 
positive direction of the coordinate axis. In view of this, we shall define 
the positive directions of the shearing stresses as follows: on any surface 
where the tensile stress is in the positive direction of the coordinate axis, 
such as A'B'C'D ', the shearing stresses are positive if they are in the posi¬ 
tive directions of the other two coordinate axes. If the tensile stress is 
opposite to the positive axis, the positive directions of the shearing stresses 
are also opposite to the positive axes. Following this rule the positive 
directions of the stress components acting on the right, front, or top side 
of the cubic element in Fig. 1.2 coincide with the positive directions of the 
coordinate axes. The positive directions are all reversed if we are con¬ 
sidering the left, rear, or bottom side of this element. 

1.2. Differential Equations of Equilibrium. A body is said to be in 
equilibrium when, under the action of external forces, it is at rest or mov¬ 
ing in a straight line with constant velocity. There are, in general, two 
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kinds of external forces which may act on a body. They are the surface 
forces and the body forces. A force such as the hydrostatic pressure, whic 
is distributed over the surface of a body, is called a surface force. Such 
forces as the gravitational and centrifugal forces, which are distributed 
over the volume of the body, are called body forces. A surface force is 
given in terms of force per unit area, and a body force is given in terms of 
force per unit volume. To distinguish these forces, we shall use the sym¬ 
bols X, Y, Z to denote the z, y, z components of a surface force and the 
symbols X, Y, Z to denote the z, y, z components of a body force. 

Before we proceed to derive the equilibrium equations, we shall first 
explain the method of writing the stress components on the various sur¬ 
faces of an infinitesimal element. Let us take an elementary block of unit 



(a) 


(b) 


Fig. 1.3. 


length with a cross-sectional area dz dy. In general, the stresses in a body 
vary from point to point. Consider the simple case where the element is 
subjected to tensile stresses in the z direction only (Fig. 1.3a). Let us 
denote the stress at A by <r x . Since dz is an infinitesimal linear element, 
we may write the stress at B , a xB) as the sum of <j x and the small variation 
of stress from A to B. From the well-known rules in the differential 
calculus, this small variation may be obtained by multiplying the rate of 
change of <r x with respect to z at A by the length AB, namely, 


C iB 



(LI) 


In (1.1) the partial derivative sign is used because a x varies not only with 
respect to z but also with respect to y. Similarly, the stresses at D and 
C may be written as 


VxD — <Tz 




<r x c — & xb 



= dx) + A ^ dx ) dy 

, da x , , da x 

= <r x + dz + — dy 

dz dy 


( 1 . 2 ) 


(1.3) 
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Since dx and dy are infinitesimal quantities, their squares and products are 
very small compared with the quantities themselves. As a result, in 
Eq. (1.3) the term ( d 2 a x /dx dy) dx dy has been neglected as it is small in 
comparison with the terms ( da x /dx) dx or ( da x /dy) dy. Terms containing 
small quantities of higher degrees are called higher-order terms, and they 
can be neglected in the presence of terms containing small quantities of 
lower degree. 

Equations (1.1) to (1.3) can also be explained by means of Taylor's 
expansion in the differential calculus. Consider an arbitrary function 
f(x,y). Let the value of this function at x = x 0 , y = y 0 be f(x 0 ,yo) or/ 0 . 
Then, expanding f(x 0 + dx , y 0 + dy) in terms of Taylor's series, we find 
that the value of the function at x = x 0 + dx, y — y 0 + dy is 


f(x o + dx, y o + dy) = fo + 



where (df/dx) 0 , ( df/dy ) 0 , etc., denote the values of the first partial deriva¬ 
tives at x 0 , yo. If we let f(x,y) = a x , dy = 0 and neglect higher-order 
terms, we arrive at Eq. (1.1). Similarly, by letting dx = 0 and neglecting 
higher-order terms, we obtain Eq. (1.2). By retaining both dx and dy and 
neglecting higher-order terms, we obtain Eq. (1.3). 

When higher-order terms are neglected, we find that the stresses over 
the faces AD and BC are distributed in a linear manner. Hence, the 
force acting on the face AD is 

Fi =g(«r. + *' + jjjdy}dy = « x dy + \ d -^dy* 

Similarly, the force acting on the face BC is 

F * = \(?* + d ii dx + ** + d ii dx + ^ dy ) dy 

= a, dy+^dxdy+^dy* 

The resultant force acting on the element A BCD is therefore 

2 F = F 2 - Fy = ^dx dy 


If we assume that the mean stress on AD is <r x and is acting at the center 
of the face, then the mean stress acting on BC will be a x + (da x /dx) dx. 
So far as the resultant force is concerned, this second state of stress dis¬ 
tribution gives identically the same result as the first stress state. The 
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derivation of the equilibrium equations is based mainly on these resul¬ 
ts For the purpose of deriving the equilibrium equations, we may 
therefore consider the second state of simplified stress distribution instead 

of the more detailed first state. 

Figure 1.4 shows the same element subjected to a general system ot 
positive two-dimensional stresses, as well as body forces, according to the 
simplified mode of representation. By two-dimensional stress system 
we mean that in such a case a x , <r„, r„ and r yx are independent of z and the 
other stress components are zero. The body forces X and Y are assumed 
to be independent of z, and Z is zero. Such a state of stress is called plane 



stress. Summing all forces in the x direction, the condition 2 F x = 0 
gives 



^ dxj dy — <r x dy + 




dx — Tyx dx + X dx dy = 0 


Collecting terms, we obtain 


Since dx dy is not necessarily zero, the condition 2F X = 0 necessitates 


P + ^ + X = 0 
dx dy 

Similarly from 2 F v = 0, we obtain 



d T xy , d(J v y 

dx ' dy 1 





APPLIED ELASTICITY 


6 

Equations (1.4) and (1.5) are the two-dimensional differential equations 
of equilibrium in cartesian coordinates. 

In the general case of an elementary block under a system of positive 
three-dimensional stresses, we can show that the differential equations of 
equilibrium in cartesian coordinates are the following: 



( 1 . 6 ) 


Referring again to Fig. 1.4, and taking moments about 0, we obtain 
from the condition 2M 0 = 0 that 


(<r x dy) + 



i) - (.. + 




dy\ y + 



(txj, dy)x 


+ * Txv + lix dx ) dy (* + dx>) “ dx ) y 


dy'j dx + (jyx dx)y 


(x + 


dx 

~2 




dyj dx (y + dy) - (X dx dy) (y + 


dy 

2 


+ {Y dx dy) (x + = 


0 


where the counterclockwise moments are taken positive. Collecting 
terms and neglecting the higher-order terms, we have 



Tyx) dx dy — 





y dx dy 




x dxdy = 0 



From Eqs. (1.4) and (1.5), we see that the terms in the second and third 
parentheses of Eq. (1.7) are zero. Since dx dy is not necessarily zero, 
Eq. (1.7) reduces to 

X xy Xy X 0 

Of T X y = Ty X (1.8) 


In the general three-dimensional case, by taking moments of the forces 
acting on the elementary block with respect to the 2 , y y and x axes, 
respectively, we can prove that 
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Equations (1.9) show that the shearing-stress components are sym¬ 
metrical. In Sec. 1.1, we mentioned that there are nine different stress . 
components acting on the three coordinate planes at any point in a body. 
Now we find that out of the six shearing-stress components only three are 
independent. Since the stress components and r yX) t xz and t zx , and r yz 
and t zv are equal to each other, we shall make no distinction between them 
from now on. 


Problem 1. Derive Eq. (1.3) by writing <t x c in terms of <t z d and the stress variation 
at D instead of writing it in terms of <t x b and the stress variation at B as was carried 
out in the text. 

Problem 2. Verify Eqs. (1.6). 

Problem 3. Verify Eqs. (1.9). 

Problem 4. Show that the shearing-stress components will not be symmetrical, 
i.e.y that Eqs. (1.9) are no longer valid, when “body moments” are present. We find 
such an example in the case where an elastic body contains a large number of evenly 
distributed small magnetized particles and therefore each element in the body is 
influenced by a moment due to the magnetic field. 


1.3. Specification of Stress at a Point. We shall now proceed to show 
that the state of stress within a body is completely determined when we 
know the values of the six stress com¬ 


ponents at each point. Let us consider 
again the simpler case of plane stress. 
Knowing the stress components o x , a U} 
Txy at any point of the body, we shall 
show that the stress acting on any plane 
through this point perpendicular to the 
xy plane and inclined to the x and y axes 
can be calculated. Let 0 be an arbi¬ 
trary point in a stressed body and a x , 
a v , and the stress components at 0 



Fig. 1.5. 


(Fig. 1.5). To find the stress on another plane through O and inclined to 
the x and y axes, we take a plane BC parallel to it and at an infinitesimal 
distance dh from 0, so that this latter plane together with the coordinate 
planes forms a small triangular prism OBC. Since the stresses vary con¬ 
tinuously over the volume of the body, the mean stress components acting 
on 0(7 will be <r x + da z and Txy + dr xy and the stress components acting on 
OB will be a-y + da-y and r xy + dd^. If we denote X and Y as the x and 
•y components of the stress on the plane parallel to BC through 0 the 
corresponding stress components on BC may be written as X + dX and 
Y + dY. As the element is made smaller and smaller, these stress com¬ 
ponents will then approach those acting on planes through 0. In other 
words, as dh -» 0, d* x , da y , d Txy , dd„, and dX and d? all approach zero as a 
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Consider the equilibrium of the prismatical element. The forces acting 
on the element can be obtained by multiplying the mean stress com¬ 
ponents by the respective areas of the surfaces upon which they act. Let N 
be the normal to the plane BC, and denote the cosines of the angles 
between the normal N and the axes x and y by 

cos Nx = l cos Ny — m 


N is taken positive when it is directed outward from the element. Then, 
if A denotes the area of the side BC of the element, the areas of OC and OB 
are Al and Am, respectively. The condition ZF X = 0 gives 

(X + dX)A - (a x + da x )Al - {jxy + dr'JAm - X(H A dh) = 0 (1.10) 

where X is the x component of the body force. Upon dividing by A and 
passing to the limit as dh— » 0, Eq. (1.10) becomes 

X — la x + mr xv 

Similarly, the condition ZF y = 0 gives 

Y = It xy + rruTy 

Thus, if the stress components <r x , <r y , and at a point are given, the 
components of stress at the point on any plane defined by the direction 
cosines l and m can be calculated from Eqs. (1.11) and (1.12). 

If we introduce a new system of coordinate axes x' and y' and let x' be 
in the direction of N , the stress components on the plane BC in terms of 
a and r can be easily obtained from X and Y as follows, 


( 1 . 11 ) 

( 1 . 12 ) 


<7v = IX + mY = l 2 a x + m 2 (T y + 2 ImTxy 
Tx>y> — IY — mX = ( l 2 — m 2 )Txy + lm((Ty — <r z ) 


(1.13) 


where l = cos x'x and m = cos x'y. Equations (1.13) establish the laws 
of transformation of the stress components under an orthogonal trans¬ 
formation of coordinate axes in the two-dimensional case. 

In the general three-dimensional stress system, the equations corre¬ 
sponding to Eqs. (1.11) and (1.12) are 


-X" x I TtlT xy | TIT xx 

Y = It xy + 7m y + 7lTy g (1.14) 

Z = It zx + mT yz + na z 

where X, Y , and Z are the x, y, and z components of the stress on an 
arbitrary plane with a normal N and l = cos Nx, m = cos Ny, n = cos Nz. 
It can be shown that the three-dimensional equations governing the 
transformation of coordinate axes are 
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c rJ = h*<r x + WiV v + ni 2 a z + 2 hm-iTxy + 2m 1 niT yz + 2n y liT zx 
oy = Z 2 V X + infay + n 2 2 G z + 2Z 2 ra 2 r xl/ + 2m 2 n 2 T vz + 2n 2 Z 2 r zx 
oy = Z 3 V* + m 3 2 a v + tt 3 V x + 2l 3 m 3 r xy + 2m 3 n 3 r yz + 2 n 3 l 3 r zx 
Tx't/ = ZlZ^x “1" Vlym 2 <Ty + z 4“ (li7n 2 4“ Tflil^Txy 

+ (win 2 + n x m^)T yz + (niZ 2 

= Z 2 Z 3 tr x + m 2 m 3 (ry + n 2 n 3 a z + (Z 2 m 3 + m 2 h)T xy 

4- (m 2 n 3 + n 2 m 3 )T vz + (n 2 Z 3 
r z v = Wic* + w 3 mio- y + Tiattjo-* + (Z 3 Wi + m 3 Z Jr** 

+ (w 3 Wi + n 3 7ni)r yz + (n 3 Zi 


(1.15) 


+ Zin 2 )r zz 
+ Z 2 tt 3 )r zx 

+ hn y )T zx 


where the direction cosines Z, ra, n between the new coordinate axes a:', ?/', 
2 ' and the original coordinate axes x, y, z are defined in the following table: 



X 

y 

z 

x' 

ll 

m i 

U\ 

y' 

u 

m 2 

n 2 

z' 

U 

m 3 

i 

n z 


From the above table we see that h = cos x'x, ra 2 = cos y'y, etc. 

Since the transformation of coordinates is orthogonal, the direction 
cosines are related by equations of the types 


h 2 + h 2 + Z 3 2 = 1 

Zi 2 + mS + m 2 = 1 
ZiZ 2 + m 1 m 2 + n x ri 2 = 0 
l x m x 4~ Z 2 m 2 4~ Z 3 m 3 = 0 


(1.16) 


Adding the first three equations of (1.15) and making use of the ortho¬ 
gonality relations (1.16), we find 


G X 4“ Gy 4 ~ G z — (TjJ 4 - Gy> 4“ G z > (1.17) 

In other words, the quantity a x 4- g v 4- g z is invariant with respect to 
orthogonal transformations of coordinates. 

Problem 1. Show that the following quantities are invariant: 

a. <r x <r y + <r y a z 4 ~ <r&x — t zv 2 — Tyz 2 — Txz 2 

b. <T x <J y (T t 4 “ 2r X yTy Z T ZX <T x Ty 2 - <TyT zx 2 — <7 Z T yz 2 

Problem 2. Verify Eqs. (1.14) and (1.15). 

1.4. Principal Stresses and the Mohr Diagram. If we let a be the 
angle between the normal N and the x axis, we have then Z = cos a and 

m = sin a. Expressions (1.13) for the normal and shearing components 
of stress on the surface BC may be written as 

ov = <j x cos 2 a 4 -G y sin 2 a + 2r xy sin a cos a (1.18) 

r *V = r xy (cos 2 a — sin 2 a) 4" (<r„ — a x ) sin a cos a (1.19) 
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It is evident that the values of oy and tv y> vary with respect to the angle 
a , and for certain values of a , ay may attain a maximum or minimum 
value. From the differential calculus, we know that such values of a may 
be determined from the condition doy/da = 0. Differentiating ay as 
given by Eq. (1.18) with respect to a and equating the result to zero, we 
obtain 

2(<r v — a x ) sin a cos a + 2r I1/ (cos 2 a — sin 2 a) = 0 (1-20) 

2 sin a cos a 2 t xv non 

or tan 2a = - 5 = - (1.21) 

COS 2 a — sin 2 a o x — a y 


Since tan 2a = tan (t r + 2a), from Eq. (1.21) two perpendicular direc¬ 
tions can be found, and it can be shown that ay is a maximum along one 
of the directions and a minimum along the other one. These directions 
are called principal directions and the corresponding normal stresses the 
principal stresses. Comparing Eq. (1.19) with (1.20), we see that on the 
planes perpendicular to these directions the shearing stresses are zero. 
The magnitudes of the principal stresses may be obtained by substituting 
the values of a given by (1.21) into Eq. (1.18). With some transforma¬ 
tion, we obtain 


O’ 1 O’ max 


O’x 4“ 



0^2 O’niin 


O x + Vy 
2 



( 1 . 22 ) 


In terms of the principal stresses, Eqs. (1.18) and (1.19) may be simpli¬ 
fied to yield 


o v = <?i COS 2 a + a 2 sin 2 a 
Tz'j/ = M (°'2 — o-i) sin 2a 


(1.23) 


The variation of ov and t*v, as we vary the angle a, can be represented by 
means of a graph known as Mohr } s circle. For convenience we shall 
rewrite Eqs. (1.23) in the following form: 




a i + 
2 




cos 2a 





sin 2a 


(1.24) 


The Mohr’s circle may be constructed as follows: From an arbitrary 
point 0 on the horizontal axis we lay off segments OA and OB equal, 
respectively, to o\ and o 2 in directions to agree with the sign of these 
stresses (Fig. 1.6). In the figure, both and <r 2 are assumed positive or 
tensile stresses. If they are compressive or negative, points A and B 
will be on the left side of 0. From a point C bisecting AB we draw a cir- 
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cle with radius CA. This circle is the so-called Mohr's circle, which 
gives us graphically the results contained in Eqs. (1.24) and in addition 
enables us to visualize and to determine other useful stress relations. 

In the usual case, however, the 
principal stresses are not given. 

Under such conditions the con¬ 
struction of Mohr's circle may pro¬ 
ceed as follows: Let a Xf a v , be the 
given stress components. On the 
horizontal axis, lay off OF and OF' 
equal to a x and <r v . At F we lay off 
a distance perpendicular to OF and 
equal to r^, thus obtaining D. 

Similarly, at F' we lay off F'D' equal 
to t xv and in the opposite direction 
to FD. Draw the straight line DD', 
which intersects the horizontal axis at C. With C as a center and CD 
as radius, the Mohr's circle as shown in Fig. 1.6 can again be drawn. 
From the Mohr’s circle we can find the principal stresses which are equal 
to OA and OB. 

In order to find the stresses on any plane BC whose normal makes an 
angle a with the stress a x (Fig. 1.5), we measure from the axis CA an angle 
equal to 2a and obtain the point D on the circle. From the figure, 

OF = OC + CF = a -l±^ + ZUZJL? cos 2a = „ 

DF = CD sin 2a = sin 2a = - TlV 



Comparing with Eqs. (1.24), we see that the coordinates of point D give 
the stress components on the plane BC. 

It may be noted that the angle may be measured in either clockwise or 
counterclockwise direction without affecting the numerical values of the 
results. A sign convention 1 may be set up for the shearing stresses in 
connection with the use of Mohr’s circle. We are not, however, going to 
present it here because, so far as practical application is concerned, the 
directions of shearing stresses are usually of little interest. 

A number of important conclusions follow directly from an inspection 
of Mohr’s circle: 

1. Taking the angle to be tt + 2a instead of 2a, that is, by prolonging 

^ ™r us CD t0 the P° int D '> th e stresses on the plane perpendicular to 
BC (Fig. 1.5) are obtained. This shows that the shearing stresses on two 


‘j** S „^ oshenko and L N. Goodier, “Theory of Elasticity, 1 ” 
McGraw-Hill Book Company, Inc., New York, 1951. 


2d ed., p. 15, 
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perpendicular planes are numerically equal as we have proved previously 

[Eqs. (1.8), (1.9)]. 

2. As a varies, the sum of normal stresses on mutually perpendicular 
planes is a constant since OF' + OF = 2 OC. Hence we have 

o\ + <r 2 = ay + <v 


which is the two-dimensional case of Eq. (1.17). 

3. The maximum shearing stress equals the radius of the Mohr's circle 
and acts on planes inclined at 45° to the principal directions. Hence 

r„„ = a-») 

The corresponding normal stresses on planes of maximum shear are equal 
to each other and are equal to 



Cl + <72 

2 



(1.26) 


Let us now extend our discussion to the case of the three-dimensional stress system. 
We shall show that there exist three mutually perpendicular principal planes on which 
the three normal stress components have stationary values (maximum, minimum, or 
minimax), while the shearing-stress components on these planes are zero. These 
normal stresses are the principal stresses. Let us consider the normal stress on a plane 
perpendicular to the x' axis. From (1.15), we find 

a v = l 2 <r x d - 7 7i*<7y d~ n 2 <r z + 2lniT XV d* 2 mm vz d~ 2 tiIt zx (1*27) 

where l f m, n are direction cosines of x' with respect to the x, y , z axes, respectively. 
But l, m, n in the above equation are not independent, since they must satisfy the 
equation 

l 2 + m 2 d- n 2 = 1 (1.28) 

Therefore, we may regard l, m in Eq. (1.27) as independent variables which may be 
given arbitrary values and <r z ', n as functions of l and m. 

To determine the direction cosines of the plane on which <»*' has a stationary value, 
we let 

- 0 = 0 
dl dm 


Carrying out the differentiation and rearranging the terms, we obtain 


lax mr zy riTtz d - {lr xx d" mr vg d - w®*) — 0 

dYL 

It xu d- mo v d~ n t vz -f- ( It C z d* mT UZ na t ) = 0 


(1.29) 


Now, by partially differentiating (1.28) with respect to l and m, we have 

. , On _ , dn A 

l + n ai= 0 m+n ^ = 0 


(1.30) 
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Substituting these relations into (1.29), we find that (1.29) may be written in the form 

Itzx 4- tht U z + rur s 


Iffx H~ niTxy 4~ TlTzz _ It xj/ 4~ ™<Ty 4~ TIt 
l m 


n 


(1.31) 


But, from (1.14) 


l*Tx + mr xu -f- TlTzx = X 

It xv + in<r v 4- riT ve = Y 

It zx 4 - lIlTyz 4 “ TUT: = Z 


With these relations, Eqs. (1.31) become 


X 

L 



(1.32) 


Equations (1.32) show that on a plane for which a x > has a stationary value the resultant 
stress has components in the directions x, y, z proportional to l , m, n, the direction 
cosines of the normal to the plane. This means that the resultant stress on such a 
plane is purely normal. We have therefore proved that on the plane for which <r x > has 
a stationary value the shearing stress is zero and the plane is a principal plane. 

To show there exist three principal planes, we let 

X __ Y _ Z __ 

l m n a 


The magnitude of the principal stress is then 

IX + m? + nZ = l{l<r) 4- ?n(?nff) 4 - n(no-) = (/2 _j_ m 2 = a ( 1 , 33 ) 

Let us now rewrite Eqs. (1.31) into the following form: 

1{(t x — <r) 4- rriT zu 4- nr 2x = 0 

It x V + ™{ff v — ff) 4 - riTy Z = 0 ( 1 . 34 ) 

It zx 4" rriT V z n{ff z — ff) =0 

Equations (1.34) may now be regarded as equations for the determination of the 
direction cosines l, m, n of the principal planes. Since l 2 + m * -f n 2 = 1 then l m 
n cannot vanish simultaneously. Equations (1.34) are homogeneous linear equations 
in l, m, n and will give solutions different from zero only if the determinant of these 

equations is zero. Calculating this determinant and equating it to zero results in the 
following cubic equation in <r: 


- (<r. + + <r,)a - 2 + {a x a v + cr x a t + o^cr, — Tl „ 2 - t „ c 2 - t., 2 )<t 

- (<y x <J y a z + 2t i „7-„,t« — a x T u 2 — a uTxx 2 - a, Tx 2 ) = 0 (1.35) 

The three roots of this equation give the values of the three principal stresses By 

substituting each of these stresses in Eqs. (1.34) and using (1.28), we can find three 

sets of direction cosines for the three principal planes. We may note here that the 

determination of the principal stresses must be independent of the directions of the 

coordinate axes x, y, z. Therefore the factors in parentheses in (1.35) must be 

independent of any change of directions of coordinates and are invariants with respect 
to orthogonal transformation of coordinates. 

Problem 1. Determine the principal stresses and the angle or if 


o-* - 6,250 psi ff v = -1,250 psi = 6,500 psi 

stm«c blem 4 2 ^ Dete . rmin f e th L e maximum shearing stress, the corresponding normal 
stresses, and the angle a for the given state of stress in Prob. 1 
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1.6. Boundary Conditions in Terms of Given Surface Forces. When 
a body, under external loads, is in equilibrium, we have already shown 
that the stress components must satisfy the differential equations of equi¬ 
librium at all points throughout the body. These stress components vary 

over the volume of the body, and when 
we arrive at the outer surface, or the 
boundary, of the body, they must be in 
equilibrium with the given external forces 
there. The external forces may therefore 
be considered as a continuation of the in- 
-x ternal stress distribution. The conditions 
of equilibrium at the boundary can be 
obtained from Eqs. (1.14) and are called 
the boundary conditions of the body in 
equilibrium. If we denote the compo¬ 
nents of the surface forces per unit area at a point on the boundary 
by X, Y, Z and let l, m , n be the direction cosines of the normal N to the 
boundary, from Eqs. (1.14) we find our boundary conditions as 



Fig. 1.7. 


X = la z + uiT xy + nr zz 

1 brxy ~ f - uia y “I - riT y Z 
Z = It zx + vm yz + 7ic g 


(1.36) 


In the particular case of plane stress (Fig. 1.7) Eqs. (1.36) reduce to 


X = la x + mr 


XV 


Y = h xy + m<7 


(1.37) 



CHAPTER 2 


ANALYSIS OF STRAIN 


2.1. Strain Components. A body is said to be strained whenever the 
relative positions of points in the body are altered. Let us assume that 
the material is continuous. Then at any point in the body there is a 
particle of material. Let the coordinates of this particle before strain be 
x , y , z. After strain, the particle will undergo displacements u, v, w in the 
x, y, z directions and will now have the coordinates x + u, y + v, z + w. 
In general, the displacements u , v, w vary from point to point in the body 
and are therefore functions of x, y , z. 


We shall begin our discussion of strain with the two-dimensional case, 
i.e., the case of plane strain. By plane strain we mean that all the par¬ 
ticles originally in a plane will remain in the same plane after strain. If 
we choose our cooidinate axes so that the x and y axes are in the plane of 
deformation, then we have w = 0 


and u, v independent of z. Let us 
consider a small rectangular element 
ABCD with sides dx and dy in the 
unstrained body (Fig. 2.1). After 
strain, the element is displaced to 
the position A'B'C'D'. We observe 
that there are two basic geometric 
deformations: one is a change in 
length of an originally straight line in 
a certain direction, and the other is 
a change in the value of a given angle. 
Accordingly, we shall classify strain 
into two kinds, viz., the longitudinal 
strain and the shearing strain. The 



Fig. 2.1. 


ratio of the change in length to the original length of a straight line ele¬ 
ment is defined as the longitudinal strain. Let us denote the longitudinal 
strain by the letter e . For continuous material, £ at any point in a seg¬ 
ment initially A L long may be defined by the limiting equation 


AS 

= llm XT 

AL—>0 AL 


in which A5 is the change in length of the given segment. The change in 

value of an originally right angle in the unstrained state is defined as the 

15 
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shearing strain and will be denoted by y. In the case of the rectangular 
element ABCD as shown in Fig. 2.1, before strain, the length of AB is dx . 
After strain, A is displaced to A'. Let us denote the x, y components of 
the displacement of the particle at A by u and v. As u and v vary from 
point to point in the body, we may expand these quantities into Taylor’s 
series as in the case of stress components. Neglecting higher-order terms, 
the displacements from B to B' can be written as u + ( du/Sx) dx and 
v + (dv/dx) dx. The x projection of A'B' is therefore dx + ( du/dx) dx, 
and the y projection is (dv/dx) dx. The square of the length of A'B' is 


(A 


'B') 2 = ^ 


dx + ^ dx 
dx 



The longitudinal strain component in the x direction, e x , is defined as the 
longitudinal strain of an element which is in the x direction before strain. 
We have, therefore, 

A'B' - AB 


€* = 


AB 


or 


A'B' = (1 + e x )AB = (1 + €x) dx 

Substituting the above expression into the expression for (A'B') 2 and 
dividing through by (dx) 2 , we obtain 


Ulllg VAAV/ U/UV » V/ V^A^/A Vk>^AV/AA Al 

through by (dx) 2 , we obtain 


2e x + = 2 ^ + 

dx 



+ 



( 2 . 1 ) 


If we confine our attention to the case where the deformation of the body 
is very small, then € and the derivatives of u and v are small quantities. 
The squares and products of these quantities are therefore negligible in 
comparison with the quantities themselves. Dropping these higher-order 
terms in Eq. (2.1), we have 

_ du 
tx ~ ITx 

Similarly the longitudinal-strain component in the y direction is dv/dy 
or e v = dv/dy. 

In order to find the shearing strain, let us consider the distortion of a 
right angle in the unstrained state. The shearing strain y xy at a point is 
defined as the change in the value of the angle between the two elements 
originally parallel to the x and y axes at that point. Accordingly, y xy at 
the point A is the change of the angle between the element AB and AD. 
The displacement of the point B' in the y direction is v + (dv/dx) dx, and 
the displacement of the point D' in the x direction is u + (du/dy) dy. 
Neglecting higher-order terms, we find that, owing to these displacements, 
the line AB after strain, or A'B', is inclined to its unstrained direction by 
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elements 7 AB and AD is diminished by the angle (dv/dx) + (du/dy). 
Hence 


dv . du 
yxy ~ di + dy 


The strain components in the general three-dimensional case can be 
obtained in a similar manner. We get, in this case, 




du 

dX 


€./ = 


dv 

dy 


u — 


dW 

dz 


Yxu 


du . dv 
dy dx 


dv , dw 
7vl = di + dy 

^dw + du (2.2) 


These six quantities, 7., 7», are called the components of 

strain. From these formulas it is easy to see that the shearing strains are 

symmetrical, viz., 


y xu = t yz = y*v y** - y** 

We also observe from formulas (2.2) that, to any expressions of displace 
ment u, v, w, we may add, respectively, the components 


H = a + by - cz v = d - bx + ez w = f + cx - ey 


without changing the strain components. The constants a, d, f in the 
above expressions represent a translatory motion of the body, and the 

constants b, c, e represent rotation 
of the body around the coordinate 
axes. Since the displacements u , 
v, w represent the motion of the 
body as a whole and do not induce 
any strain in the body, we shall 
call them rigid-body displacements. 

2.2. Specification of Strain at a 
Point. Given the three longitu¬ 
dinal-strain components and the 
three shearing-strain components Fig. 2.2. 

at a point, it can be shown that the 

elongation in any direction and the distortion of the angle between any 
two perpendicular directions can be calculated. 

Let us again consider the case of plane strain. Consider a small linear 
element AB in the unstrained body of length dL with the direction cosines 
l , m (Fig. 2.2). The projections of the element on the coordinate axes are 
dx = IdL , dy — m dL. After strain, AB is displaced to A'B', and the 
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displacement components of A are equal to u and v. Let the length of 
A'B' be dL'. Since the element AB is originally inclined to the coordinate 
axes, following the same reasoning as in the derivation of Eq. (1.3), the 
displacement components of B' will then be 


u -f du = u + 
v + dv = v + 





Let e be the longitudinal strain in the direction AB defined by 

A'B' - AB dL' - dL 


e — 


or 


AB 

dL' = (1 + e) dL 


dL 


In terms of its projections we have 


(. A'B') 2 = (1 + e) 2 dL 2 



dx + ^ dx + ^ dy\ 


dx 


dy 

+ (* + £•* +S 


Upon expanding, (2.4) becomes 
dL 2 + 2e dL 2 + e 2 dL 2 = dx 2 + dy 2 


+ ^ + 2p d x d y + 2 d £ dx dy + 2*dy> 


+ 



dx 2 + 



dy 2 + 



dx 2 + 


dy 2 (2.5) 


Recalling that dL 2 = dx 2 + dy 2 and noting that, for infinitesimal defor- 

. du du dv dv . n t .... j ,i . 

mation e, —, -r-. -r- are infinitesimal quantities and their squares can 

dx dy dx dy 

be neglected compared with the quantities themselves, Eq. (2.5) then 
becomes 

e dL 2 = ^ dx 2 dxdy + p-dxdy + ^ dy 2 

dx dy dx dy 


• r, after dividing through by dL 2 y 

e = ? 12 + ? + (? + ?) lm = l2( * + m2( « + ( 2 - 6 ) 
dx dy \dy dx) 

where the relations dx/dL = l and dy/dL = m have been used. 

If we denote by x' and y’ the directions of the new coordinate axes, we 
obtain 

= Z 2 e x + ui 2 e v + Imyxy (2.7) 

where we now have l = cos x’x and m = cos x'y. 
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To find the shearing strain when referring to these new directions let 
us consider two perpendicular elements OA and OB before deformation 
me 2 3) After deformation, OA and OB are displaced to 0 A and 
$?/ respectively. Let dU and dU be the original length of OA and 05 
and «i and e 2 be the longitudinal-strain components in the directions of 
OA and OB. Denote by h, m i and h, m 2 the direction cosines of OA and 

1/ 





Fig. 2.3 


OB, respectively. Using Eqs. (2.3), we find that the direction cosines 
l' m\ of O'A' are 


dx i + dui _ [1 + ( du/ dx )] dx i + ( du/dy ) dy i 
~ dL i(l + ei) _ dU{ 1 + ei) 


= h (l - 


, du\ . du 

ei + Tx) + mi r y 


(2.8) 


dv 


m 


, dy i + dv ! = , — , 

1 ~ dLi(l + « x ) 1 dx 


0- 


€l + 


a?/ 


where, in obtaining the last step in the above formulas, we have carried 
out the division and then neglected the resulting higher-order terms. 
Similarly the direction cosines V 2 and m 2 of O'B' are 


i \; = u ( 


i 


. du\ . du 

62 + Bi) + m2 


, 7 dv ( , dv 

m 2 = Z 2 - + m 2 (! -e 2 + ^- 


(2.9) 


Let the angle between O' A' and O'B' be a. From Fig. 2.3, we see 

cos a = cos (6 — 0) = cos /? cos 6 + sin sin 6 = l[l 2 + m[7n 2 (2.10) 

Substituting into Eq. (2.10) the expressions of l[, m[, l 2 , and m' 2 as given by 
Eqs. (2.8) and (2.9) and neglecting the higher-order terms, we obtain 

cos a = ( hl 2 + mim 2 )(l — ei — e 2 ) + 2(W 2 e x + rapn^) 

+ (1 iffi 2 + hm i)yxy ( 2 . 11 ) 
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From the definition of shearing strain, we have 


7*V = I - « 


For small shearing strain, the angle (tt/2) — 
therefore 



a is small, and we have 

= cos a 


Since l\l 2 + mitn 2 = cos AOB — cos (tt/2) = 0, substitution of (2.11) 
into the above expression gives 

y x > l / = 2(W 2 e x + mim 2 e 1/ ) + ( l\m 2 + l 2 rrii)y xy (2.12) 

Equations (2.7) and (2.12) thus verify our statement that in the case 
of plane strain the longitudinal- and shearing-strain components in any 
other direction can be calculated if e r , e y , and yxy are known. Since 
l 2 = cos y'x = cos (tt — x'y) = —cos x'y — —m h and 


m 2 = cos y'y = cos x'x = h 


Eq. (2.12) may be written as 

7 xV = (^i 2 — m i 2 )y xy + 2limi(e y — € x ) (2.13) 

If we compare Eqs. (2.7) and (2.13) with Eqs. (1.13), we see that Eqs. 
(2.7) and (2.13) become exactly the same as Eqs. (1.13) with e replaced by 
a and y replaced by 2r. If we write y = 2y\ then all our discussion on 
principal stress holds true also for principal strain in terms of e X} e V) and 
Yxy. Therefore, we can construct Mohr’s circle for strain exactly the 
same way as the Mohr’s circle for stress. 

In the general three-dimensional case, if, as before, we define the direc¬ 
tion cosines by the following table, 



X 

y 

z 

x' 

h 

771 1 

n 1 

y' 

h 

771 2 

n 2 

z' 

lz 

m 3 

n 3 


the formulas of transformation of strain components can be shown to be 
of the following form: 

= h 2 e x + m^ty + rii 2 e z + hrrhy^ + rnirhy yz + nihy zx 

V = l 2 2 *x + + n 2 2 e z + I'flri'fy xy + m 2 n 2 y yz + u 2 l 2 y zx 

€✓ = l z 2 e x + m z 2 e y + n 3 2 e z + hm z y xy + m z n z y yz + n z l z y zx 

7*V = 2 hl 2 e x + 2m 1 m 2 6 y + 2nin 2 e z + ( lim 2 + rriil^y^ 

+ ( m x n 2 + nim 2 )y yz + ( n x l 2 + hn 2 )y zx (2.14) 
7 i/*r = 2 l 2 l z e x + 2i7i 2 i7i 3 £ y + 2 n 2 n 3 e z + ( l 2 m z + m 2 l z )y xy 

+ ( m 2 n z + n 2 m z )y yz + ( n 2 l z + l 2 n z )y xx 
7*v = 2l z lit x + 2m z mie v + 2n z n 1 e z + (hmi + mzl^yxy 

+ {m z ni + 7137711 ) 7 ** + (n z h + l z ni)y tx 


21 


ANALYSIS OF STRAIN 

Adding the first three equations of (2.14) and recalling the conditions of 
orthogonality (1.16), we can prove that the sum of the longitudinal-strain 
components is also an invariant with respect to transformations from one 
set of rectangular axes to another, viz., 

- €*> + Cj/ + € 2 ' == *z T" 4" (2.15) 

Problem. Prove that the following quantities are also invariant: 

a. T € v € * "h € * €x i/ 2 "h Tv* y* x ) ^ 

b. e X € V e t 4- %(yzt,yv*y** — ^y V : 2 — **y** % ~ **y*v 2 ) 

2.3. Compatibility Equations. Reverting now to the expressions of 
the strain components in terms of the components of displacement, Eqs. 
(2.2), we observe that the six strain components are expressed in terms of 
three displacement components. These equations may be regarded as a 
system of partial differential equations for the determination of the dis¬ 
placements u, v , w when the strain components e x , e y , e ZJ y xy , y V z f and Y*x are 
given functions of x, y , Since there are six equations for three unknown 
functions, we cannot expect in general that these equations will possess a 
solution if the strain components are arbitrarily prescribed. Thus, there 
must be some conditions to be imposed on the strain components in order 
that these six equations will give a set of single-valued continuous solu¬ 
tions for the three displacement components. The fact that the strain 
components cannot be prescribed arbitrarily can be seen from the follow¬ 
ing geometrical considerations: Imagine that an elastic body is subdivided 
into a number of small cubic elements before deformation. Now suppose 
that each element is subjected to an arbitrary deformation. After the 
deformation, these elements become parallelepipeds, and it may happen 
that it is impossible to arrange the parallelepipeds to form a continuous 
distorted body. To ensure that these parallelepipeds form a continuous 
body, the strain components for each element must satisfy certain rela¬ 
tions. We shall now proceed to investigate these relations. 

Differentiating y ^ with respect to x and y from the expression 

du dv 

yxv ~Ty + di 

we have 

d 2 y xy = d 2 dv d 2 dv 

dx dy dx dy dy dx dy dx 

Since u and v are single-valued continuous functions, we may rewrite the 
above expression into the following form: 

d 2 y xy _ d 2 du d 2 dv 
dx dy ~ dy~ 2 dx~^ dx^dy 


( 2 . 16 ) 
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But c* = du/dx y and e u = dv/dy. Hence (2.16) becomes 


d 2 € x d\, _ d 2 y xv 
dy 2 dx 2 dx dy 


(2.17) 


Now if we differentiate y xv with respect to x and z and y zx with respect 
to y and x and add the resulting expressions, we ha^e 


d 2 7 xy , d 2 y zx _ d 2 /dtt dtA d 2 fdw du\ 

dx dz dy dx dx dz\dy dx) dy dx\dx dz) 

Again, recognizing the fact that u f v , w are single-valued continuous func¬ 
tions, we may rewrite the above expressions as follows: 


2 d 2 du d^_ (dv dw\ = d 2 e x d 2 y vt 
dy dz dx dx 2 \d 2 dy) dy dz dx 2 

or 2 — ** ( dy vz - dy zx d 7 x A 

01 Z dydz~dx\ -te+~di + ~te) ( 2 ‘ 18 ) 

Further relations can be written down at once by the method of “cyclic 
permutation/ ? Collecting our results, we find that, in all, six relations 
have to be satisfied by the strain components, viz ., 


d 2 €x , d\ _ d 2 yxy 

dy 2 dx 2 dx dy 

d\ dhz = d 2 y vz 

dz 2 dy 2 dy dz 

d 2 ez , d 2 ^! = d 2 y zx 

dx 2 dz 2 dz dx 


2 d2ex 
dy dz 

2 

dz dx 



d_ 

dx 

d_ 

d_ 

dz 





(2.19) 


These differential equations are known as compatibility equations for 
strain. They must be satisfied by the strain components to ensure the 
existence of single-valued continuous functions u, v, w connected with the 
strain components by Eqs. (2.2). 

Problem 1. Show that 


€x = tc(x 2 + y 2 ) e v = ky 2 y xv = 2 kxy c, = y vt = y tx = 0 

where A; is a small constant, is a possible state of strain while 

€x = kz(x 2 + y 2 ) e u = ky 2 z y zv = 2kxyz e M = y vt = y tx = 0 
is not a possible one. 

Problem 2. An elastic solid is heated nonuniformly to a temperature distribution 
T(x,t/, 2 ), where T(x,y,z) is a function of x, y, z. If each element in the body has 
unrestrained thermal expansion, the strain components will be 


e* = = e, = ctT 


yzy 7 vz — y Z x — 0 
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where a is the coefficient of thermal expansion and is a constant. Prove that this can 
occur only when T is a linear function of x, y, z. 

problem 3. Determine the relations among the constants A 0 , A h B 0 , B u C 0 , C i, C 2 
so that the following is a possible system of strains: 

6, = A 0 + Ai(x 2 + 7/ 2 ) -f (a: 4 + y A ) 
e„ = Bo + B i(x 2 + y*) + (x A + ?/*) 

7x V = Co + Cixy(x z H- y 2 + C 2 ) 

= 7 k* = = 0 

A ns. Ai + Bi — 2C 2 = 0, Ci = 4 



CHAPTER 3 


STRESS-STRAIN RELATIONS AND THE GENERAL EQUATIONS 

OF ELASTICITY 

3.1. Idealization of Engineering Materials. In order to subject the 
behavior of engineering materials to a mathematical analysis, it will be 
necessary to introduce some idealization on the properties of the materials. 
In the theory of elasticity, as in other branches of mathematical physics, 
we are confronted at the outset by two conflicting requirements. On the 
one hand, we desire our theory to predict as much as possible the behavior 
of real materials under the action of applied forces. On the other hand, 
the theory must be simple enough mathematically so that it can be applied 
to a wide range of problems with a possibility of solving the resulting 
equations. 

It is known that every solid body deforms under the action of applied 
forces. To every kind of stress there is a corresponding strain. If the 
stresses are not too great, the strained body will recover its original shape 
and size when the stresses are removed. The property which a body 
possesses of recovering from strain is called elasticity. We call a body 
perfectly elastic if it recovers completely. If the body does not recover 
completely, the strain that remains when the stress is removed is called 
permanent set and the body is said to be in a plastic state. If forces are 
applied to any solid body and these forces are gradually increased, it is 
observed experimentally that until some definite limit in the magnitude 
of these forces is reached the body will be perfectly elastic. The limit is 
called the elastic limit. Beyond this elastic limit, the material will be in 
the plastic state, and permanent set will be produced. In the theory of 
elasticity we shall assume that the material is perfectly elastic, i.e., we 

shall limit our attention to the behavior of the material before the elastic 
limit is reached. 

We shall further assume the material to be continuous , homogeneous , and 
isotropic. By continuous material we mean a material having the nature 
of a structureless mass. An elastic body is said to be homogeneous if the 
elastic properties are the same throughout the body, i.e., are independent 
of the location. If the elastic properties of the body are the same in all 
directions about any given point, then the body is said to be isotropic. 
In the analysis of stress and strain as carried out in Chaps. 1 and 2, we 
have already used the assumption of continuity of material, while the 
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assumptions of homogeneity and isotropy are not necessary until we 
attempt to develop relations between stresses and strains. 

Most engineering materials are formed of either crystalline substances 
such as brass or small fibers such as timber. Our assumptions obviously 
conflict with our knowledge of real materials. However, the dimensions 
of most crystals and fibers are so small in comparison with the dimensions 
of the entire body that the behavior of the material on the average appears 
to justify the assumption of continuity and homogeneity. In the case of 
crystalline materials, the crystals are usually so chaotically distributed 
that the body as a whole is isotropic. It may be remarked that the 
process of rolling frequently produces a definite orientation of crystals, so 
that many rolled metals are anisotropic. Such a structural material as 
wood, for example, is definitely anisotropic, and the elastic properties of 
wood in the direction of the grain differ greatly from those in the direction 
perpendicular to the annual rings. In assuming isotropic material we 
shall of course exclude the treatment of engineering structures made of 

these materials. 

3.2. Generalized Hooke’s Law. All stressed bodies are strained. 
The first formulation of a relation between the deformation and the 
applied force was due to Hooke. Hooke's law of proportionality between 
the forces and displacements can be rendered freely as “Extension is pro¬ 
portional to force,” and it refers to the average extension of a thin rod 
when the latter is subjected to a tensile stress. If we consider a thin rod 
with cross-sectional area A subjected to tensile force F, and if we assume 
that the tensile stress a- is uniformly distributed over the area of the cross 
section, Hooke's law may be written in the following form: 

a — ce (3.1) 

where c is a constant and € is the longitudinal strain. 

A natural generalization of Hooke's law immediately suggests itself, 
viz., when more than one strain component exists and when the elastic 
limit is not exceeded, then at every point of the medium each of the six 
stress components may be expressed as a linear f unction of the six components 
of strain, and conversely. This last statement is called the generalized 
Hooke’s law. Expressed mathematically, we have the six “stress-strain” 
equations of the type 

*z = Cii€ x + Ci 2 e y + c u e z + Cicixy + C\ h y yz + Ci Q y zx (3.2) 

or, conversely, the six “strain-stress” equations of the type 

€x = c' n a x + F 12 cT v + c' 3 0- 2 + c[iT X y + cj b Ty Z + F 16 t zx (3.3) 

where Cn, . . . , F n , . . . define the elastic properties of the material. 
For homogeneous materials, c n , . . . , F n , . . . are constants independ- 



26 


APPLIED ELASTICITY 


ent of x, y, z . Given the six equations of type (3.2), we can deduce the 
six equations of type (3.3), and vice versa. 

Whether (3.2) or (3.3) be adopted as the generalized statement of 
Hooke's law, 36 constants are apparently involved. However, these 36 
constants are not all independent, and we shall now proceed to show that 
for isotropic materials they can be reduced to only two independent ones. 

First we shall show that the directions of the principal stresses coincide 
with the directions of the principal strains. Let 1, 2, 3 be the principal 

directions of strain. The shearing-strain 
components referring to these directions are 
therefore zero, 1 and from Eqs. (3.2) we have 



r 12 — C4l€i + C42*2 + 043^3 


(3.4) 


Introduce the coordinate system 1', 2', 3' 
which is obtained from the 1, 2, 3 system by 
rotating the 1, 2, 3 axes through an angle of 
180° about the 2 axis (Fig. 3.1). The 1' and 
3' axes will then be directed in the opposite 
directions of the 1 and 3 axes, respectively, and the 2 and 2' axes coincide. 
Define the direction cosines of 1', 2', and 3' by the following table: 



1 

2 

3 

1' 

h 

Tfli 

Til 

2' 

12 

7712 

712 

3' 

lz 

m 3 

Tlz 


These direction cosines then have the following values: 

l\ = n 3 = cos 180° = — 1 7ft 2 = cos 0° 

and U = lz = mi = ra 3 = n\ — n 2 = cos 90° : 


= 1 
= 0 


For isotropic materials the elastic constants such as c 4 i, c 4 2 , and c 43 should 
not change with the directions. Since the new coordinate axes are also in 
the principal directions of strain, referring to these new directions, Eq. (3.4) 
becomes 

T 1'2> = C4i€i' + C 42 C 2 ' + c 43*3' (3.5) 

From the formulas for the transformation of stress components, Eqs. 
(1.15), we find that hm 2 is the only nonzero product of the direction 
cosines, and 

r w — l\m 2 T \2 — —r 12 (3.6) 

From the formulas for the transformation of strain components, Eqs. 
(2.14), we find 


€i' = Zi 2 €i = €i 


6 2 ' — 7n 2 2 € 2 = €2 


€3' = ft3 2 €3 = €3 


(3.7) 


1 See the discussions in Sec. 2.2, p. 20, and Sec. 1.4, pp. 10, 13. 
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Combining with Eqs. (3.6) and (3.7), we see that Eq. (3.5) becomes 

— r 12 = C4l€l + C\ 2 6 2 C * 363 (3*8) 

By comparing Eq. (3.8) with Eq. (3.4), we find that the terms on the 
right side of Eq. (3.8) are identical to those on the right side of Eq. (3.4). 
We obtain therefore r 12 = —r X2 , which is not possible unless 

t 12 = 0 (3.9) 

Similarly, we can show that r 2 3 = t 3X = 0. This means that if 1, 2, 3 are 
the principal directions of strain, the shearing-stress components referred 
to this coordinate system are zero; in other words, 1, 2, 3 are also the 
principal directions of stress. 

With the preceding proof, we shall henceforth make no distinction 
between the principal directions of stress and the principal directions of 
strain. Referring to these principal directions, Eqs. (3.2) become 

<Tl = Cii€i + C X2 € 2 + Ci3£3 

<72 = C 2 i£i + C 22 6 2 + C 2 3C3 (3.10) 

& 3 = C3l€i + C 32 6 2 + 

We observe that the constant c,y represents the elastic property of the 
material relating the stress in the i direction to the strain in the j direc¬ 
tion. From the consideration of isotropy, the effect of an extension e x on 
the stress <r x must be the same as the effect of € 2 on cr 2 and the effect of e 3 
on (r 3 . Thus we have Cu = c 22 = C 33 . Likewise, because of isotropy, the 
effect on <r x of extensions e 2 and e 3 must be indistinguishable. Thus, 
C 12 = c X3 . Similarly, we can show that c 2X = c 23 and c 3 i = C 32 . More¬ 
over, the effect on <r x of € 2 or e 3 must be identical to the effect on <r 2 of e x or 
e 3 , and the effect of e x or €3 on a 2 must be the same as that of e x or e 2 on <r 3 . 
Therefore, we find 

C XX = C 22 = C 33 C\ 2 — C 2 \ = C X 3 = C 31 = c 2 3 — c 32 (3.11) 

From (3.11), we observe that, by referring to the principal axes, we need 
be concerned only with two elastic constants. Denote these two con¬ 
stants by a and b. Equations (3.10) then become 


<T\ — aei + b(e 2 + e 3 ) a 2 = ae 2 + 5(e x + € 3 ) <r 3 = ae 3 + 6 (e x + e 2 ) 

(3.12) 

By letting a — b = 2/z and b = X and denoting 

0 = € X + e 2 + €3 

we may rewrite Eqs. (3.12) in the following form: 

<r x = Xe + 2/ie! a 2 = Xe + 2 /ie 2 a 3 = \e + 2 /xe 3 (3.13) 
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The constants X and y were introduced by G. Lam6 and are usually 
referred to as the constants of Lam6. 

Equations (3.13) give us the relations between the principal stress 
components and the principal strain components. The stress-strain 
relations referring to an arbitrary system of cartesian coordinate axes 
may be obtained by using the formulas for the transformation of stress 
and strain components. Let x, y, z be such an arbitrary system of coordi¬ 
nate axes with the direction cosines defined as follows: 



1 

2 

3 

X 

h 

mi 

ni 

y 

h 

m 2 

Tl2 

z 

Iz 

m 3 

n z 


Since 1, 2, 3 are principal directions, the shearing stresses and shearing 
strains referring to these directions are zero. From the formulas for the 
transformation of stress components, we obtain 

a x — + mi 2 (T 2 + ni 2 <rz T zy = Ii1 2 <ti -f- mim 2 <j 2 + nin 2 az (3.14) 

Similarly, from the formulas for the transformation of strain components 
we obtain 


er = Zi 2 ei + rare 2 + ni 2 e 3 7*z/ = 2 (W 2 €i + wiiwi 2 6 2 + n x n 2 e 3 ) (3.15) 

Substitution of Eqs. (3.13) into Eqs. (3.14) results in the following: 

<tx = (h 2 + m,i 2 + ni 2 )\e + 2/z(Zi 2 € X + mi 2 e 2 + rii 2 e 3 ) 

T X y ~ (Z 1 Z 2 + mim 2 + n.in 2 )Xe + 2 l i(l 1 l 2 e 1 + mim 2 t 2 + nxn 2 e 3 ) (3.16) 

In Chap. 2, we have proved that the sum of longitudinal-strain compo¬ 
nents is an invariant with respect to orthogonal transformation of coordi- 
nates. Hence 


Recalling that 


e ~ ^1 + €2 + e 3 = e x + e y + e z 


l\- + nil 2 + ni 2 =1 /1/ 2 + mim 2 + npi 2 = 0 

and using the relations given by Eqs. (3.15), Eqs. (3.16) become 

<Jx = Ae + 2 fitx T xy = (3.17) 

where we now have e = e x + e„ + e 2 . Similar relations can be obtained 
in an analogous manner for the other stress components, and we arrive at 
the following six relations, which are the generalized Hooke’s law for 
isotropic materials referring to any arbitrary cartesian coordinates x, y, 2 : 

c* = Xe + 2 Htx Txy — HJxy 

<Ty = Xe + 2flty Tyz = (3.18) 

<Tz — Xe + 2/xcj T 1X = ny zx 
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Solving the first three equations in (3.18) for e X} e y , e z , we find 


X + M 


m( 3X 4" 2/i) 
X 4~ m 


a 


2/x(3X 4- 2/x) 
X 


= 


m(3X + 2/.) ay 2ju(3X + 2/x) 


X 4- m 


e* = 


m(3X 4- 2^) 


T O’* — 


2 m ( 3X 4- 2/i) 


(<Ty 4“ O'*) 

(<r* 4- o'*) 
(o'* 4" <r y ) 


(3.19) 


3.3. Generalized Hooke’s Law in Terms of Engineering Elastic 
Constants. Let us consider an elementary block with sides parallel 
to the coordinate axes and submitted to the action of normal stress <r x uni¬ 
formly distributed over two opposite sides, but with no other stresses on 
the six faces. In such a case, the ratio of stress to strain is called the 
modulus of elasticity in tension. For most engineering materials, the 
modulus of elasticity in tension is equal to that in compression and we 
shall give it the shortened name modulus of elasticity. We shall denote 
the modulus of elasticity by the letter E. The modulus of elasticity was 
first introduced by Young and is often called the Young's modulus . 
Expressed symbolically, we have 



(3.20) 


From experimental results it is observed that extension of the element in 
the x direction is accompanied by lateral contractions in the y and z direc¬ 
tions, and we have 



(3.21) 


in which v is a constant called Poisson's ratio. 

From the generalized Hooke’s law, we see that, under this system of 
stresses, Eqs. (3.19) are reduced to 


_ X 4~ m _ X 

fl ” m( 3X + 2 m ) 27(3X + 2 m) ^ 

By comparison with Eqs. (3.20) and (3.21), we find that 


77 F _ m(3X 4- 2y) _ X 

X + m 2(X 4~ u) 


(3.22) 


The ratio between the shearing-stress component and its corresponding 
shearing-strain component is called the modulus of elasticity in shear, or 
the modulus of rigidity , and is denoted by the letter G . That is, 



(3.23) 



APPLIED ELASTICITY 


30 

From Eqs. (3.18), we see that G = /*. As we have observed that for 
isotropic materials there are only two independent elastic constants, there 
must therefore exist a relation between the three constants E } v , G. 
Solving for n from Eqs. (3.22), we find 


G = 


E 


2(1 + v) 


(3.24) 


In terms of these engineering elastic constants, the generalized Hooke’s 
law may be written as 


€* = 


€»/ = 


[o-x — v{<x v + <T t )] Txa = ^=r = 

1 r / i \i T 

E 


itWu 


1 r 

E W ‘ 


_ Tzy 2(1 + f ) 


~ + O] 7l« = -j? = 

— K<rx + ov)] y.z = ~ = 


E 

2(1 + f) 

E T '“ 
2(1 + f) 


£ 


/x 


(3.25) 


Or, in terms of strain components, these equations become 


vE 


a r = 


(T T — 


(1 + f )(1 - 2 i /) 

vE 

(1 + *)(1 - 2v) 

vE 

(1 + *0(1 - 2v) 


e 4- 


e + 


e + 


E 


1 + v 

E 

1 + ^ 
E 

1 + * 


Txy Gy xy 

Tyt = Gy y Z = 


T tx Gy zx — 


E 


y xy 


2(1 + v) 

E 

2(1 + v) yv ‘ 

E 

2(1 + v ) y " 


(3.26) 


In the case of plane stress, we let g z = r yz = r 
obtain the strain-stress relations as follows: 


= 0 in Eqs. (3.25) and 


= 


= 


(d x ~ VG y ) 
jji ((Ty — VG X ) 


6 Z = 


“ E (<Tl + 


°~v) 


(3.27) 


7xu = 


_ ' xy 


G 


The relations between stress and strain are 


E 


G r — 


x 1 - v 2 

E 


v 1 - v 2 

T xy = Gy xy 


(e x + V€ V ) 

(*y + V€ X ) 


(3.28) • 
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In the case of plane strain, we let e z = y yz = y zx = 0 in Eqs. (3.26) and 
find the stress-strain relations to be as follows: 


E 


<Tz = 


<Tu = 


(S 7 = 


T XU = 


(1 + f )(1 - 2 v ) 

E 

(1 + „)(1 - 2 f ) 

vE 

(1 + 0(1 - 20 
Gy xy 


[(1 — v)e x + vty] 


Wx + (1 — v)e„] 


(«* + e v) 


The strain-stress relations become 


e x = 




1 + V 

E 

1 + * 
E 


[(1 - V)(T X — 


V<T V \ 


[(1 — v)(T y ~ VO x ] 


(3.29) 


(3.30) 



Comparing Eqs. (3.27), (3.28), (3.29), and (3.30), it is evident that if 
we assume a state of plane stress, we need not have a corresponding plane- 
strain state and conversely, if we assume a state of plane strain, we need 
not have a corresponding plane-stress state. 

Adding the first three equations of (3.25) or (3.26), we obtain the fol¬ 
lowing relation between the volume expansion e and the sum of normal 
stress 0, 

1—2 

e - —g— © (3.31) 

where 0 = 0 X + In the case of a uniform hydrostatic pressure 

of the amount p we have 


and Eq. (3.31) gives 




3(1 - 2v) 
E 



(3.32) 


which represents the relation between unit expansion e and hydrostatic 

pressure p. The quantity E/3( 1 — 2v) is called the modulus of volume 
expansion , or bulk modulus. 

3.4. Formulation of Elasticity Problems. The object of a problem 
in elasticity is usually to find the stress distribution in an elastic body, and 
in some cases to find the strain at any point due to given body forces and 
given conditions at the boundary of the body. To determine the stress 
at a point, we must find the six stress components. These six stress com¬ 
ponents satisfy the three equations of equilibrium. Since three equations 
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are not sufficient to solve for six unknowns, we introduce the six strain 
components and at the same time we have the six relations defining the 
strain components in terms of the three displacement components and 
the six stress-strain relations. Thus we have altogether 15 unknowns 
and 15 equations. This system of equations is generally sufficient for the 
solution of an elasticity problem. 


If we are interested in finding only the stress components in a body, we may reduce 
the system of equations to six equations with six unknown stress components. Since 
the displacement components are not to be found in this case, the compatibility 
equations must be satisfied to ensure the existence of single-valued displacements. 
Let us take, for instance, the compatibility equation 


d 2 *v , d 2 e, _ d 2 y vt 

dz 2 dy 2 dy dz 


(3.33) 


From Eqs. (3.25), using the notation 0 = o x + o v -f o z , we find 


e „ = i [(1 + v)a v - , 0 ] *. = I [(1 + v)<r. - ,01 -y„« = + ' )t " 


Substituting these expressions into (3.33), we obtain 


(1 + v) 


( 


d 2 <r h 

~dz 2 


+ 


d 2 o z 

dy 


)- 


/a 2 0 , a 2 0\ 

V \ dz 2 dy 2 ) 


= 2(1 + v) 


d 2 r 


V* 


dy dz 


(3.34) 


From the third and second equations of (1.6), we have 


dT vx 

dcr z 

dr zz rr 

(3.35) 

1 w ___ 

dy 

dz 

- - z 
dx 

ll 

M 

=> 

do v 

dy 

dr zv y 

dx 

(3.36) 


Differentiating Eq. (3.35) with respect to z and Eq. (3.36) with respect to y , and adding 
them together, we obtain 



d 2 <r v d 2 a z d / dr zv dr rx \ dY dZ 

dy 2 dz 2 dx \ dy dz ) dy dz 


or combining with the first equation of (1.6), viz., 


we find 



Substituting this in Eq. (3.34), we obtain 


dZ 

dz 



where to simplify the writing we have used the symbol 


dZ\ 

dz) 

(3.37) 
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From the other two compatibility equations of the type (3.33), two analogous equa¬ 
tions to (3.37) can be obtained. Adding these three equations together, we find 




dX . dY . dZ 

I I 


dx 


dy 


dz 


) 


Substituting this expression for V 2 0 into Eq. (3.37), we obtain finally 


VV* + 


a 2 0 


1 + pdx 2 


--rh( 


ax ar azx _ 2 dX 

dx dy dz) dx 


(3.38) 


By substituting V 2 0 into the other two equations, we can obtain three equations of the 
type (3.38). In a similar manner, the remaining three compatibility equations can be 
transformed into equations of the following form: 


+ 


1 


a 2 0 


1 -f- v dy dz 




dZ dY 


dy 


dz 


) 


(3.39) 


Collecting our results, we find the following six equations for the six unknown stress 
components: 

1 d 2 0 


VV* + 


VV, + 


VV* + 


V 2 r*« + 


1 dx 2 

l a 2 0 

1 + V dy 2 
1 d 2 0 

1 + v dz 2 

1 a 2 0 


V 2 r y , + 


V 2 r« + 


1 -f- v dx dy 

l a 2 0 

1 -f- v dy dz 

l a 2 0 

1 + v dz dx 


--rb( 

--rbt 

--( 
-( 
--( 


ax dY dz\ _ 2 ex 

dx dy dz) dx 


dX dY dZ 

** I 


dx 

dX 


dy 


dz 

dZ\ 


)- 


dY 

dy 

dZ 


+ — + — ) - 2 
dx dy dz) dz 


dX AY 
dy dx 
dY dZ 

dz dy 
dZ dX \ 
dx + dz) 


) 

) 


(3.40) 


The original 15 equations can also be reduced to 3 equations in terms of the three 
displacement components. From the generalized Hooke’s law (3.26), we have 


<r x = \e -b 2 G* x t xy = Gy 


xy 


Tzx = Gy 


ZX 


where X = vE/{ 1 + 0(1 — 20. Substituting these relations into the first equation 
of (1.6), we find 


+g( 2-^ 

dx \ dx 


+ d^ + d T , 


dy 


dY;x \ 
dz ) 


+ X = 0 


(3.41) 


and if we substitute for the strain component the expressions (2.1), viz., 


tj = 


du 

dx 


dv 


dw 


dy z dz 


du dv 

7 xy = "7-h — 

dy dx 


dv dw 

71/2 = T- +7- 

dz dy 


y zz — 


dw du 
dx dz 


we find that (3.41) can be written in the form 


(X + G) + Gvhi + X = 0 

dx 


where e — ( du/dx ) + ( dv/dy) + ( dw/dz ). The other two equations can be trans¬ 
formed in a similar manner. 
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Thus the three equations of equilibrium, expressed in terms of displacements, are 


f)p 

+ G) — + Gvhi +1=0 
dx 

ciP 

(X + (?) — -+* GV 2 v -|- Y — 0 

oy 

rip 

(X + Q) f- + GVHu + z = 0 

dz 


(3.42) 


Substituting Eqs. (3.26) and (2.1) into the boundary conditions (1.36), we find 


X 

Y 

2 


= Xef + <? (i 

\ dx 

= \em +G (l~ 

\ dx 

= Xen +G (l~ 

\ dx 



(3.43) 


Instead of prescribing the distribution of the surface forces on the boundary, the 
boundary conditions of an elasticity problem could also be given in terms of the dis¬ 
placements u, v, w on the bounding surface. Or we may be given the boundary con¬ 
dition that, on part of the boundary surface, surface force is prescribed and, on the 
other part, the displacements are prescribed. Equations (3.42) together with the 
boundary conditions completely define the three displacement components u, v, w. 
It may be noted that we need not adjoin the compatibility equations, for the only 
purpose of the latter is to impose restrictions on the strain components which shall 
ensure the single-valued continuous displacements u, v, and w. 


3.5. Strain Energy. When an elastic body is under the action of 
external forces, the body deforms and work is done by these forces. If 
a strained, perfectly elastic body is allowed to recover slowly to its 



body. Let 
(Fig. 3.2). 


unstrained state, it is capable of 
giving back all the work done by 
these external forces. For this 
reason the work done in straining 
such a body may be regarded as 
energy stored in the body and is 
called the strain energy. 

In order to calculate the amount 
of strain energy stored in a strained 
body, let us consider the work done 
by the stresses acting on the surface 
of an elementary rectangular block 
of dimensions dx y dy , dz inside the 


us first assume that the element is acted on by a x only 
If we denote the x component of the displacement of the 
face A'B'C'D' by u, the corresponding displacement of ABCD will be 
u + ( du/dx) dx. On A'B'C'D', the force a x dy dz and the displacement 
u are in opposite directions, while on ABCD they are in the same direc- 
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tion. During the deformation the stress component a x increases from 
zero to some value <r x while the displacement u increases from zero to the 
value u. Thus, work is done by the force acting on ABCD and is done on 
the force acting on A'B'C'D'. The net work done, or the work stored in 
the element, is therefore 



From the definition of e x and Hooke’s law, du/dx = e x = a x /E , we have 
therefore 



d<j x dxdy dz 


<j 


1 


2 E 


dx dy dz = - a x e x dx dy dz 


The strain energy stored in the element dx dy dz is thus 


dU = dx dy dz 


Now assume that the element is under the action of both a x and <r y . 
Let the action take place in the following order: First, <r x is increased from 
zero to the value <r x while a y remains zero; then, with a x remaining con¬ 
stant, (j v is increased from zero to the value a y . When <r y = 0, the work 
done by c x is the same as previously calculated. Since e x = a x /E in this 
case, we have therefore 



a x 2 dx dy dz 


While <r 9 is increased from zero to the value a x , e y is also increased from 
zero to —v(t x /E. But no work is done corresponding to the displacement 
produced by this part of e y because a y is zero during the process. With 
the value of a y increasing from zero to <j V} there will be a corresponding 
increase of € y which is equal to * y /E. This part of will contribute to the 
strain energy of the amount 




(T y 2 dx dy dz 


At the same time, owing to ^ the value of e x increases from a x /E to 

(<r x ~ va v )/E. While e x is increasing, <r x remains constant. The work 
done by this constant value of <r x is therefore 


jti — ( Vxdydz)( v<j y dx) v 7 , 

au3 g- ~ ~ e <Tx(Tv a x ay d z 

In the above formula the factor 3^ is not included because a x remains 
constant during the change in e x . Thus the total strain energy accumu- 
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dU — dU\ + dU 2 + dUz = ^ (ov* + <r v 2 — 2v<r x a y ) dx dy dz 
With this system of stresses, we have from Hooke’s law 



It is easy to verify that dU may be written in the following form: 

dU = %(<r z e z + <r v e y ) dx dy dz 


(3.44) 



If we assume that the stresses are applied 
in a different order, we can prove that the 
strain energy stored in the body will be 
exactly the same. That is, the strain 
energy depends only on the final state of 
the stress and is independent of the man¬ 
ner in which the stresses are applied. 

Now let us consider the element under 
the action of the shearing stress r xy . We 


Fig. 3.3. see from Fig. 3.3 that the force is 

dx dz and the displacement in the direc¬ 
tion of the force is y^ dy. The strain energy is then 


dU = MO’xj/ dx dz)(y xy dy) = ^ y^ dx dy dz (3.45) 

From Hooke’s law we see that the normal stresses will not produce any 
shearing strain and the shearing stresses will not produce any longitudinal 
strain. Thus if the element dx dy dz 
is under the action of <r x , c v , and 
simultaneously, the amount of strain 
energy stored in the element can be 
obtained by adding the expressions 
(3.44) and (3.45), viz., 

dU — \i(<r x e x + <j v t y 

+ wy*!,) dx dy dz (3.46) 

This is the expression for strain en¬ 
ergy stored in the element dx dy dz 
under plane stress. 

The same expression for strain energy Fig. 3.4. 

(3.46) is obtained if we allow the stresses to 

vary in the element (Fig. 3.4). Assume that the element is under the action of the 
stress components <r x and r zy and the body forces X , Y. During the deformation, 
<t x and r xv increase from zero to some value <r z and t zu while the displacements u and v 
increase correspondingly. The work done on the element is then 
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dU 


/(• 

-/ 


+ 


^dx)d(u + d £dx+l^ dy ) dy dz 


+ 


/( 


dr 


*u 


dy 


+ 


/ T ZV d (^u 4- ^ ^ dx dz 
/ ( T '“ + %x dx ) d (* - 

/ r * r d ( w+ 1 S dy ) dy 


/ 

dy ) d ( U+ \f X dX +Yy d v) dxdZ 


+ 


IJJ dy ) dy 


dz 


dz 


+ 1 xd(u + \Yx dx + \% dy ) dxd y dz 

r / * *_. 

+ 


-/ 


/ K d (" + S Ji dx + 5 ^ ^ dz 


<7* 


+ 


+ 


/( 


x ■ dl" xy 


— + 

&c dy 


I Tzy d (fy + l£) ^ dy dz 


+ ) du dx dy dz 


J (jfal + ^ dv dx dy dz 


(3.47) 


where the limits of integration are from u = 0, v = 0 to the values u and v correspond¬ 
ing to <t x and T, y , and the higher-order terms involving dx 2 dy dz and dx dy 2 dz are 
neglected. Now with <x„ = 0, the equilibrium conditions are 


£+£+*-0 


dr 




dx 


+ K = 0 


and “ e S 6 IaS J tW ° intGgraIS iD (3 ‘ 47) Vanish ‘ This indica ^es that the total 
work done by these stress variations is zero. Noting that du/dx = e x and 

du dv 
3y + dx ~ y *» 

(3.47) becomes 

dU = /"* de * dx dy dz + JV*„ d 7x „ dx dy dz 
Carrying out the integration, we find 

dU = % (<r x e x -f T xy y xy ) dx dy dz 

which is the same as the case in which the stress variations were not considered. 

The strain energy stored in the element dx dy dz under a general three- 

SySt6m ^ ^ f ° Und " a Slmilar mannei > alld ^ obtain 

dU = y 2 {<r xtx + a yty + ^ + r xy 'Y xy + Ty ^ + dx dy dz (348) 

The total strain energy stored in a deformed elastic body, V, can be found 
by integrating dU over the whole volume V, namely, 

^ Iff ^ x€x + au€y <Tz€z + T *v7xy + T yz y yz + T zx y zx ) dx dy dz (3.49) 
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Using the strain-stress relations, Eqs. (3.25), the above formula for U can 
be expressed in terms of stress components only. The formula (3.49) 
becomes in this case 


U 


- Ill U 


2 e (°* 2 + a v 2 + *»*) ~ + Wz) 


+ ^ (t zy 2 + T vz 2 + r zx 2 ) j dx dy dz (3.50) 


In the case of plane stress, <r g = t V2 = t zx = 0, and we have 





^ (<Tz 2 + <Ty 2 — 'IvGjcJ) + 


I r .1 

G xv J 


dx dy dz (3.51) 


Or we may express U in terms of strain components only by using the 
stress-strain relations. In this case, we find 


U = 


E 


2(1 + 


* /// [r= 


e 2 + (e* 2 + e v 2 + e 2 ) 


1 


+ o (Tx„ 2 + Ti/x 2 + 7zx 2 ) dx dy dz (3.52) 


In the case of plane stress, by using (3.28), we have 


U = 


E 


2(1 + v) 


m 


(e x 2 + e v 2 + 2 ve x € y ) + 


2 7x1,2 ] 


dx dy dz (3.53) 


3.6. Existence and Uniqueness of Solution. From the set of equations 
together with the boundary conditions, we can prove not only that there 
exists a solution but also that the solution is unique, i.e., there exists only 
one state of stress under a given external loading. The rigorous proofs of 
the existence of solutions are due to Korn 1 and Lichtenstein. 2 These 
proofs, however, are too lengthy to be included in this volume. We shall 
prove here only the uniqueness theorem, 3 which can be stated as follows: 
If, in addition to the body forces, either the surface forces or the surface 
displacements are given on the boundary of an elastic body, there exists 
only one form of equilibrium in the sense that the distribution of stresses 
and strains in the body is determined uniquely. In proving the above 
theorem, we must remember that we are dealing with elasticity problems 


1 A. Korn, tlber die Losung des Grundproblems des Elastizitatstheorie, Math. Ann., 
Vol. 75, pp. 497-544, 1914. 

* L. Lichtenstein, tlber die erste Randwertaufgabe der Elastizitatstheorie, Math. Z ., 
Vol. 20, pp. 21-28, 1924. 

3 G. Kirchhoff, “ Vorlesungen liber Math. Phys. Mechanik,” 3d ed., Leipzig, 1883. 
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with infinitesimal strains and displacements. If the strains or displace¬ 
ments are not infinitesimal, the solution may not be unique, as will be 
shown in the later chapters where problems concerning elastic stability are 

discussed. 

In order to establish the uniqueness of solution of the boundary-value 
problems, let us assume that it is possible to obtain solutions 

</ x , <r' v , , uv', w' 

and > u", v”, w” 

which satisfy the 15 elasticity equations and the boundary conditions. 
Then, for the first state of stress, the equations 



are satisfied as well as the following boundary conditions, 

X = lo'z + mT 'zy + nr' zx 


if the surface forces are prescribed, or 

u — u r 


if the boundary displacements are prescribed. For the second state of 
stress, we have 




™r" + nr 


// 

zx 




By subtraction, because of the linear character of the equations, we find 
that the stress distribution defined by the differences tr' - a'J — a " 

. . . satisfies the equations 
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d(°x ~ O , g(ik ~ O + ~ O = o 

to ^ dz/ dz 


0 = - < t ") + m(r' 2V - r") + n(r' 2Z - r") 


Thus we have a new “difference” stress distribution in which all external 
forces and boundary displacements vanish. 

If there is no external force or boundary displacements, there will be no 
work done. From the law of conservation of energy, the strain energy 
stored in the body will be zero. Now, from formula (3.52), we observe 
that the strain energy is a quadratic function of the strain components. 
If any strain component is different from zero, the strain energy will have 
a positive definite value. It cannot vanish unless all the strain compo¬ 
nents vanish. Therefore, if the strain energy stored in the body is zero, 
the strain components, and consequently the stress components, must be 
zero everywhere in the body, and the body is in an unstressed state. 
Consequently for the “difference” stress state, <r' x — a", a' y — . . . 

must be zero and the two solutions must be identical, and there exists 
one unique solution as far as stresses and strains are concerned. As for 
the displacements, they are uniquely determined if the boundary dis¬ 
placements are prescribed. If the boundary forces are prescribed, the 
displacements will be determined up to within the quantities representing 
rigid-body motions. 

In proving the uniqueness theorem, we have assumed that the dis¬ 
placements u , v , w are single-valued functions and that there are no initial 
stresses. In the cases in which there are initial stresses, if the principle 
of superposition can be applied, the deformations and stresses proposed 
by external forces are not affected by initial stresses and can be calculated 
in exactly the same manner as if there were no initial stresses. The total 
stresses will be the algebraic sum of the stresses produced by the external 
forces and the initial stresses. In cases when the principle of superposi¬ 
tion is not applicable, such as the bending of a prismatical bar under axial 
tension or compression, the stresses produced by the external loads cannot 
be determined without knowing the initial stresses. 

3.7. Saint-Venant’s Principle. In the application of the theory of 
elasticity to engineering problems, we shall often refer to a principle due 
to Saint-Venant, the essence of which can be stated as follows: If a system 
of forces acting on a small portion of the surface of an elastic body is 
replaced by another statically equivalent system of forces acting on the 
same portion of the surface, this redistribution of loading produces sub- 
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stantial changes in the stresses only in the immediate neighborhood of the 
loading and the stresses are essentially the same in the parts of the body 
which are at large distances in comparison with the linear dimensions of 
the surface on which the forces are changed. By “statically equivalent 
systems” we mean that the two distributions of forces have the same 
resultant force and moment. 

In the solution of practical problems, if the boundary conditions are 
prescribed according to the exact distribution of the forces, the problems 
may sometimes be so complicated mathematically as to defy solution. 
Frequently by modifying the boundary conditions slightly, the solution 
becomes possible, and we can obtain in this way a solution which gives 
essentially the same stress distribution in a large part of the elastic body 
as in the actual case. Therefore, by means of Saint-Venant’s principle, 
we are allowed to simplify the solution of the problem by altering the 
boundary conditions as long as the systems of applied forces are statically 
equivalent. Furthermore, in many practical problems, the exact dis¬ 
tribution of forces on the boundary is not known, but the statically equiv¬ 
alent loading can be easily determined. In these cases, we may proceed 
to solve the problem with this statically equivalent system of boundary 
forces, and from Saint-Venant’s principle we know that in this way we 
shall obtain a satisfactory approximate solution. 



CHAPTER 4 

PLANE-STRESS AND PLANE-STRAIN PROBLEMS 


4.1. The Governing Differential Equations. To solve the general 
equation (3.40) or (3.42) with boundary conditions which prescribe the 
values of either the stress or the displacement is the basic problem in the 
theory of elasticity. The solution of this general system of equations is, 
however, often too difficult to carry out. Fortunately, for many prob¬ 
lems which are of practical interest, some simplifying assumptions can be 
made regarding the stress distribution or strain distribution, and solutions 
can then be carried out in a relatively simple manner. 

Let us consider a long prismatical cylinder under the action of lateral 
loads uniformly distributed along the axis (Fig. 4.1). Assume that the 

body force Z is zero, while X and Y are 
functions of x and y only. We find 
that in this case the deformation of a 
large portion of the body at some dis¬ 
tance away from the ends is independ¬ 
ent of the z coordinates and the dis¬ 
placements u and v are functions of x 
and y only. If the ends of the cylinder 
are prevented from moving in the z 
At the mid-section of the cylinder, by 
symmetry w must also be zero. We may therefore make the approximate 
assumption that w is zero at every cross section of the cylinder. In 
such a case, the strain components 


mm 

y 

mm, 

. i 

0 

0 

o J 




Fig. 4.1. 

direction, then w is zero there. 




du 

fry 



dv 

dx 


are functions of x and y only and the strain components 




dv 

dz 



vanish. We have therefore a state of plane strain. 

From Hooke’s law, Eqs. (3.29), we find that in this case the stress com¬ 
ponents a z , c y , <r 2 , t zv are functions of x and y only and r vt and r, x are zero 
everywhere. Hence, the equilibrium equations become 


da x 

dx 



dr xy 


+ X = 0 
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(4.1) 
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There are two important practical cases of body forces, viz., gravita¬ 
tional force and centrifugal force. For the present we shall limit our 
attention to the cases where the body forces are gravitational forces only 
and later in this chapter shall discuss the cases where the body forces 
are centrifugal forces. When the body forces are gravitational forces 
only, we may write X = pg x and Y = pg v , where p is the mass density of 
the material and g X} g v are the x and y components of the gravitational 
acceleration, respectively. Equations (4.1) then become 



(4.2) 


Equations (4.2) are satisfied if we introduce a stress function f(x,y) such 
that 




ay 

d.r 2 



- pg*y - pg y x 


(4.3) 


If the gravitational force is neglected, we have obviously 

_ av av av 

W ** 3* 2 Try ~ ~ teTy ^ 

Our problem thus reduces to the determination of the stress function \p 
with appropriate boundary conditions. Once the stress function is 
obtained, the stresses can be determined from formulas (4.3) or (4.4). 

When we are solving for the stresses, the compatibility equations 
(2.19) must be used. By examining these equations, we find the only 
compatibility equation which is not identically satisfied is 


d 2g * . _ d 2 7x V 

2 


Qy 


dx 2 dx dy 


In the case of plane strain, the strain-stress relations an 


€r = 


Cl/ = 


y*u ~ 


i + ^ 

E 

1 + * 

E 

2(1 + p) 

E 


[(1 — v)(j x — ua u ] 
K 1 — v)a y — va x ] 


XU 


(4.5) 


(4.6) 


Substituting these relations into (4.5) and dropping a common factor we 
have ’ 


dp [(1 “ + ^2 [(! - »)*. - 

If we express the stress components in terms of the 
ing to (4.3) or (4.4), Eq. (4.7) becomes 



stress function accord- 
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av , av 

ax 4 “ r ax 2 a ?/ 2 a ^/ 4 

which is the governing equation for \p. Since 


(4.8) 


a 4 , Q a 4 . a 4 /a 2 , a 2 \ 2 

ax 4 dx 2 dy 2 dy 4 \dx 2 dy 2 ) “ ( V2 )“ 

Eq. (4.8) may be written as 

W = 0 

The operator V 2 = ( d 2 /dx 2 ) + (<9 2 /d7/ 2 ) is called the Laplace or harmonic 
operator, and Eq. (4.8) is called a biharmonic equation. 

Next let us examine the case where the ends of the cylinder are free to 

expand. In such a case, we may assume that the longitudinal strain e z is 

a constant. Such a state may be called that of generalized plane strain. 
From Eq. (3.25), we find 


and 


<?z — v(<r x + <r y ) + Ee z 


(4.9) 


e T = 


Cy = 


1 + ^ 
E 

1 + * 


[(1 — v)a x — v(t v \ — 




7*u 


E 

2(1 + v) 

E 


[(1 — v)a y — va x ] — vt e 


(4.10) 


XV 


where e z is a constant. Substituting (4.10) into Eq. (4.5) and simplifying, 
we again obtain Eq. (4.8) as our governing differential equation. With 
(t x and (T y determined, the constant value of can be found from the 
condition that the resultant force in the 2 direction acting on the ends of 
the cylinder is zero, viz., 

Jfa z dxdy = 0 (4.11) 

In the case of a long cylinder where the strain distribution is essentially 
plane, the dimension of the elastic body in the z direction is large com¬ 
pared with the other dimensions. 
Now let us consider the other extreme 
in which the dimension of the body in 
the 2 direction is very small, viz., the 
case of a thin, flat plate. Assume that 
the plate is under the action of forces 
applied at the boundary, parallel to 
the plane of the plate and distributed 
uniformly over its thickness (Fig. 4.2). 
Assume also that the body force Z 
is zero, while X and Y are functions of x and y only. We see that 
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the surfaces of the plate z = + h /2 will be free of external forces and 
the stress components g z , t xz , t uz are zero there. If the plate is thin, 
without substantial error, we can assume that these components are zero 
throughout the thickness of the plate and the other three stress com¬ 
ponents (T x , g v , r X y remain practically constant over the thickness of the 
plate. We have therefore in this case a state of 'plane stress, namely, 
G z = Txz — Ty Z — 0 and g x , g u , t xy are functions of x, y only. In this case, 
the equilibrium equations become again those given by (4.1) or (4.2), 
and we may again introduce the same stress function \p to satisfy these 

equations. 

The strain-stress relations become now 



2(1 + v) 

E 



(4.12) 


Substituting these relations and those given by (4.3) into Eq. (4.5) 
we find again Eq. (4.8) as the governing equation for the stress function i’. 


In examining Eqs. (2.19), we find that, by assuming 
< ?v> Tx v independent of z, in addition to kq. (4.5), three other 
are to be satisfied. They are 


Txz t yz — 0 and <t x , 

compatibility equations 


dx 2 




Integrating these equations, we obtain 


0 % 
dx dy 


(4.13) 


6 , = 


V 

~ E (cr * + = ax + by + c 


where a, 6 c are constants of integration. This condition, however, will not be in 
general satisfied in the plane-stress problems by solving Eq. (4.8). Evidently the 
so ntion given by (4.8) cannot be exact because not all the compatibility equations are 
saUsfied An exact solution which satisfies all the compatibility equations can be 
obtained if we again assume v, = = 0 but do not require r „ to be 

independent of In such a case, ,t can be shown> that if the body forces are neglected 
and if thei external loads are distributed symmetrically with respect to the middle 
plane of the plate, the stress function * defined by Eq. (4.4) will have the following 




2(1 + „) (V ^') z2 


where satisfies Eq. (4.8). For a thin plate, , is usually very small, and the second 
term in the above expression can be neglected. Therefore, although the solutions 

given by Eq. (4.8) do not satisfy all the compatibility equations, neverthelet they 

give good approximations to the thin-plate problems. y 

From the above formulation we find that for plane-stress problems 
plane-strain problems, and generalized plane-strain problems, if the 

1 S. Timoshenko and J. N. Goodier, “Theory of Fhstimtv ” Or] a _ 

McGraw-Hill Book Company, Inc., N iw York 195! ^ W ^ PP ‘ 241 ~ 244 > 
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body force is the gravitational force only, the stress function is governed 
by the same differential equation. The only difference among these 
cases is that, after the stress components are obtained, in the case of plane 
strain, the strain components must be calculated from Eqs. (4.6), in the 
case of generalized plane strain, they must be calculated from Eqs. (4.10), 
while in the case of plane stress, they must be calculated from (4.12). 
The fact that the stress components can all be expressed in terms of a 
single stress function was first recognized by Airy, 1 and the stress function 
^ is commonly known as Airy's stress function. 

4.2. Bending of a Narrow Cantilever of Rectangular Cross Section 
under an End Load. As a first example, we shall attempt a rigorous 
solution for a cantilever beam of narrow rectangular cross section under an 
end load P. With its width h small compared with the depth d, the 
loaded beam (Fig. 4.3) may be regarded as an example in plane stress. 
The boundary conditions are that the upper and lower edges are free from 
load and the resultant shearing force at x = 0 is equal to P . If P is 
large compared with pg, the gravitational force can be neglected. 

From the static considerations we see that the bending moment at any 
section will be proportional to x and the stress component a x at any point 
of the section will be proportional to y. Accordingly we shall assume for 

a trial that 



Fig. 4.3. 


dhp 

= w = Cixy 

where C\ is some constant, 
grating, we find 


Inte- 


Cl 


* = ^ xy* + yUix) + f 2 (x) 


where /i(x) and f 2 (x) are unknown functions of x. Substitution of the 
above expression into the governing equation (4.8), 


results in 


W = 0 


yWl,d% 

y dx 4 ^ dx 4 



Since/i and/ 2 are functions of x alone, the second term in the above equa¬ 
tion is independent of y. But this equation must be satisfied for all 
values of x and y in the beam. This is possible only if 


^ = 0 
dx* 


and 


dff 
dx 4 


r = 0 


or 


fi = c 2 x 3 + C3X 2 + C4X + Cb /2 = CeX 3 + C7X 2 + CbX + c 9 


1 G. B. Airy, Brit. Assoc. Rept., 1862. 
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where C 2 , cz, . • • , c* are constants of integration. Therefore, we have 


^ | xy 3 + y{ciX 3 + C & 2 + ca + c s ) + ca 3 + c,x 2 + csx + c 9 

Neglecting the gravitational force, we obtain from (4.4) 

d ~\ 1 / 

= dx 2 = ^° 2lJ ^ Czy 

Cl 0 „ „ 


(4.14) 


T xv 


dx dy 2 y2 ^° 2x2 2csX ~ 04 


The boundary conditions require that <r v = 0 on y = ±d/ 2, or 

6 ( C2 \ + c ^j x + 2 [cz ^ + c 7 ) = 0 

G C2 2 X ^ ^“~ C 3 g + ^7^ = 0 

These equations must be valid for all values of x between 0 and T* 
it follows therefore that ’ 


° 2 2 ~f~ Ce = 0 

d . 

C2 g + C 6 = 0 


c 3 9 + C 7 
d , 

~ C 3 g + Cl 


Solving, we find c 2 = c 3 = c e = c 7 = 0. Thus, 


Txy — 


C\ 2 
~2 y 


To satisfy the condition that T„ = 0ony= ± d/2, we must have 


& - c 4 = 0 


or 


c 4 = - 


Cid 2 

~8~ 


On the loaded end of the beam the sum of the distributed shearing forces 
must be equal to P. Hence 

r +rf/2 rd /2 

- J-an T *» hdy = j_ d/2 °i W - d 2 ) dy = P 


from which 


12 P 

Cl d 3 h 


Noting that I = d'A/12 is the moment of inertia of the cross section, 
the final expressions for the stress components are therefore 


(T x = 


Pxy 

I 


Vy = 0 


P (d 2 


2/ V4 


_ yl 


(4.15) 
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This coincides completely with the elementary solution as given in books 
on the strength of materials. From this solution, we see that the distribu¬ 
tion of the shearing force at the ends must be according to the parabolic 
law and that a x at the built-in end must vary linearly with y. The solu¬ 
tion, therefore, is exact only when the boundary forces are so given. If 
the boundary forces are given in any other manner, this solution will not 
be an exact one; but by virtue of Saint-Venant’s principle, it does repre¬ 
sent the stress distribution for some cross section at a large distance from 
the ends. We notice that in the expression for the constants c 6 , c 8 , and 
c 9 are not determined by the boundary conditions. Their determination 
is actually irrelevant to the problem because the stress components do 
not depend on them. 

With the stress components determined, we can now find the displace¬ 
ments in the beam. From the definitions of strain components and 
Hooke’s law, we have 


du _ _ <r x _ Pxy 

dx ~ tx - E ~ El 

dv _ _ v(j x __ vPxy 

ai ~ - ~ ~e ~ ~eT 

du dv _ 2(1 + v)t x „ _ (1 + v)P ( d 2 

dy Sx yzv ~ E El \4 


(4.16) 

y^j 


Integrating the first two equations, we obtain 



P 

2 El 


x 2 y + Qi(y) 



vP 
2 El 


*y 2 + g*( x ) 


where gi(y) and g 2 (x) are some functions of y and x, respectively. Substi¬ 
tuting these expressions into the third equation of (4.16), we find 


dg i 
dy 



+ JL X 2 _ (! + *)P. d , 

dx ^ 2 EI X AEI 


We note that the terms on the left of the equal sign are functions of y alone 
and the terms on the right side are functions of x alone. A function of x 
can be equal to a function of y for all values of x and y only when they are 
both equal to a constant, say ai. Thus 



P 

El 



y 2 + a i 


dg<i 

dx 



(1 + y)P 

AEI 



Integrating, we have 

gi(y) = 3^7 (i + y 3 + 

g * {x) = m x * ~ (1 4ei )P dH ~ aiX + 03 
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where a 2 and a 3 are constants of integration. The displacements 
are therefore 


u 

v 



v y 2/3 + ai2/ + 

- ^ 4 ^/^ d2x ~ aiX + “ 3 - 


u and v 


Assume that the point (x = L, y = 0) is fixed. The boundary conditions 
are then u = v = dv/dx = 0 at x = L, y = 0. We find by substitution, 

PL 2 (1 + v)Pd 2 n _ PL 3 

ai ~2EI 4EI “ 2 _ ° 03 3 £/ 

and 

M = _ 217 X ’ 22/ + Ml ( ! + 2) ,ji + 2El [ L2 _ (1 + ^ z\ V 

vP P 3 PL 1 PL 3 

v ~ 2EI Xy + 6 El X 2EI X + 3 El 



The equation of the deflection curve is given by the expression of v at 
= 0; namely, 



PUx PU 
2 El + 3 El 


The curvature of the deflection curve is 

1 ~ (dh>\ _Px _ M 

R ~ \dx 2 /y=o El El 

where R is the radius of curvature and M = Px is the bending moment at 
the section x. This is the well-known Bernoulli-Euler’s formula in the 
elementary theory of bending. Now consider a plane section x = c, 
before the bending, where c is a constant. After the bending, a point' 
(x,y) on the plane x = c is displaced to x' = c + u, y' = y + v. The 
equation of the resulting surface is therefore 



( 1 + ")f 


(: y’ - V) + 


3 El 


1 +- 2 ^y' 


v) 


which is substantially a plane surface if c is small compared with L, that is, 
if the section is far away from the built-in end. Now near the built-in 
end, the surface is obviously not a plane surface. However, if the beam is 
under the action of a bending moment only, it can be shown (see Sec. 9.1) 
that a plane section before bending indeed continues to be a plane after 
bending. 
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Problem 1. Let the load acting on the cantilever beam shown in Fig. 4.3 be a 
uniformly distributed load with an intensity of p instead of the concentrated load. 
Find the stress function and the stress components. The boundary conditions 

are that <r v = — p on y = —d/2, <r v = 0 on y = d/2, Txv = 0 on y — ±d/2, and 

/ d/2 fd/2 . 

<r x dy = J , <r z y dy = 0 at x = 0. Hint: Take as a trial function 


d/2 


Tzv = “ 


dx dy 


= xf{y) 


Ans. * = -px > (j, - If + |) + If- (j 5 “ + c '* + c ’!/ + 

Problem 2. If the load acting on the cantilever beam shown in Fig. 4.3 is a dis¬ 
tributed load varying linearly with respect to x, we have the case of a vertical cantilever 
loaded by hydrostatic pressure. Denote the density of the liquid by p. Assume that 
the boundary conditions are a v = — px on y = d/2, <r v = 0 on y = —d/2, t xv = 0 on 

r d / 2 

y = ±d/2, <x x = 0 at x = 0, and / t zv dy = 0. Find the stress function and the 

J d/2 

stress components. Hint: Take as a trial function <j x = d^/dy 2 = x z fi(y) -f x/ 2 (y). 

Ans . t (4 y* — 3 d 2 y — d 3 ) - (16 y* - 8 d 2 y 2 + d 4 ) + cix -f c 2 y + c 3 

Problem 3. A triangular plate, with narrow rectangular cross section and uniform 
thickness, is under the action of a uniformly distributed load p along its top edge as 
shown in Fig. 4.4. Verify that the stress function 





Fig. 4.4. 


^ = o/i V ~ 0t ' ~T [ ~ x ‘ tan « + xy + (x 2 + y 2 ) (a — arctan ^ 1 
2(1 — a cot a) L V x/ j 

satisfies the governing differential equation and the boundary conditions. For the 
particular case of a = 30°, examine how the normal stress is distributed over the 
cross section AB and how it compares with the stress determined by the simple bend¬ 
ing formula a z = Me/1. 

4.3. General Equations in Cylindrical Coordinates. In discussing 
problems with circular boundaries, it is more convenient to use the 
cylindrical coordinates r , 0, z. In the case of plane-stress or plane-strain 
problems, we have r r2 = t 0z = 0 and the other stress components as func¬ 
tions of r and 6 only. Hence the cylindrical coordinates reduce to the 
polar coordinates in this case. Consider the equilibrium of a small ele¬ 
ment A BCD as shown in Fig. 4.5a. The radial components of the forces 
due to o - r + ( da r /dr ) dr and a r are 



PLANE-STRESS AND PLANE-STRAIN PROBLEMS 


51 


{* r + dr ) 


(r -f- dr) dd — a r r dd 


The radial components of the forces due to a g + (6a 0 /dO) dd , <r g , r r o + 
( dTro/dO ) and r r e can be seen from Fig. 4.56 as 


, da g i .d6 , .dO 

<Te + 'dO dd ) dr Sin ~2 ~ aedr sin "2 + 



o 


+ 


&■») 


dr cos 


dO 


— Tro dr cos 


dO 


<r e ^dO 



re dr 



(b) 

Fig. 4.5. 


Since dO is small, the above expression becomes 

- (*» + d &) dr< j ~ <n dr ^ + (r rS + ^ de) dr - r r9 dr 

Let F r , F g be the components of the body force per unit volume in the 
radial and tangential directions, respectively. Summing up the above 
radial components of the forces, neglecting small quantities of higher 
order, and dividing through by the elementary area r dr dO, we obtain the 
equation of equilibrium in the radial direction as follows: 


da r 

dr 


, 1 dr r g 

r 30 
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The equation of equilibrium in the tangential direction can be obtained in 
a similar manner. Corresponding to Eqs. (4.1), the equilibrium equa¬ 
tions for plane problems in cylindrical coordinates are 


d&r . 1 ^Trd | &0 i -ri 

- 1 -7T H -1" T r 

dr r 86 r 


= 0 


1 dag . dr T g , 2 T r g 


r 86 


+ 


8r 


+ 


+ Fg — 0 


( 4 . 17 ) 


If the body forces are neglected, we observe that Eqs. (4.17) will be 
identically satisfied with the introduction of the stress function \p defined 

by 

i dt i ay 

<Tr r Qj. r 2 QQ2 


__ d 2 \p 

~ 8 T 2 

_ 1 dip 1 dhp 

r 2 86 r dr 86 



( 4 . 18 ) 



Now let us derive the compati¬ 
bility equation for plane problems in 
cylindrical coordinates. Referring 
to Fig. 4.6, let A'B'C'D' be the 
position of the element A BCD after 
strain. Let u y v be the displacements 
of the point A , in the radial and 
tangential directions, respectively. 
Then the displacements of B are 
u + ( du/dr ) dr and v + ( dv/dr ) dr, 
and the square of the length A'B' is 


(^B') 2 = (dr + ^dr) 2 + (gdr) 

By definition, 

A'B' = (1 + e r )AB = (1 + e r ) dr 
By neglecting higher-order terms, we find 



du 

dr 


The longitudinal-strain component in the tangential direction depends on 
both u and v. Before strain, AD = r d6. After strain, owing to the 
displacement u , the length of AD becomes (r + u) d6. At the same time 
the point A' has undergone a tangential displacement v and the point 
D' a tangential displacement v + ( dv/r d8) r dd. Hence 
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(A'D') 2 « [C 1 + eo)rde] 2 



(r + u) d6 + 



Neglecting high-order terms, we obtain 



Let us now consider the shearing strain. The angle between the directions 
AB and A'B', or angle B'A'I', is dv/dr , and the angle between AD and 
A'D' or angle D'A'H = du/r dd. The change in the angle DAB , or the 

shearing strain y r e, is therefore 

7rd = AD'A'H + /.B'A'I = /D'A'H + /B'A'I' - Z7^L'/' 

___ ^0. — - 

~~ r dd dr r 


Collecting our results, we have 



1 du 

7re ~ rTe 



dv_ 

dr 



(4.19) 


Eliminating u and v from (4.19), it is easy to verify that the compatibility 
equation now becomes 


dhe , d 2 c r I 2 deg _ 1 der = d 2 7 r g 1_ dy rQ 

dr 2 r 2 dd 2 r dr r dr r dr dd r 2 dd 


(4.20) 


Let us now consider the case of plane stress. The stress-strain relations 
in polar coordinates can be found by substituting the subscript r for x 
and 6 for y in Eq. (4.12), which gives 



l'Vo) 

V(T r ) 

2(1 + v) 

E 



(4.21) 


Substitution of these relations into (4.20) gives 


<P_ 

dr 2 


(o> — va 0 ) + 


r 2 dd 2 


(oe — 


x , 2 a v id. 

var) + F Tr (ai ~ Var) ~rYr {ar 


vae) 


= 2(1 + v) 


d 2 T T0 

r dr dd 




(4.22) 


where the factor 1/E has been canceled. In terms of the stress function 
^ as defined by (4.18), the compatibility equation becomes 



(4.23) 
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Equation (4.23) is the governing differential equation for the stress func- 

d 2 Id 1 d 2 

tion \f/. Since — 2 + - ^ — 2 represents the Laplace operator V 2 in 

polar coordinates, Eq. (4.23) is merely Eq. (4.8) in polar coordinates. 
It is therefore also the governing equation for plane-strain and generalized 
plane-strain problems. 

Problem 1. Show that the stress function ^ as defined by (4.18) is actually the 
same \p as defined by (4.4). 

Problem 2. The relation between polar and cartesian coordinates is given by 


r * = x 2 -f y 


V 

0 = arctan - 

x 


Prove that 


d 2 \p , d 2 '/' 
~0x 2 + ~dy 2 


d 2 ^/ . 1 d 2 \J/ 1 d 2 \p 

dr 2 + r~dr + r* 


and therefore 


( 


* 2 

r 3r r 2 dO 2 ) \ 


dr 2 


3V . 1 W 4-1 

dr 2 r dr r 2 dO 2 ) 


= 0 is the biharmonic 


equation + 2 ^|- 2 + |^ = 0 in polar coordinates. 


4.4. Thick Cylinder under Uniform Pressure. Shrink and Force Fits. 

Let us consider a thick cylinder submitted to uniform pressure on the 

inner and outer surfaces (Fig. 4.7). Let a and 
b be the inner and outer radii of the cylinder 
and pi and p u be the internal and external 
pressures, respectively. Then the boundary 
conditions are 



O'r = 

& T = 


“ Vi 

-Vo 


at r = a 
at r = b 


(4.24) 


From the boundary conditions, we see that the 
stress distribution in this case will be sym¬ 
metrical with respect to the axis through the 
center of the cylinder perpendicular to the xy 
plane. Thus the stress function \p does not depend on 6 and is a function 
of r only. The compatibility equation (4.23) then becomes 


Fig. 4.7. 


or 



= 0 


= 0 


(4.25) 


Equation (4.25) is a homogeneous linear differential equation which can 
be solved by introducing a new variable £ such that £ = log r where 
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“log" denotes natural logarithm. Then 

(bp _ d\p d% _ \d\p 
dr dt dr r d£ 

dhp _ d/ _ _1 ( dhp __ d\p\ 
dr* dr \dr ) r 2 \d £ 2 d £ / 

d 3 \p 1 (dhp d 2 \p 0 d\p\ 

d^ de dtj 

dy l (d*+ _ dV , !! dV dA 

r 4 \df 4 d£ 3 _ 1 " iA d £ 2 °d{/ 


Substituting, Eq. (4.25) becomes 


rf? 4 





which is an ordinary differential equation with constant coefficients of 
which the solution is well known. The general solution is 

\p = Ci£e 2 * + c 2 e 2 * + c 3 £ + c 4 

or \p = Cir 2 log r + c 2 r 2 + c 3 log r + c 4 (4.26) 

where Ci, c 2 , c 3 , and C 4 are constants of integration. From (4.26), the 
stress components are 





= 1 dp 

r dr 
d*\p 
dr 2 
= 0 


= ci(l + 2 log r) + 2c 2 + — 2 

r* 

= c,(3 + 2 log r) + 2c 2 - 

r t 


In the above expressions for the stresses, we have three constants of 
integration, while there are only two boundary conditions. To deter¬ 
mine these constants uniquely, let us examine the displacements. Now, 
in the case of axial symmetry, the expressions for the strain components 
are 

du u dv v 

*r — €0 — ~ y r 0 = -r- — ~ 

dr r dr r 


If the ends of the cylinder are free to expand, we shall prove later that 
a z = 0 and the stress-strain relations given by (4.21) should be used. 
Hence 


du 

dr 



and 


u 1 

r=E { ' <T9 ~ V<Tr) 


From the first equation we find by integration 
Eu = Ci[r(l — 3^) + 2(1 — v)(r log r — r)] 

+ 2c 2 (1 - v)r — c 3 (l + v) - + cb 

r 
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where c& is a constant of integration. From the second equation we have 


Eu — Ci[r(3 — v) + 2r(l — v ) log r] + 2c 2 (l — v)r — c 3 (l + v) - 

r 

In order that these two expressions for u be the same, we must have 

Ci = Of and c& = 0 

and Eu = 2c 2 (l — v)r — c 3 (l + v) ^ (4.27) 

It may be pointed out that for such a problem with rotational symmetry, 
instead of solving Eq. (4.25), we may proceed directly from the equilib¬ 
rium equation (4.17) and define the stress function in a different manner 
as is carried out in Sec. 4.6. Then by solving a compatibility equation for 
the rotational symmetrical case we shall obtain expressions for the stresses 
where Ci is automatically zero. 

The boundary conditions (4.24) now become 


2 c -+S- 


-Vi 


Solving, we have 

2c 2 





The stress components are therefore 



(4.28) 


(4.29) 


We see from (4.29) that the sum <r r + is independent of r and is con¬ 
stant through the thickness of the wall of the cylinder. If the ends of the 
cylinder are free to expand, then 

e z = constant 

and from the stress-strain relations we find 

Oz — v(c r + vo) + Ee z = C 

where C is a constant to be determined from the condition that the 
resultant forces are zero on the ends, viz. 

f a b a z 2irr dr = ttC( 6 2 - a 2 ) = 0 

From which we find 

C = <r. = 0 

t If the stress-strain relations for plane strain or generalized plane strain are used 
instead of those for plane stress, we will arrive at the same conclusion that Ci must 
be zero. 
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Consequently, in finding the strain components, the stress-strain relations 
for plane stress should be used. 

Equations (4.24) and (4.26) can be used to study the stresses in the 
case of shrink or force fits. There are many practical cases where it is 
desirable to force or shrink an external member on a shaft or wheel. The 
inner diameter of the external member is usually made slightly less than 
the external diameter of the shaft or wheel. If the external cylinder 
is expanded by heating, slipped over the shaft or wheel, and then allowed 
to cool, we obtain a shrink fit. Steel tires for locomotives are shrunk onto 
the wheels. Force fits are obtained by pressing the 
hub onto the shaft. In either case, once the two 
parts are fitted together, they exert on one another 
a pressure sufficient to prevent any relative move¬ 
ment, and it is often required to find the pressure 
which will be entailed by a given difference in diam¬ 
eter, or interference. 

Suppose that two cylinders are engaged by shrink 
fit or force fit so that, after assembly, the inner cylin¬ 
der has radii a and h and the outer cylinder has radii h and c (Fig. 4.8). 
When a = 0, this gives us the case of a cylinder shrunk on a solid shaft. 

Now let p be the radial pressure between the two cylinders. If these 
cylinders were disengaged, the inner cylinder would evidently expand and 
the external cylinder would contract. By the principle of superposition, 
the removal of the pressure p is equivalent to the imposition of a negative 
p on the outer surface of the inner cylinder and on the inner surface of 
the outer cylinder. Thus, if we let Pi = 0, p Q = — p, and r = b in 
(4.27) and (4.28), we obtain the increase in the external radius of the 
inner cylinder, which is 

«i = E^- a* ) 1(1 + " l)a2 + (1 “ 1,1)623 

where E 1 , v\ pertain to the material of the inner cylinder. Similarly, 
the radial displacement of the inner surface of the outer cylinder can be 
found by substituting p t = — p, p Q = 0, r = c and changing the symbols 
a and b in (4.28) to b and c, respectively. Plence 

U 2 = - Ei J P _ b2) [(1 + v 2 )c* + (1 - V 2 )V] 

where E 2 , v 2 pertain to the material of the outer cylinder. 

The inner cylinder, after disengagement, will therefore have an external 
radius b + u h while the outer cylinder will have an internal radius b + u 2 . 
The difference in diameter, corresponding to a radial pressure p, after 
disengagement is given by 
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8 = 2(u,i — u 2 ) 

= oh'n r (! + V\)a 2 + (1 — Vi )b 2 A (1 + v 2 )c* + (1 — v 2 )b 2 
V L E i(6 2 - a 2 ) + £ 2 (c 2 - b 2 ) - 

When both cylinders are made of the same material, we have 

_ 4 6 3 (c 2 — a 2 ) p 
~ (b 2 - a 2 )(c 2 - b 2 ) E 

For a cylinder shrunk on a solid shaft, a = 0, and the above formula 
reduces to 

. _ 46c 2 p 

c 2 - b 2 E 

If the magnitude of a r or a 0 in the cylinders after engagement is specified, 
the value of p can be determined from (4.29) and then 8 from the above 
formulas. The application of the formulas to the design of big guns has 
been discussed in detail by Southwell. 1 

Problem 1. A cylinder, 4 in. internal diameter and 1 in. thick, has an external 
sleeve 1 in. thick shrunk on it. The shrinkage is such that, when the internal fluid 
pressure is applied, the maximum shear stress both in the tube and sleeve is 16,000 psi. 
Calculate the fluid pressure, and determine the pressure between the sleeve and cylin¬ 
der when the fluid pressure is absent. 

Ans. 15,880 psi; 2,880 psi 

Problem 2. A tube whose external and internal diameters are 18 in. and 12 in., 
respectively, has another tube 3 in. thick shrunk onto it. The internal diameter of 
this outer tube is machined to be 0.05 in. less than the external diameter of the inner 
tube. If the tubes are made of steel with E = 30 X 10® psi, determine the expressions 
for the stresses developed in the inner tube. 

4.5. The Effect of Small Circular Holes in Strained Plates. Stress 
Concentration. Consider a flat plate subjected to a certain stress dis¬ 
tribution. If we drill a circular hole through it at some point, a redistribu¬ 
tion of stress will result, involving large additional stress in the immediate 
neighborhood of the hole. The high stress concentration at the edge of a 
circular hole is of much practical importance, for example, in the problem 
of flaws in otherwise continuous material and holes in ship’s decks and 
airplane fuselages. 

If the hole is small, its effect will be negligible at a distance of a few 
diameters from its edge. Thus points at such distances may be regarded 
as at infinity. We shall first solve the problem of a small hole in an 
infinite plate, and from that result the error in regarding a finite plate as 
infinite can be ascertained. 

1 R. V. Southwell, “Theory of Elasticity,” 2d ed., pp. 408-423, Oxford University 
Press, London and New York, 1941. 
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Let us assume that the plate is subjected to a uniform tensile stress S 
in the x direction. We shall take the origin of coordinates at the center 



hole. In the absence of any hole, we have obviously 

(Tx S (J y == T xy ~~ 0 


which may be derived from the stress function 


*1 = l ASy 2 

Note that satisfies the biharmonic equation and is therefore the exact 
solution. In terms of cylindrical coordinates, since y = r sin 0, we have 

= HSr 2 sin 2 0 = yiSr 2 (l — cos 20) 

from which it follows 


<re 


■-f£‘ + ; l .S- , = > + cos 2 „ 

■ = = 5 SC 1 ~ cos 20 ) 

d (i a* A i.. M 

i = l — n/ r ) = -ftOSin 20 

dr \r dd / 2 


(4.30) 


When a hole of radius a is drilled through the plate, the boundary con¬ 
ditions become 

(j r — T r e = 0 at r — a 


and <r r = <j ri) o-g = ae xi Tre — t t q x at r = ». Guided by the expression of 
we shall assume a trial stress function of the form 


t = Mr) + fi{r) cos 26 

where /i(r) and f 2 (r) are unknown functions of r. Substituting into the 
biharmonic equation 


+ 1 _ n 

dr 2 x rar T r 2 d6 2 J \dr 2 ^ r dr r 2 d0 2 / “ U 
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and noting that the resulting equation must be satisfied for all values of 0 

we find that/i(r) and/ 2 (r) must satisfy the following ordinary differential 
equations: 


dr 2 


+ 


r dr) V 


dr 2 


+ 


i-.iV 

r dr r 2 ) \ 


d*fi 

dr 2 


, 1 dft 

dr 2 r dr 


\f)=» 

- ¥) - o 


(4.31) 

(4.32) 


The general solution of Eq. (4.31) has been found in the previous section 
as 


/i( r ) = cir 2 log r + c 2 r 2 + c 3 log r + c 4 

Equation (4.32) can again be reduced to a differential equation with 
constant coefficients by introducing the new variable { such that £ = log r 

as in the solution of Eq. (4.25). By such a transformation, we find that 
the general solution of (4.32) is 


Mr) = c h r 2 + c 6 r 4 + - + c 8 

r L 

The stress function is therefore 



where c h c 2 , . . . , c 8 are constants of integration. The corresponding 
stress components are 

<7, = Cl (l + 2 log r) + 2c 2 + %- ^2co + ^ cos 26 

= Ci(3 + 2 log r) + 2c 2 - + ( 2 c 6 + 12c 6 r 2 + ^) cos 2 6 

T r e = ^2 c 5 + 6c 6 r 2 — sin 26 


At r = a, the boundary condition requires that <7 r = Tr e = 0 for all 
values of and at r = », <r r = ^ ^ ^ Tr<? = Tr , t . From the condi¬ 

tion that ov, cr 0 , and r r 0 must remain finite for infinite r, we have 

Ci = c 6 = 0 

From the other boundary conditions, we find 

2c 2 + g = 0 2 c 6 + ^ = 0 2c 5 - ~ = 0 

a z a 4 a 2 a 4 a 2 

o _ s o - S 

2° 6 ~ 2 2ci ~ 2 
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The solutions of these equations are 

c 2 = 4 C3 - 2 s 6 4 

The stress components are therefore 








cos 20 



(4.33) 


From the above formulas, it is evident that maximum a 0 occurs at the 
ends of the diameter of the hole perpendicular to the direction of the 
tension. Substituting r = a and 0 = 7r/2 or 3?r/2 into the expression for 
a0f W e find that the maximum value of o 0 is 3 S. Thus for a flat plate 
containing a small hole under the action of uniform tensile stress S at the 
edge, the maximum tensile stress be¬ 
comes three times the value of the 
uniform stress. 

Now let us examine the error in¬ 
volved in assuming an infinite plate. 

On the cross section of the plate 
through the center of the hole and 
perpendicular to the x axis, we have 
0 = 7r/2 and, from (4.33), 

..-|(2 + ^ + v ) T ”-° 

We see that as r increases, a 0 rapidly 
approaches the value of S. At a 
distance of 10a from the center of the 
hole, the terms containing r in the value of a 0 , which are the stresses due 
to the hole, have only about Y 200 of their value at the edge of the hole. 
Hence, we are justified in regarding a distance of five diameters from the 
center of a hole as practically an infinite distance away. 

Now let us consider the problem of a small circular hole in a flat plate 
under uniform shearing stress S. From our previous study on combined 
stresses, we note that by imposing a uniform tensile stress S in the x direc¬ 
tion and a uniform compressive stress S in the y direction, we obtain a 
uniform shearing stress S on the diagonal planes, Fig. 4.10. Now, owing 
to a uniform compression in the y direction, we have 


I l I l l I 



t t t l t t 

cS 

Fig. 4.10. 
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Superposing this stress system on that given by (4.33), we find 




3a 4 

7*4 



cos 20 



cos 26 




sin 29 


(4.34) 


It is easy to see that at r = <*>,6 = 7 r/ 4 , <r r = a 9 = 0, and r re = — S. The 
maximum magnitude of <r g is 4 S and occurs at the points r = a and 
6 = 0, x/2, 7 r, 37 r/ 2 . Hence, for a large plate under pure shear, the 
maximum tangential stress in the plate is four times the value of the 
applied shear. 

The stresses in an infinite plate with an elliptical hole were first dis¬ 
cussed by Inglis 1 and among others by Muschelisvili . 2 The solution of 
Muschelisvili will be discussed in Sec. 8.11. If one of the principal 
axes of the elliptical hole coincides with the direction of the tension S, 
the stresses at the ends of the axis of the hole perpendicular to the direc¬ 
tion of the tension are 

<, = 5 (i + 2 1) (4.35) 


where 2 a is the axis of ellipse perpendicular to the tension and 2b is the 
other axis. When a = b, a = 3 S, which is the maximum stress when the 
hole is circular. If the ratio a/b is very large, the maximum stress at the 
edge of the hole becomes very large and there is a high stress concentra¬ 
tion. This explains why cracks perpendicular to the directions of the 
applied forces tend to spread. To stop the spreading of the cracks, we 
may drill holes at their ends to reduce the high stress concentration. 


Problem 1. A plate is under uniform tension at infinity, that is, <r x = <r v = S at 
r = oo. Find the stress distribution in the plate and the maximum stress due to the 


1 C. E. Inglis, Stresses in a Plate Due to the Presence of Cracks and Sharp Corners, 
Trans. Inst. Naval Arch. (London), 1913. 

2 N. Muschelisvili, Bull. acad. sci. Russ., Vol. xiii, p. 663, 1919. 
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of a small circular hole by using formulas (4.33) and the method of super¬ 


presence 

position. . 2 \ 

Ans. <rr = S (l - <ro = S(1 + - 2 y T 0 r = 0, Cmnx = 2 S 

Problem 2. Show that the solution of the above problem can also be obtained 
from formulas (4.29). 

Hint: First show that the condition a x = <r v = S is equivalent to <r r = ~Po = S. 
Then let b = 00 and pi = 0. 

4.6. Stresses in Rotating Disks and Cylinders. The stress produced 
in a disk rotating at high speed is important in many practical instances, 
among which is the design of disk wheels in steam and gas turbines. The 
stresses due to tangential forces being transmitted are usually small in 
these cases, and the large stresses are due to the centrifugal forces of the 
rotating disk. Let us first consider the case of a thin disk with constant 
thickness. The body force is now the centrifugal force, which is 

F r — poj 2 r 

where p is the mass density of the material of the disk and co is the angular 
velocity. It is evident that the stress distribution in the disk must be 
symmetrical with respect to the axis of rotation. The equilibrium equa¬ 
tion is therefore 

da r . (Tr ~ (To . 9 ~ 

W + r + p0>r = 0 

or ( ro >) — re + pco 2 r 2 = 0 (4.36) 


It is easy to verify that the above equation is satisfied if we introduce a 
stress function ^ such that 



ere 


d\J/ 

dr 


-b pco 2 r 2 


(4.37) 


In the case of rotational symmetry, u is a function of r 
From (4.19), we have 



only, and v = 0 


(4.38) 


Eliminating u , we obtain a simplified compatibility equation for the case 
of rotational symmetry as 

Tr {ree) ~ €r = ° 




(4.39) 


Using Hooke’s law (4.21) and the stress function 4 /, we find that the above 
equation becomes 


dV , 1 d± 

dr 2 r dr 


~ + ( 3 + v)po> 2 r = 0 


(4.40) 
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Or writing this in a different form, 


We observe that this differential equation can be solved by direct integra¬ 
tion, which gives 

i 3 + v 231 r _i_ 1 

t = -g— P* r + Cl 2 + ° 2 r 


where Ci and c 2 are constants of integration. The corresponding stress 


components are 

ov 



± s 

r 

dr 


3 + 
8 


pto 2 r 2 


+ - -f - 

^ 2 r 2 


2r2 — _ 


+ parr 2 = 


1 + Sr 
8 


pco 2 r 2 


+ 5l - 
^ 2 



For a solid disk of radius b with no external forces applied at the 
boundary, we have <r r = 0 at r — b. Since these stresses cannot be 
infinite in the disk, c 2 = 0 and the boundary condition requires 



3 + v 

~~8~ 



puW + I 1 = o 
3 + v 2K2 

— 4 — p°> b 


The stress components are 


ffr = - r 2 ) = y 8 P ^[(3 + v)b 2 - (1 + 3v)r 2 ] (4.41) 

o 

The maximum stress occurs at the center of the disk and is 



3 + v 
8 


pco 2 b 2 


If the disk has a circular hole of radius a at the center, the condition that 
no external forces are applied at the boundaries requires <r r = 0 at r = b 
and r = a. Thus 


3 + ^ 
8 


pa,2&2 J F 2 ~ 0 


3 + 
8 


pw 2 a 2 


+ - + 

^ 2 ^ a 


c 2 
2 



from which we find that 


Cl 

2 


3 + 
8 


poj 2 ( 6 2 + a 2 ) 



3 + v 
8 


po> 2 a 2 6 2 
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*50 


that the stress components are 


= 


<re = 


3 + * 

8 

3 + v 

8 


pCx) 


pCx) 


( 'b 2 + a 2 - 
f b 2 + a 2 + 


a 2 b 


a 2 b 2 _ 1 4~ 3v 

r 2 3 + ^ 



(4.42) 


The maximum stress occurs at the inner boundary and is 


(. + 1 - ’ 


3 + v 



Tf the circular hole is very small, (a/6) 2 is negligible compared withl and 
we find the maximum value of the stress is now twice that for asolidd.sk. 
That is, by making a small circular hole in a rotating disk, we s 
the maximum stress in the disk. 

For the case of a rotating long circular shaft or cylinder, we may 
sider the problem to be one with plane strain. Hooke s law in this case is 


ee = 


7 re = 


1 + y 

E 

1 + * 

E 

2(1 + v) 

E 


[(1 — v)(Tr ~ vae\ 

[(1 — v)a e — va T \ 


(4.43) 


TtO 


Substituting into Eq. (4.38) and using the stress function defined by 
(4.37), we find that the compatibility equation becomes now 

(4.44) 


^ + - _— P co 2 r = 0 

' ~ y% 2 1 


dr 2 r dr 


1 - V 


In problems where the gravitational force is the only body force, we find 
that the governing differential equations for plane stress and plane strain 
are the same. This is not the case when the body force includes the 
centrifugal force, as can be seen by comparing Eqs. (4.40) and (4.44). 
Integrating (4.44) as in the case of Eq. (4.40), we obtain 


* = - 5 


1 3 — 2k . 3 , ci 1 

8 pT7 ^ + 2 r + C2 r 


The corresponding stress components are 


<Tr — - = 


i 

r 

df 


1 3 - 


8 1 - 


2 V 2 2 _L Cl _L ° 2 

T p “ r + 2 + T 2 


= fr + ^ = 


2~2 _ _ _ 


1 1 + 2v 2 2 _1_ Cl 

IT=7'" V +2 


C2 

r~ 
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The constants of integration can be determined in the same manner 
as in the case of a thin disk. Thus, for a solid shaft of radius b, we have 


13 - 2 * 


a r = — 


VO = K 


8 1 — v 

1 pO, 2 
8 


pw 2 (6 2 — r 2 ) 


[(3 - 2 v)b 2 - (1 + 2 v)r 2 ] 


(4.45) 


For a tubular shaft with inner and outer radii a and b , we have 


13-2*/ 


Vr = « 


Vo = 7T 


8 1 -*/ 

13-2*/ 
8 1 -*/ 


pa, 2 ( b 2 + a 2 


pa, 2 ( 6 2 + a 2 + 


a 2 b 2 

r 2 

a 2 b 2 


— *.2 


1 +2v 

3-2*/ 


(4.46) 


The maximum stress for the solid shaft occurs at its center and is 


13-2 


V T Vg o 


8 1 -*/ 


po, 2 6 2 


The maximum stress for the hollow shaft occurs at the inner surface and is 


= 1 % -— pco 2 6 2 (1 + 1 2 " 


4 1-*/ 


2 */ 



We see again that the maximum stress is doubled when a solid shaft has a 
small hole drilled through its center. 

In the above discussion, we have assumed that the stress a 2 in the shaft 
is so adjusted that there is no longitudinal extension e z . With e z = 0, we 
have 

v z = v(a r + v e ) 


Hence, in the case of a solid shaft, 


v t = 


*/po, 


4(1 - v) 


[(3 - 2*/)6 2 - 2r 2 ] 


(4.47) 


and in the case of a tubular shaft, 


2v 


V z = 


4(1 - v) 


*/pa; 


b 2 + 


2 2r2 
a 3-2*// 


(4.48) 


If the shaft is allowed to expand freely in the longitudinal direction, 
then there is a uniform extension e z in the shaft. The uniform longi¬ 
tudinal strain e* can be determined from the condition (4.11) that there is 
no resultant longitudinal force on the ends. Hence 


n. 


<r z r dd dr => 0 
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wWe the lower limit a is zero in the case of a solid shaft and is equal to 
the Inner radius for a tubular shaft. Since a, is independent of 0, the 
above condition can be written as 



Thus, in the case of a solid shaft, 


v J (o> + <re)r dr + 



from which we obtain 





vpw 2 

4(1 - v) 




(4.49) 


For a tubular shaft, we have 



+ <7 e)r dr + Ee z 




from which we obtain 



6 , = - ^ PcoW + « 2 ) 

<r 2 = 4(T=r7y ^ + ° 2 “ 2r2 > (4 - 50) 


Problem 1. A thin disk with external radius b is shrunk onto an incompressible 
shaft of radius a, so that the normal pressure between the shaft and disk is p psi. 
Show that the angular velocity a> which will just cause the disk to become loose on the 

shaft is given by 

0 4p (14- v)b 2 4- (1 — y)a 2 
w ” p(6 2 - a 2 ) (3 + v)b 2 + (1 - v)a 2 


where a and b are measured in inches and p is the mass per cubic inch. 

Problem 2. A thin circular disk of uniform thickness and of radius b is built up of 
two concentric portions, the surface of separation having a radius a. Find the mini¬ 
mum value of the radial pressure over the surface of separation when the disk is at 
rest, in order that the outer portion of the disk may not become loose upon the inner 
portion at an angular velocity co. 

Ans. H(3 4- V )j>» 2 {b 2 - a 2 ) 

Problem 3. A solid steel shaft 2 ft in diameter is rotating at a speed of 300 rpm. 
If the shaft is constrained at its ends so that it cannot expand or contract longi¬ 
tudinally, calculate the total longitudinal thrust over a cross section due to rotational 
stresses. The weight of the steel is 480 lb per cu ft, and v = 0.3. 

Ans. 6,930 lb (tension) 

Problem 4. Show that the problem of a thick tube under uniform pressure can 
also be solved by letting o> = 0 and following the method of solution used in this 

section. 
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4.7. Rotating Disk of Variable Thickness. The method of the last 
section may be used to treat the problem of a rotating disk the thickness 
of which is a function of the distance r from the axis (Fig. 4.11). If we 

let a r and a 0 denote the mean radial and tangential 
stresses at r, and h the variable thickness, the equa¬ 
tion of equilibrium of such an element is 



Fig. 4.11. 


d_ 

dr 


(hra T ) — hag + puPhr 2 = 0 (4.51) 


This equation is satisfied if we introduce a stress function \p such that 


hra T = 


hag = ~r~ pu 2 hr 2 

dr 


(4.52) 


Using Hooke’s law and the expressions (4.52), the compatibility equation 
(4.39) becomes 

’‘v +(> - ityi + (’%$ - ')* - - <s + ->'“*• <■***> 

from which ^ can be found when h is given. 

If the thickness of the disk varies according to the equation 



where c is a constant and 0 is any number, Eq. (4.53) reduces to 

r 2 *+ + (i + 0 ) r g - (1 + vp)t = -(3 + v) P ^cr 3 -» 

This equation can be reduced to an equation with constant coefficients by 
the substitution £ = log r. With the relations worked out in Sec. 4.4, we 
find the equation becomes 

w- + 13 % ~ (1 + = ~ (3 + v ^ uW3 ~ l,n 

The general solution is 

i = cie«‘< + c 2 e«f - g _ 3 ( +^ cpuiW-M 

3 i p 

or * = Cl r« + c 2 r« - g _ (3 ^ ^ c P ^ 

where qi, g 2 are the roots of the equation 

q 2 + pq — (1 + v$) = 0 


(4.54) 



plane-stress and plane-strain problems 

The corresponding stress components are therefore 

3 4- * 
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<?r 


— j t — rQi+P - 1 + — r« 2+/5_1 — 


<T 0 — 


Ar c 
1 d* 


8 - (3 + v)P 


pw 2 r 2 




+ pu 2 r 2 = - qir"^- 1 + ^ 2 2 ?- ,1+ ^ 1 — 


1 + 3v 


8 - (3 + v)i3 


poo 2 r 2 


From (4.54) we find 


= " 3 1 \(§) 


+ (1 + W?) 


If we let be the smaller root and if P is positive, we have 


(22 + 0) 


-i-M 


+ (1 + *0) 


e /7^72p + (1 + p(3) > p/2, (22 + 0) is always a negative quantity. 
For a solid disk, if 0 is positive, we must have c 2 = 0 because otherwise 
a and <r , would be infinite at the center of the disk. If there are no surface 
forces acting on the boundary, the condition <r r = 0 at r = b gives 


Cl 

c 


3 4 * 


8 - (3 4 v)P 


pco 2 6 3 


—q\—& 


Hence 




3 4 * 


8 - (3 4 v)P 
3 4 v 

8 - (3 4 p)P 


pco 2 6 2 


po> 2 5 2 




1 4 3 v(r\ 2 ~ 
3 4 v\b) 


(4.55) 


For a disk with uniform thickness, we have 0 = 0. From (4.54), we find 
qi = i. Equations (4.55) thus reduce to Eqs. (4.41). For a disk with a 
central circular hole of radius a, the constants of integration can be deter¬ 
mined in the same manner as in the previous section by the conditions 

that <r T = 0 at both r = b and r = a. 

In designing a rotating disk, the criterion of the so-called “disk with 

uniform stress” has been proposed. According to such a proposal, the 

thickness h should be so proportioned that a r = a 9 at every point in the 

disk. Substituting into Hooke’s law (4.21), we find 


6 r = €0 

The compatibility equation (4.39) becomes then 

— = 0 or ee = constant 
dr 

From Hooke’s law, it follows that <r r and <r e are not only equal but constant 
throughout the disk. 




where a is the constant value of the stress. Carrying out the differ¬ 
entiation and combining, we find 



where c 3 and c 4 are constants. 

4.8. Thermal Stresses in Thin Disks and Long Cylinders. In previous 
discussions we have assumed that the state of strain is due solely to the 
applied forces. There are other causes because of which stresses may be 
set up in an elastic body. One of them is the unequal heating of different 
parts of the body. With a few exceptions, the elements of a body expand 
as the temperature is increased. If the element is allowed to expand 
freely, the body will be strained but there will not be any stress due to 
such an expansion. However, if the temperature rise in the body is not 
uniform and the body is continuous, the expansion of the elements cannot 
proceed freely and thermal stresses are produced. The problem of deter¬ 
mining the thermal stresses in an elastic body due to a given temperature 
distribution finds many practical applications in machine design, such 
as in the design of steam and gas turbines and internal-combustion 


engines. 

Let us consider first an unstrained elastic body with a uniform tem¬ 
perature T 0 . Now imagine that the body is heated to some temperature 
T above T 0 . The body will be stressed if T varies from point to point in 
the body. The strain of an element may be considered as consisting of 
two parts. One part is due to the expansion of the element because of 
the change of its temperature. If a is the coefficient of linear expansion of 
the material, which is defined as the change in length per unit length per 
degree rise in temperature, this part of longitudinal strain will be aT. 
There will be no shearing strains produced, because the expansion of a 
small element, due to change of temperature, will not produce angular 
distortion in an isotropic material. If the element is allowed to expand 
freely, this is the only component of strain and the element will not be 
stressed. Now, if the element is not allowed to expand freely, stresses 
will be produced and the total strain of the element must be the sum of 
that part due to the stresses and that due to the change of the temperature. 
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Referring to cartesian coordinates, if the stress components at the point 
are <r„ T "> the strain components are therefore 


= 




v(<Ty + O'*)] + <xT 7 XV — 


~ T xy 


= 4 Wv — v (?* + Ol + a T Vy* ~ 

£j 

= g [<y z — v((Jz + ov)] + 'V** = 


V 


•z 


1 
G 
1 

G Tyz 


g Tzx 


(4.57) 


From the above formulas, we obtain the relations between stress and 
strain as follows, 


. E olET 

(T x = \e ~T - -;- € x 


<r v = Xe + 


1 - 2v 

O.ET 


€« — 


1 + * 

E 

l + v" u 1 - 2v 

, E clET 

<J Z = Xe + --:- e* — 


(4.58) 


1 + ^ vz 1-2^ 

where X is equal to vE/( 1 + *0(1 — 2j>) and e = e* + e y + € z . The rela¬ 
tions between r and 7 are the same as in the case when there are no thermal 

strains. 

Now let us consider a thin circular disk with uneven temperature dis¬ 
tribution. Assume the temperature T is a function of the radial distance 
r only. We have a case of plane stress with rotational symmetry. In 
terms of cylindrical coordinates, we find, from (4.57), 

4 

e, = 4 (<T, - W«) + CtT 66 = 4 + aT ( 4 ' 59) 

hi 


The equilibrium equation 


E 


d<J r &6 q 

dr r 


is identically satisfied if we introduce the stress function \p such that 

^ dyp 


°r = - 


(4.60) 


Substituting (4.59) and (4.60) into the compatibility equation (4.39) 

dto 


dr 


+ €0 


= 0 


and simplifying, we find 


+ _ aE dT _ 


dr 2 r dr r 

d fl d 


l £ ( r ^)l = — 

dr r dr K J 


aE 


dr 

dT 

dr 


or 


(4.61) 
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This equation can be easily integrated, and the solution is 


* = - ~ J' Trdr + £ £ + 7 (4.62) 

where the lower limit a in the integral can be chosen arbitrarily. For a 
disk with a hole, it may be the inner radius. For a solid disk we may take 
it as zero. 

The stress components can now be found by substituting (4.62) into 
formulas (4.60). Hence 

---£J>* + t+3 

For a solid disk, we must have finite stresses at the center, and therefore 
C 2 must be zero. If there is no external force applied at the boundary, 
(T r = 0 at r = b. It follows then that 


2aE f b „ , 
C ' = ~W)o Trdr 

The stress components are 





(4.63) 


Consider, as an example, a thin disk which receives heat over its faces 
and rejects it at its circumference in such a way that the temperature at 
any point in the disk is essentially uniform through the thickness. If T 0 
is the temperature at the edge of the disk and T i is the temperature at the 
center, the temperature rise at a radius r is given by 


T = (Ti — To) - (T x - To) p 


Substituting the expression of T given by the above formula into Eqs. 
(4.63) and integrating, we obtain 

'r--\ <*E(Ti - To) (l - p) <T, = - \ aE(Ti - To) (l - 5?) 

If there is a circular hole of radius a at the center of the disk and the 
edges are free of external forces, we have 


<7> = 0 at r = b and r = a 
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Then 


— 4- — = — f Tr dr — 4- — = 0 

2 + 5 2 Ja 2 ' a 2 


from which it follows that 


Ci aE f 

2 ~ b 2 - a 2 J a 


\ rdr c , , _ ^ [ Tr * 


and 


[- 4 : 


Tr dr + 4 2 — 2 Tr dr 

b 2 — a 2 u 


ag = — T + 


[- 


ir 

r 2 Ja 


r\b 2 - a 2 ) J a 


Tr dr 


Tr dr + 


i_ f 

— a 2 ja 


(4.64) 


Tr dr 


r 2 (6 


a 2 f 

r=7 ^) ia 


Tr dr 


Let us now consider the thermal stresses in a long circular cylinder with 
a temperature distribution symmetrical about its axis. If the ends of the 
cylinder are restrained in such a way that e z = 0 , we have a plane-strain 
problem. In terms of cylindrical coordinates, the stress-strain relations 


are 


€r = E ~~ V ^ e + aT 

ee = ^ We ~ v(c r + <r x )] + <*T 

^ k* — + *■*)] + aT 


(4.65) 


In the case of plain strain, e z = 0, and the third equation of (4.65) gives 


a z = v(a r + ag) — aET 


(4.66) 


Substituting (4.66) into the first two equations of (4.65), we obtain 


e r = —7r ~ [(1 — v )<7r — Vffg + aET] 


E 

1 + v 


(4.67) 


[(1 — v)ag — va r + aET] 


Let us now substitute (4.67) and (4.60) into the compatibility equation 
(4.39); after some simplification we obtain 


. 1 # _ i = 

dr 2 r dr r 2 


aE dT 
1 — v dr 


(4.68) 
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Comparing with Eq. (4.61), we find that these two equations are the same 
except the coefficient of dT/dr. The solution is therefore 


+ = - Tr dr + 

1 ~ v r J a 


CiT £2 

2 r 


from which it follows that 


=- —— — f Tr dr A-— 4- — 

r 1 - vr 2 J a ir dr + 2 + r 2 


For a solid cylinder, c 2 = 0 so that the stresses in the cylinder will be 
finite. On the outer surface r = 6, <j t = 0, and we find 


Cl 


= 1 f 

1 — vb 2 Jo 


Tr dr 


The stress components are therefore 


• - r^~, (b /.’ ^ * - p £ n *) 




aE / 

1 “ A 


T + 



Tr dr + 



(4.69) 


Tr dr 


and, from Eq. (4.66) 


aE ( 

z i - A 


2v 

b 2 



Tr dr 


-t) 


(4.70) 


This is the normal stress distribution which must be applied to keep 
e z = 0 throughout. If the cylinder has free ends, we can superpose on it 
a uniform axial stress a z = c 3 so that the resultant force on the ends is 
zero. Integrating, we find that the condition 


/; 


0\2-7rr dr — 0 


gives 


2aE /* , 

c 3 = -s-=- 1 Tr dr 


b 2 



In such a case, we have therefore 


I‘ Trd '- T ) 


(4.71) 


In the case of a circular cylinder with a concentric circular hole, the 
constants of integration can be determined by the conditions that <r r = 0 
at r = b and r = a. Then, 

£i + £* = aE I Tr dr ^1 + ^ = 0 
2 + b 2 1 -vb*]a 2 ' a 2 
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Solving, we have 


Ci 

2 




Tr dr 




Tr dr 


With these constants, we find 

aE 1 /r 2 - a 2 
* r “ 1 - v r 2 V > 2 - a 2 
aE f l /r 2 + a 2 
ae - \ - vr >\b 2 - a 2 



Tr dr — 
Tr dr + 



(4.72) 


and if we add to <r z the uniform stress so that the resultant axial force is 
zero, 

*■ - r^~, (wh-- f Tr * - T ) (473) 

If T i is the temperature on the inner surface of the cylinder and To is 
the temperature on the outer surface, in the case of a steady heat flow, the 
temperature rise T at any distance r from the center is 



Ti- To, b 

log (6/a) ° S r 


Substituting this into Eqs. (4.69) and (4.70), the thermal stresses are 


aE{Ti - To) f i 6 a 2 (r 2 - 6 2 ) 6] 

9r 2(1 - v) log (6/a) L 8 r r 2 (6 2 - a 2 ) S a J 

aE(Ti — To) f, , _b a 2 (r 2 + 6 2 ), 

^ 2(1 - v) log (6/a) L l0g r r 2 (6 2 - a 2 ) l0g aJ 

aE(Ti — To) r, 2a 2 ,6] 

2(1 - y) log (6/a) L 1 ° g r 6 2 - a 2 ° g aj 


(4.74) 


If Ti is higher than T 0 , the radial stress is compressive at all points and 
becomes zero at the inner and outer surfaces of the cylinder. The stress 
components ae and a z have their largest numerical values at the inner and 
outer surfaces of the cylinder. 


Problem 1. A thin uniform disk of radius b is enclosed in a heavy ring of the same 
material into which it just fits when the disk and ring are at a uniform temperature. 
If the heat is supplied over the faces of the disk and it is rejected at the circumference, 
the temperature rise at a distance r from the center is given by 


T = (T, - To) - (Ti - T„) p 
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Assume that the ring takes up a uniform temperature T 0 but undergoes no appreci¬ 
able strain due to the stresses set up. Show that the radial compressive stress in the 
disk at a radius r is 



Problem 2. When an electric current generates heat at a uniform rate per unit 
volume within a long, straight solid conductor of radius 6, it can be shown that the 
consequent rise of temperature inside the conductor at any radius r is given by the 
formula T = X(6 2 — r 2 ), where X is a constant. Assuming that the elastic limit of 
stress is not exceeded and that there are no external forces resisting longitudinal or 
radial expansion, prove that the temperature distribution will give rise to the follow¬ 
ing stresses: 


EctX 


<r r = — 


4(1 - p ) 


(6 2 - r 2 ) 


Ea\ 


<J a = 


9 4(1 - p) 


(3r 2 - b 2 ) 


Ea\ 


O' z = 


2(1 - p ) 


(2r 2 - 6*) 



CHAPTER 5 


TORSION OF VARIOUS-SHAPED BARS 

6.1. Torsion of Prismatic Bars. To solve the general equations of 
elasticity together with the given boundary conditions, the direct metho 
of solution may not always be possible. For the solution of many prob- 
i ms the inverse method and the semi-inverse method have been found to be 
useful In the inverse method, any functions satisfying the differential 

uations are examined to see what boundary conditions these functions 
will satisfy. In this way useful solutions may be obtained. In the semi¬ 
inverse method, first proposed by Saint-Venant, simplifying assumptions 
are made regarding the stress components or the displacements so that the 
differential equations are simplified to such an extent that they may be 
solved without too much mathematical difficulty. These simplifying 
assumptions will evidently limit the generality of the resulting solution, 

but they can usually be made in such a way 
that the required solution can still be ob¬ 
tained. For example, in the case of tor¬ 
sion of a prismatic bar, which we shall 
discuss, we shall assume the displacements 
u v, w to be of certain form, thus reducing 
the governing equations to one differential Fig. 5.1. 

equation. Owing to these assumptions, 

we shall be able to obtain not the solution for nonprismatic bars under 
torsion but only that for bars of constant cross section. The semi-inverse 
method has proved to be one of the most useful methods in solving 

elasticity problems. 

Suppose that a prismatic bar, of length L, is fixed at one end in the 
xy plane, while the other end is acted upon by a couple whose moment lies 
along the 2 axis (Fig. 5.1). We assume that the fixed end is prevented 
from rotating but that both ends are allowed to extend or contract in the 
z direction. Under the action of the couple, the bar will be twisted, and 
the generators of the cylinder will be deformed into helical curves. The 
amount of rotation at any section will depend on the distance of the sec¬ 
tion from the fixed end. Since the deformation is small, it is reasonable 
to assume that the angle of twist a is proportional to the distance of the 
section from the fixed end. Thus 



a. = 6z 
77 


(5.1) 
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where 0 is the angle of twist per unit length. We shall assume that the 
angle of twist a is small. Consider a section of the bar which is at a 
distance 2 from the fixed end. A point P which has its coordinates x, y, z 
is displaced to P'(x + u, y + v, z + w) after deformation. The projec¬ 
tion of P' on the xy plane, P[, is shown in Fig. 5.2. Assume that in the 
xy plane P is rotated to Pi through the angle of twist a with OP = 0P[ = r. 
If a is small, we have cos a ^ 1 and sin a ^ a. Thus, 


u = r cos (/3 + a) — r cos (3 = r cos a cos /3 — r sin a sin /3 

— r cos /3 = —ya 

v = r sin (/3 + a) — r sin = r sin a. cos /3 + r cos a. sin /3 


Combining with (5.1), we obtain 


— r sin /3 ^ xa 


u = — dyz 


v = Qxz 


(5.2) 


which shall be our assumed form for u and v. For the present we shall 

make no assumptions about w , except that 
w is a function of x, y only and is independ¬ 
ent of 2 . Thus, we may write 



w = 6<f>(x,y) 


(5.3) 


where <t>(x,y) is some function of x and y. 
Since w defines the warping of the end sur¬ 
faces, <f) may be called a warping function. 
Our object is to determine whether or not 
the assumed displacements, together with 
some yet unknown function <£, will result 
in a system of stresses compatible with the 
given boundary conditions. The boundary 
conditions in this case are that there should be only pure torsional moments 
on the two ends and no forces acting on the lateral surface of the bar. 
The above values of the displacements give 


€x Cj/ 7 xy 0 7i/2 0 


d<f> 

fry 


+ X 


zx 


-•(£-») 


(5.4) 


whence it follows, from Eqs. (3.26), that 


= (T v = Vz = Txy = 0 


yz 


= Ge(^ 


d<f> 

dy 


+ 



r zx 


= Ge(^ 


d<f) 

dx 



(5.5) 


A substitution of these values in the equilibrium equations (3.42) shows 
that these equations will be satisfied if <j)(x,y) satisfies the equation 

_ n 


(5.6) 
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throughout the cross section R of the bar, where V 2 
is the Laplace operator. 

Let us now investigate the boundary conditions. 

X = Y = Z = 0 


(a 2 /3x 2 ) + (d 2 /^ 2 ) 
Since 


on the lateral surface of the bar, the last equation in (1.36) beco 





here S is the boundary of the cross section of the bar. The other two 
equations in (1.36) are identically zero because of (5.5) and because on the 

lateral surface n = cos Nz = 0. , , _ , 

On the other two bounding surfaces, viz., the ends of the bar defined 

hv the planes z = 0 and z = L, we must show that the distribution of 

tresses given by (5.5) is equivalent to a torsional couple and that there 

is no resultant force. The resultant force in the x direction is given by 



zx 


dx dy = GO JJ 0 | - ij') dx dy 

R 


(5.8) 


and this can be written as 




(5.9) 


since 

±\ x (?± 

dx L \ dx 



where the last step is achieved because (d 2 4>/ dx 2 ) + (d 2 <t>/dy 2 ) - 0 accord¬ 
ing to (5.6). 

Now if / is any function of x and y, we have (Fig. 5.3) 



where /i is the value of / on the right side part of the boundary and / 2 is 
the value on the left side. The integration with respect to y now has to be 
carried out on the boundary curve from y = y A to y = y B . If we 
integrate f along the curve following a counterclockwise direction, dy 
is positive on the right side of the boundary and is negative on the left 
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side. As a result both f\ dy and dy become positive, and we may 
write 


Similarly, 


ff %.dxdy = j> a fdy 


if 


d l 

dy 


dx 


dy = - j> s f dx 


(5.10) 


(5.11) 


dx) 

d yWds 


(a) 


V 

+-dx ->| 

T 

J /Vv 

dy 

L/r 

(b) 


Fig. 5.3 


Using formulas (5.10) and (5.11), the expression (5.9) becomes 


t. [ - 


V ) dy 


~ x ( 


d<p 

dy 


x) 


dx 


= fs x [(^~y) 


dy 

ds 


(%+’)£]<•- < 5 - i2 > 


Since an outward normal N is defined as positive and the positive direc¬ 
tion of s is counterclockwise, we have from Fig. 5.35 


l = cos Nx = 


dx 

dN 

dy 


dy 

ds 


m = cos Ny = = cos (tv — / 3 ) 


— cos /3 = — 


dx 

ds 


(5.13) 


Expression (5.12) then becomes 


M(£ -») 


! + W + x V 


j ds = 


The last step is obtained because {[(dQ/dx) — y]l) + {[(d<f>/dy) + x]m) is 
equal to zero on S according to (5.7). Thus, we have proved that 


ff t zx dx dy — 0 
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In a similar way, we can also show that the y component of the resultant 
force is zero, i.c. f 

Jj r zy dx dy = 0 

R 

SO that the resultant force acting on the ends of the cylinder vanishes. 

The resultant torsional moment T on the ends of the bai du 
assumed stress distribution is 


T — /I (xT yz - l/Tzx) dx dy 
R 


= GdJJ (x 2 + y 2 + X^ — y dx dy (5.14) 

The integral appearing in (5.14) depends on the torsion function <f> and 
hence on the cross section R of the bar. Letting 


J 


-//(* 

R 


2 + y 2 + * 


d<f) 

dy 


d<t>\ 

~ y te) 


dx dy 


(5.15) 


we have 


T = GJ6 


(5.16) 


where J is called torsional constant. Equation (5.16) shows that the 
torsional moment is proportional to the angle of twist per unit length, 
so that the product GJ provides a measure of the rigidity of a bar sub¬ 
jected to torsion and is called the torsional rigidity of the bar. 

5.2. Torsion of Circular and Elliptical Bars. As formulated in the 
preceding section, the torsion problem is solved if we find the warping 
function <j)(x,y) which satisfies the differential equation 


d 2 <t> d 2 <p _ 0 
dx 2 ^ dy 2 



inside the cross-sectional area, or domain, R and satisfies the condition 


(s -») ■ 1+ (8 

on the boundary S. Let us now show how the solution is found when the 
boundary is of special form. 

The torsion of circular and elliptical bars was solved by the inverse 
method. The simplest solution of the Laplace equation is 


+ 


x^ m = 0 


(5.7) 


< f > = constant = C 


( 5 . 17 ) 
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With <t> = C, the boundary condition (5.7) becomes 



or 



xm 



d x 2 + y 2 _ n 
ds 2 U 
x 2 + y 2 = constant 


(5.18) 


where x , y are the coordinates of any point on the boundary. From 
analytical geometry we know that (5.18) represents a circle with its 
center at the origin. Thus the function <f> = C gives us the solution for 
the torsion of a circular bar. From (5.3), we have w = OC. If the bound¬ 
ary condition is w = 0 at 2 = 0, then C = 0. Therefore, a plane section 
of the cylinder normal to the z axis before torsion will remain plane after 
deformation. This is the assumption we usually make for such a solution 
in strength of materials. Examining (5.18), we see that this assumption 
is correct only when the boundary is a circle. For other sections, the 
assumption cannot be expected to be valid. 

Let r 0 be the radius of the circle. From formula (5.15) if </> = C, we 
have 

J = jj (x 2 + y 2 ) dx dy = 

R 


which is equal to the polar moment of inertia of the circular cross section, 
I p . Thus, from (5.16), 

T = GI P Q (5.19) 

and from (5.5), we obtain 

T T 

T V z = Gdx = y x T tx = —Gdy = — j-y (5.20) 

i p ip 

The resulting shearing stress at any point P(x,y) is 

r = V^ 2 + = J- V* 2 + V 2 = I r (5.21) 

ip ip 

where r is the distance of the point from the center of the circle and it is 
inclined to the x axis at an angle p with 


tan = — = — - 

t zx y 

Hence, the resultant shearing stress at any point is in the direction of the 
tangent of the circle passing through that point. 

Next, let us examine the function 

<t> = Axy 


(5.22) 
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t* . obvious that this function satisfies the Laplace equation With <P 
in the form of (5.22), the boundary condition (5.7) after substitute 

becomes 


ds 

which, upon integration, gives 

1 - A 


ds 



1 - A 

+ YTA y 


x 2 + 


1 + A 


y 2 = constant 


(5.23) 


where * V are the coordinates of any point on the boundary. 

Now, the equation defining an ellipse with center at the origin is 


a 


2 — /~r 2 


+ T-, r = « 


(5.24) 


where a and b represent the semiaxes. Comparing with (5.23), we 
find that these two equations are identical if 



a 2 A - 1 

b 2 A + 1 


or, by solving for A, 

b 2 — a 2 
^ b 2 + a 2 


Therefore, the function 


b 2 - ar 

^ ~ b 2 + a 2 Xy 

(5.25) 


is the warping function for an elliptical cylinder under torsion. The 
torsional constant is 


J = Jf (x 2 + y 2 + Ax 2 - Ay 2 ) dx dy 

R 

= (A + 1) ff x 2 dx dy + (1 - A) jf y 2 dx dy 
= (A + Dh + (1 - A)I X 

ira 3 b 3 

~ a 2 + b 2 


(5.26) 


where I x are the moments of inertia with respect to the y and x axes 
respectively. 

The shearing stresses at any point in the cross section are 


_ 2 Tx 

T “ ~ 7T a 3 b 


2Ty 
7r ab z 


Tzx 


(5.27) 
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The resultant shearing stress at any point P(x,y) is 


= V Ty Z 2 + T zx 2 = 


2T 

ira 2 b 2 



b 2 x 2 a 2 y 2 

~a} + ~W 


(5.28) 


The maximum value of r occurs at the 
extremity of the minor axis. To prove 
this, let us construct a series of ellipses 
inside the elliptical section. Let the 
semiaxes of these ellipses be a' and b' 
sothata'/a = b'/b < 1. The equations 
of these ellipses can be written in the 
parametric form as follows, 

x = a' cos (3 y = b' sin /3 

where (3 is the angle as shown in Fig. 5.4. 
Substituting these equations into (5.28), 
we find that the resultant shearing stress at any point on these ellipses is 



T — 


2 T 

7r a 2 b 



— 1 cos 2 /3 + 



sin 2 0 


c\ rp / 

— y/b 2 cos 2 |S + a 2 sin 2 /3 


7ra 2 6 2 a 

OT n ' _ 

— \/b 2 + (a 2 — b 2 ) sin 2 /3 


7r a 2 b 2 a 


If a > 6, t is maximum when a' = a and (3 = ±tt/ 2. That is, 
occurs at the extremity of the minor axis, and 


T 


max 


2 T 
irab 2 


(5.29) 


For a = 5, this formula reduces to (5.21), the formula for a circular bar. 
The direction of r is given by the ratio of t vz to t zx . We see from formulas 
(5.27) that this ratio is proportional to y/x and hence is constant along the 
line OP. This means that the resultant shearing stress along any line OP 
has a constant direction which coincides with the direction of the tangent 

P'P". 

With the warping function (5.25) determined, the displacement w is 
easily found. 

T(b 2 — a 2 ) 

w = e + = w xy ( 5 - 30 > 


where the relation 6 = T/GJ is used. The contour lines, defined by 
w = constant, are the hyperbolas shown in Fig. 5.5. If the cylinder 
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• hv the torque T in the direction of the arrow shown in the figure, 
^convex portions of the cross section, i.e., where w is positive, are 
* h ®. d bv solid lines and the concave portions, or where w is negative, 
indicated by dotted lines. In the case of unrestrained ends, there are 
1 If one end of the bar is restrained from warping such 


are 

normal stresses will be induced 
“ „e positive in one quadrant and negative in another one. These 
similar to the stresses due to two equal and opposite bending momen s 

SlIIllAa v. _7 a/ /nroint) 


are 




Problem. Show that the warping function <t> = A (y* - 3x y) is the correct so - 
lion for an equilateral triangular bar under torsion (Fig. 5.6), where A is a constant to 
be determined. Find the torsional constant J and the maximum shearing stress. 

The equations of the boundary lines are 

x — a = 0 on CD 

x + 2a - Vd xj = 0 on BC 

x + 2 a + V3 y = 0 on BD 

Hint: First show that <t> satisfies the differential equation. To show that <t> satisfies 
the boundary conditions, determine the constant A on CD, and prove that, with this 
determined value of A and y = ±{x + 2a)/\/3, the boundary condition is satisfied 
0Q BC and BD. On CD, l = 1, m = 0. On BC, l = cos 120° = -H, m - cos 30 
= -y/3/2. On BD, l = cos 240° = -3 4, m = cos 150° = - V3/2. 

Ans A = _i/6a, J = 9 V3 o 4 /5. r„„g = 3Ta/2J. maxr occurs at x = a, y = 0 

5.3. Torsion of Rectangular Bars. Let the sides of the rectangular 
cross section be 2 a and 2b, and let the origin be at the center of the rec¬ 
tangle with the coordinate axes parallel to its sides (Fig. 5.7). Our equa¬ 
tions are, as before, 

a ** < = 0 ( 5 . 6 ) 


dx 


dy 2 


over the whole rectangle and 

d<f> 
dx 



i + 



+ x 


(5.7) 
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on the boundary. Now, on the boundary lines x = ±a or AB and CD 

* _ 


y n 


2b 


we have l = ±1 and m = 0, and on the 
boundary lines BC and AD we have l = 0 

and m = ±1. The boundary condition 
(5.7) may be rewritten as 


— - J—I 

■2a—*\A 


d<f> 

dx 

d(f> 


= y 


= —x 


on x = ±a 


on y = ±b 


(5.31) 


/V 

Fig 5 7 These boundary conditions can be trans¬ 

formed into more convenient forms if we 
introduce a new function <f >i such that 


<t> = x y - 4> i 

It is easy to verify that, in terms of <£i, our governing equation is 

d 2 <ftl , _ n 

dx 2 dy 2 U 

over the whole rectangle and the boundary conditions become 


(5.32) 


(5.33) 


d<f>i 
dx 
d(f> i 


= 0 


on x = ±a 


^y 


- = 2x on y = ±b 


(5.34) 

(5.35) 


We shall assume that the solution of Eq. (5.33) can be expressed in the 
form of an infinite series 


oo 

*» - 2 X n (x)Y n (y) 


(5.36) 


n = 0 


where each term of the series satisfies the differential equation and X n (a:) 
and Y n (y) are, respectively, functions of x alone and y alone. It is 
obvious that if the solution <t>i cannot be expressed in the form of (5.36), 
we shall not be able to solve for the functions X n and Y n and have these 
functions satisfy the boundary conditions. 

Substituting X n (x), Y n (y) in (5.33) and denoting the derivatives by 
primes, we obtain 

X';(x)Y n (y) + X n (x)Y:(y) = 0 or ggj = - 

Since the expression on the left-hand side of the above equation is a 
function of x alone and the one on the right-hand side depends only on y } 
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, paua lity can be fulfilled only if the expression on either side is equal to 
constant; call it — A„ 2 -t We are thus led to a pair of ordinary differ¬ 
ential equations. 


+ fcn’Xn = 0 and 
dx 2 



These differential equations can be easily solved by the well-known 
methods of solving linear ordinary differential equations with constant 

coefficients. Their solutions are 

X n — Ci sin k n x + c 2 cos k n x (5.37) 

y n = Cz sinh k n y + c 4 cosh k n y (5.38) 


Now let us examine the boundary condition (5.35). 


that 


d<f> i 

dy 


oo 

J X„(x)Y' n (y) 

n= 0 



First we observe 


must have the same value for y = -\-b or —b. This condition can be 
satisfied if Y' n (y) are symmetric functions in y. Second, for y — ±6, we 

have 

oo 

£ Y' n {b)X „(*) = 2x 

71 = 0 


This condition is satisfiable if X n (x) are antisymmetric functions in x. 
From these considerations, we find that c 2 = c 4 = 0. Now the condition 
(5.34) is satisfied if X' n (±a) = 0 or 


from which we find 


Cik n cos k n a = 0 



(2 n + 1)tt 
2a 


Since c x and c 3 are arbitrary constants, we may write <£i in the following 
form, 


oo 

sin sinh k n y 

n = 0 


(5.39) 


where = (2n + l)7r/2a and the constants A n are to be determined so as 
to satisfy the boundary condition (5.35). 


t The constant is taken as negative because otherwise the boundary conditions 
cannot be satisfied. 
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Differentiating <j>i with respect to y, and substituting y = +b, we 
have from (5.35) that 


co 


CO 


2x = ^ A n k n cosh k n b sin k n x = ^ B n sin 1c n x 

n = 0 n = 0 


(5.40) 


where to simplify the writing we have introduced the symbol 

B n = A n k n cosh k n b 

The coefficients A n can now be determined by utilizing the scheme used 
in expanding functions in Fourier series. If we multiply both sides of 
(5.40) by sin (2m + l)irx/2a and integrate term by term with respect to x, 
recalling that 

sin k n x sin k m x = K[cos (k n — k m )x — cos (k n + k m )x] 

= I [cos m)wx - cos (w + m + 1)wx ] 

2 L a a J 


sin 2 k m x 


-i[>- 


cos 


(2m + 1 ) 7 rx 
2 


we find 


/ 


a 

— a 


sin k n x sin k m x dx = 0 if m 9 ^ n 

if m = n 


= a 


and 


J a ^ 2x sin k m x dx = J a * B m sin 2 k m x dx 


Upon evaluating the integrals in the above expression, we obtain 


D _ 16( — l) m a 
Bm tt 2 (2 m + l) 2 ° r 


A n = 


1 


32( — l) n a 2 _ 

Tr 3 (2n + l) 3 cosh k n b 


so that the solution is 


<t> = xy - <f> 1 

32a 2 


co 


6'Aa £ v 

= xy ~ l 


(-D" 


1 


n = 0 


(2 n + l) 3 cosh k n b 


sin k n x sinh k n y (5.41) 


The torsional constant J can be evaluated from formula (5.15) 
follows: 

J - /' (*’ + »’ + 1 - 9 H) * dy 


as 


8 a*b 


96 v 1 384a v* tanh k 

1 + ^ L (2n + l) 4 rt'4(2n + l) 


n = 0 


n = 0 
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Since 


Z (2/i + l) 4 

n = 0 



we have the formula 

J = 16a 3 6 


64a V tanh k n b 1 

Z (2n + 1) 5 J 

71=0 


KCl 3 b 


(5.42) 


For various b/a ratios, the corresponding values of k are given in Table 
5 1. The series in (5.42) can be written as 


v' tanh kj} , Trb , V tanh lc n b 

1 (2/TTT? = tanH 2a + l (2 n + 1)‘ 

, v n = 1 


We note that f tanh k n b/(2n + 1) 5 is less than £ l/(2w + l) 6 - 0.0046, 

n = 1 n = 1 

while tanh {rrb/2a) > 0.917 if b > a. Thus, the first term of the series 
gives the value of the sum to within H per cent, and, for practical pur- 
poses, we can use the approximate formula 


J — 16a 3 6 



y tanh 
7 r 5 b 



(5.43) 


With some calculation we find that the shearing stresses are given by the 
following formulas: 


Tzx 


_ T(d± _ \ = _ 16Ta V (-l); sinh kyj ^ ^ 

~ J r 2 ( 2w + l) 2 cosh k n b 


Tyz 


T(d±, 

J\dy 



- 7 [*■ - 


16a 


7r 


oo 

Y ( —l) n cosh k n y . 7 

4 (STFIF ShT3 sm * 


n 



(5.44) 


Assuming that b > a, it can be shown that the maximum shearing stress 
is at the mid-points of the long sides x = ± a of the rectangle. Substitut¬ 
ing x = a, y = 0 in (5.44), we find 



Tzx 



_ 2 Ta [ 8 V _1_ 

7w - Tyz - j 1 (2/i + l) 2 cosh k n b 

L n = 0 



(5.45) 


The infinite series on the right side, which we denote by ki/ 2, converges 
very rapidly when b > a, and there is no difficulty in calculating 
with sufficient accuracy for any particular value of b/a. For various 
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b/a ratios, the corresponding values of k x are included in Table 5.1. 
Substituting the values of J from (5.42) into (5.45), we have 


Tmax ^2 


T 

a 2 b 


(5.46) 


where k 2 is another numerical factor, several values of which are given in 
Table 5.1. 


Table 5.1 


b/a 

K 

Kl 

*2 

1.0 

2.250 

1.350 

0.600 

1.2 

2.656 

1.518 

0.571 

1.5 

3.136 

1.696 

0.541 

2.0 

3.664 

1.860 

0.508 

2.5 

3.984 

1.936 

0.484 

3.0 

4.208 

1.970 

0.468 

4.0 

4.496 

1.994 

0.443 

5.0 

4.656 

1.998 

0.430 

10.0 

4.992 

2.000 

0.401 

00 

5.328 

2.000 

0.375 


The contour lines of the surface w = constant can be easily plotted 
from the equation for 0. For a square bar, that is, a = 6, the contour 
lines are shown in Fig. 5.8, where the solid 
lines represent positive w and the dotted 
lines negative w as defined in the previous 
section. 

6.4. Membrane Analogy. From the 
example worked out in the previous 






section, it becomes evident that a rigorous solution of the torsion 
problem for a bar with more complicated cross-sectional shape is likely 
to be very difficult. In developing approximate formulas for the torsional 
constants of many engineering sections, the so-called membrane analogy 
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U proved very valuable. The membrane analogy is based on the 

.vf mltical analogy between the torsion problem and the behavior of a 
mathematical^ gubjected to a uniform lateral pressure. 

Str T e !fa e thin homogeneous membrane (Fig. 5.9) be stretched with uniform 
. L - on fixed at its edge, which is a given curve in the x, y plane 
When the membrane is subjected to a uniform lateral pressure p, it 
^11 undergo a small displacement 2, where 2 is a function of x and y. 
Consider the equilibrium of an infinitesimal element ABCD of themem- 
hrTne after deformation. Let F be the uniform tension per unit length 
b J , membrane On the side AD, F is inclined at an angle £ with respect 
fthe^S Since the deformation is small, fi ~ Bz/B x. The deflection 
'ries from point to point; therefore on the side BC, F is now inclined 
It an angle 0 + (ap/6x) dx S (Bz/dx) + («**/te*) dx. Similarly on the 
. , AB and CD, the tensile forces are inclined at the angles dz/dy &n 
Z L) + {B'z/By') dy, respectively. Summing up the 2 components of 

the forces acting on the four sides, we have 


-(F dy) ^ + ( F d y) ( 


^ + p- 2 dx 

dx dx 2 


)- 


(F dx) 


dz 

dy 


+ (F dx) 


IT+ lTi dy) A-pdxdy = 0 
,By By* / 


from which 


6 2 2 B*z 
dx* + By 2 


in R 


On the boundary, the deflection of the membrane is zero 
condition is therefore 


2=0 


on 5 


(5.47) 

The boundary 


(5.48) 


Now let us return to our torsion problem. The governing differential 
equation is 

d 2± + *!+ = 0 in R (5.6) 

dx 2 


dy 


in R 


(5.G) 


and the boundary condition is 


d(f> 

dx 


l + 


d(f) 

dy 


+ X 


on S 


(5.7) 


Comparing these relations with (5.47) and (5.48), we find that apparently 
they are not analogous. However, they can be reduced to an analogous 

form if we introduce a new function 4>{x,y) such that 


= I y 

Bx By ' y 


d(f> 

dy 


_ a A - x 

dx 


(5.49) 
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ay = ay d 2 <i> _ ay 

dx 2 dx dy dy 2 dy dx 

The differential equation (5.6) is identically satisfied, since 

ay ay = ay _ ay 

dx 2 dy 2 dx dy dy dx ~ 

That is, if \p is defined as in (5.49) the equilibrium equations are satisfied 
identically. 

In terms of the shearing stresses t zx and t vz are 




Tty 
J dx 


(5.50) 


If \p is obtained, we can compute the shearing stresses by a simple differ¬ 
entiation. \p is therefore the stress function , and the solution of ^ is 
equivalent to the solution of the stresses. In such a case, the compatibil¬ 
ity equation must be used. With the stress system 




Tty 
J dx 


the corresponding strain components are 



T_ty 
GJ dx 


Substituting into the compatibility equations (2.19), we find that the 
first three and the last equations are identically satisfied. The fourth 
and the fifth equations become 

— ( - Him 4- \ = 0 —( ^ - dyzx \ = o 

dx \ dx dy J dy\ dx dy ) 

Integrating, we have 

— = constant = C\ 

dx dy 

This constant can be determined by substituting into the above equation 
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from which we find 

GJ \ dx dy ax dy ) 


_oy /(ij With this value of c h in terms of the above com- 

or ci — ^ ' 

patibihty equation becomes 



(5.51) 


which is the differential equation that i must satisfy. It may be pointed 
ut that Eq. (5.51) is directly obtainable by differentiating Eqs. (5.4J) 
and then eliminating 0 between these equations. However, this will 
conceal the fact that (5.51) is actually the compatibility equation. 

In terms of $, the boundary condition (5.8) becomes 


d\p 

dy 





on S 


We have already shown in Sec. 5.1 that 

7 _ d x _ dy _ dy_ = dx 

1 “ dN " ds m dN ds 


(5.13) 


The boundary condition can therefore be written as 

dxpdy dx/^dx ^ d\p = ^ 

dy ds dx ds ds 

or \p = constant = C 2 on S (5.52) 

We note that, in computing the stresses, only the derivatives of yp are of 
interest and the value of the constant c 2 in (5.52) is irrelevant to the 
problem. For that reason, we may let c 2 = 0. Thus, the torsion prob¬ 
lem is reduced to finding the function \p such that 


ay 

dx 2 




— 2 in R 

0 on S 


(5.51) 

(5.52) 


Comparing these equations with the membrane equations, we see that 
they are exactly analogous if p/F is taken to be 2 and if the shape of the 
boundary of the membrane is the same as the cross section of the bar. 

The membrane analogy is useful in the experimental determination 
of the stress function. The technique used to carry out such an experi¬ 
ment, as well as experiments according to other analogies, is discussed in 
detail in such books as “ Handbook of Experimental Stress Analysis.” 1 


1 M. Hetenyi, “Handbook of Experimental Stress Analysis,” pp. 700-751, John 
Wiley & Sons, Inc., New York, 1950. 
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►x 


ty 



Fig. 5.10. 



The membrane analogy not only is useful 
in actually determining the stress but also 
provides a visual picture of the stress distri¬ 
bution. Figure 5.10 represents such a mem¬ 
brane with the contour lines of the deflection 
surface plotted. Consider any point B on 
the membrane. Along the contour line, the 
deflection is constant, i.e., 



From the analogy, we have 


dx// 

ds 



Since 


dxp 

ds 



d\f/ dx 
dx ds 



J 

T 


TzS 


it follows that the component of the shearing stress normal to the contour 
line is zero. In other words, the shearing stress at a point B in the 
twisted bar is in the direction of the tangent to the contour line through 
this point. The magnitude of the resultant shearing stress r at B can now 
be found from the following formula: 


dy dx T td\p dx . d\p dy\ _ T d^ 
r ~ Tv 'd8 + T ” * “ J\di dN ^ dy dN) J dN 

Thus the magnitude of the shearing stress at B is given by the slope of the 
membrane normal to the contour line, and therefore the maximum shear¬ 
ing stress occurs at the points where the contour lines are closest to each 
other. From the surface of the membrane, it can be seen that the maxi¬ 
mum slope occurs on the boundary. It can therefore be concluded that 
the maximum shearing stresses also occur on the boundary of the bar. 

We shall now proceed to derive the expression of the torsional constant 
J in terms of From formula (5.15), 

* - jj {*+s-i-*% - •*)*** 

" " II (* i + »!)■* * 

R 
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Tx <**> + Jy ^ 


2\J/ 


dx dy 


R 


= — J s x\p dy + J s yyp dx + JJ 2\j/ dx dy 

R 

= 2 JJ \fr dx dy 


(5.53) 


R 



Fig. 5.11. 


The last step was obtained because of Eq. (5.52), namely, \p = 0 on S. 
From the membrane analogy, we see that the torsional constant J is equal 
to twice the volume bounded by the de¬ 
flected membrane and the xy plane. In 
letting c 2 = 0 in (5.52), we contended that 
the value of c 2 is irrelevant to the problem. 

The calculation of J , however, apparently 
depends on the value of c 2 . To explain this 
point, let us assume that c 2 is not zero and 
substitute ii + c 2 in the place of \p in the 
next to the last step in (5.53). Since 
^ C2 = c 2 on the boundary, we have = 0 on S and is the same \p 

as in the last step of (5.53). Thus 

j = — (J s c 2 x dy + (J s c 2 y dx + JJ 2(\pi + c 2 ) dx dy 

R 

From Fig. 5.11, we see that 

CD y dx = I y dx + j y dx 

Ys* JBCD* JDEB * 

= area BCDD'B' — area BEDD'B f 
= —A (5.54) 

where A is the area of the cross section. Similarly we can show 

(J^ x dy = A. But JJ dx dy = A. Thus 

R 

j = —c 2 ^4 — c 2 ^4 + 2c 2 ^4 + JJ 2 ^i dxdy = JJ 2 ^i dx dy 

r R 

which is identical to formula (5.53). 

5.5. Torsion of Thin Open Sections. Let us first consider the torsion 
of a bar with narrow rectangular cross section. From the membrane 
analogy, it is obvious that the effect of the short sides of the rectangle is 
only local. In formula (5.43), when b/a is large, we see that tanh (tt6/2o) 
is approximately equal to 1 and the second term inside the parentheses 
becomes negligible. We have therefore 


J 


16a 3 6 


3 
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In formula (5.45), when 6/a is large, we see that 


cosh k n b = cosh 


(2 n + IV b 
2 a 


is a large number and the sum of the infinite series becomes negligible. 
As a result, we obtain 



(5.55) 


With J determined, the angle of twist can be computed from the formula 

8 = Zj (5.16) 



(a) (b) (c) (d) 


Fig. 5.12. 


If we denote by &i and t the length and width of the rectangle (Fig. 
5.12a), these formulas become 

(5 - 56) 

As derived in the previous section, Tmax is equal to the product of T/J and 
the maximum slope of the deflected membrane. In the case of a narrow 
rectangular section, from (5.55) and (5.56), we see that the maximum 
slope of the deflected membrane is 2a or t. 

Let us compare the deflected membranes when the boundaries are as 
shown in Fig. 5.12a and b. It is apparent that the volumes under 
the membranes will be approximately the same if the cross-sectional 
areas are the same. Also, if t is small, the curvature of the shape in 
(6) can have only little effect on the maximum slope of the membrane. 
For that reason, we conclude that formula (5.56) can also be used for 
approximate solutions of other thin sections. Thus for such cross sec¬ 
tions as shown in Fig. 5.126, we merely have to replace 6i in (5.56) by the 
developed length of the arc. In the case of a circular arc, the developed 
length is equal to r 0 p, where r 0 is the radius and 0 the angle subtended by 
the arc in radians. 
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For thin sections such as angles, channels, and I sections, the deflected 
membranes will behave as if they were stretched over several separate 
narrow rectangles. 1 Now J is equal to twice the volume bounded by the 
deflected membrane and the xy plane, and the maximum slope of the mem¬ 
brane is U where U is the larger of h and h. We have, therefore, for the 

angle section (Fig. 5.12c), 

_ , Wl 3 + &2 / 2 3 


J 


e 


3 T 


max 


(&i<, 3 + b 2 t 2 3 )G 
GOti = 


byt X 3 + b 2 t 2 3 


and for the channel and I section (Fig. 5.12d), 


(5.57) 


J 

9 


T 


max 


b\t\ Z + 2&2^2 3 
= 3 

3 T 

— ( bifa 3 + 2 b 2 fa z )G 




3 TU 


b \ t\ z + 262^2 


(5.58) 


It should be noted that a considerable stress concentration takes place 
at the reentrant corners, the magnitude of which depends on the radius of 
the fillets. For small radius of fillet (say r = 0.10, Trefftz 2 obtained the 
following equation for the maximum stress at the fillet, 



(5.59) 


where r is the radius of the fillet. Equation (5.59) is derived for an angle 
with equal thickness of flanges. In the case of two different thicknesses fa 
and t 2 , the larger thickness must be used in the formula. The stress con¬ 
centration at a reentrant corner has also been studied experimentally by 
using the soap-film analogy. 3 The ratio of TfMetAmax for several values 
of the ratio r/t are given in Table 5.2. For small radii of fillets, the 
experimental values of Tnn e t/ t max are much smaller than those given by 

1 For a discussion of other approximate formulas, see G. W. Trayer and H. W. 
March, The Torsion of Members Having Sections Common in Aircraft Construction, 

NACA Tech. Rept. 334, 1929. 

2 E. Trefftz, t)ber die Wirkung ein Abrundung auf die Torsionspannungen in der 
innern Ecke eines Winkeleisens, Z.A.M.M ., Vol. 2, pp. 263—267, 1922. 

3 P. A. Cushman, “Shearing Stresses in Torsion and Bending by Membrane 
Analogy,” doctoral dissertation, University of Michigan, 1932. Also ASME Advance 
Paper , June, 1932, meeting. 
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Table 5.2 

r/t H H 

2.5 2.25 

Eq. (5.59). This is probably due to the fact that it is difficult to obtain 
reliable values of r f in et for small radii of fillets. 

5.6. Torsion of Thin Tubes. In terms of the stress function \f/, we 
have shown that on the boundary \p must be a constant. When we have a 

solid section, we may let the constant be zero. 
When the section is bounded by two closed 
curves, as in Fig. 5.13, we shall again lose no 
generality by assuming that ^ vanishes on the 
outer boundary Si but we cannot assume it 
also vanishes on the inner boundary S 2 , 
although we know that it has a constant value 
there. Because of this unknown constant, we 
need one additional equation to solve the prob¬ 
lem. This additional equation may be ob- 
Fig. 5.13. tained from the condition that the displace¬ 

ments must be single-valued. 

From Eqs. (5.5), we have 

- -« (2 -») - o (2 ■- -) - -« (2 + *)" G ( i » + -) 

Let us now calculate the integral Jr ds along the inner boundary. 
fa, T ds = fa, ( r “ ds + Tv ‘ is) dS 

= G fs,{^ dX + ^ dy ) + G ° fs, (xdy ~ y dx) 

From the condition that w is a single-valued function and the integration 
is taken round a closed curve, the first integral vanishes. As we have 
shown in Sec. 5.4, the second integral is equal to twice the area enclosed 
by S 2 » Hence 

t ds = 2G0A 2 (5.60) 

where A 2 is the area enclosed by S 2 . 

Let us now return to the membrane analogy. If we replace the mem¬ 
brane inside S 2 by a weightless flat plate (Fig. 5.13), the equation of equi¬ 
librium of the plate is 




6 Fpds = pA 2 

ja, dn 


(5.61) 
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where F, z & re 
defined in Sec. 


the surface tension and deflection of the membrane as 
5.4. Since 


dz __ p d\p _ p r 
dn "" 2F dn ~ 2F GO 


we have from (5.61) 



JLJL 

2F GO 


ds = pA 2 


or 


(£) s t ds = 2G0A 2 


which we obtained as Eq. (5.60). Thus if we have a hollow section, we 
may consider the membrane as stretched over the outer boundary and a 

weightless flat plate on the inner boundary. 

In Fig. 5-13, BB ' and CC are the levels of the outer and inner bounda¬ 
ries and BC and B'C' are the cross section of the membrane stretched 
between these boundaries. If the wall is thin, BC and B'C' become 
approximately straight lines and the variation in slope of the membrane 
is negligible. This is equivalent to assuming that the shearing stresses 
are uniform across the thickness of the wall. If we denote by h the con¬ 
stant value of t on S 2) from the membrane analogy, h is the difference in 
levels of the two boundaries. Let t be the variable thickness of the wall. 
The shearing stress at any point is given by the slope of the membrane, or 



(5.62) 


The formula for J [Eq. (5.53)] must now be modified. In the derivation 
of Eqs. (5.10) and (5.11), the positive normal N has been taken outward 
from the cross section. With respect to the inner boundary, the same 
sign convention must be used, i.e., the positive direction is inward. To 
allow for this condition, we must change the sign of the line integrals in 
(5.10) and (5.11) when integrated along S 2 . On Si, we have \p = 0, and 
on S 2 we have \p = h. Therefore the formula (5.53) becomes 

J = h (fi s (x dy — y dx) + 2 JJ dx dy (5.63) 

where R denotes the area bounded between Si and S 2 , or A x . Because 
the section is thin, the value of \p in the second integral can be replaced by 
its average value taken over Si and S 2 , namely, h/2. We have, therefore, 

J — 2h(A 2 -f- }/2,A i) = 2Ah 

where A is the area enclosed by the mean line of the boundaries. Sub¬ 
stituting into (5.62), we have 

T 

2 At 


T 


(5.64) 
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The angle of twist 6 may be calculated from Eq. (5.60), 

^s T ds = M'ftsT = 2GeA 

from which we find 

0 T r ds 

0 = 4A^? S T ( 5 - 65 ) 



Fig. 5.14. 


where S is the mean line of the 
boundaries. Equations (5.64) and 
(5.65) were first obtained by Bredt 1 
and are known as Bredt’s formulas. 

If the cross section of the tubular 
member has more than two bounda¬ 
ries (Fig. 5.14), the portions of mem¬ 
brane inside the inner boundaries can 
be again replaced by weightless flat 
plates. Assuming that the thickness 
of the wall is small, we have 


(5.66) 



T h\ — hi _ t iti — Titi 

J tz tz 


where hi and h 2 are the levels of the inner boundaries CC and DD'. 
Equation (5.63) becomes 

J = 2 JJ yp dx dy -f ^ 2h i A' i — 2hiAi + 2 h 2 A 2 

R i 

where A\ is the area enclosed by the boundary Si and A h A 2 are the areas 
enclosed by the mid-section curves Si and S 2 . Therefore 

T = 2ritiA i -f - 2 t 2 t 2 A 2 (5.67) 

Assume that the thicknesses t h t 2 , h are constant. Let s lf s 2 , and s 3 be the 
lengths of the mid-section curves. By applying Eq. (5.60) first over A\ 
and then over A 2 , we obtain 

TiSi T 3 S 3 = 2GdAi t 2 s 2 — T 3 S 3 = 2G0A 2 (5.68) 


1 R. Bredt, Kritische Bemerkungen zur Drehungs-elastizitat, Z. Ver. deul. Ing. f 
Vol. 40, pp. 785-813, 1896. 
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7-2, 73 , and ^ can calculated by solving Eqs. (5.G7) and (5.68) 

simultaneously. 

From Eq. (5.66), we note that, in a tubular branch of the cross section, 
rt is a constant. When several tubular members meet, as at point H, we 

have 

T\ti = Tit 2 “f~ Tztz (5.69) 

This suggests a hydrodynamical analogy, viz., the quantity q = rt is 
analogous to the quantity of ideal liquid circulating in a channel having 
the same shape as the tubular bar. Equation (5.69) then states that the 
amount of incoming liquid must be equal to the amount of liquid flowing 
out. The quantity q is therefore called shear flow. 

For tubular sections with more than three boundaries, we shall illus¬ 
trate the determination of the shearing stresses by the following numerical 



example: Figure 5.15 shows the cross section with the given dimensions. 
The applied torque is given as 100,000 in.-lb. From the given dimensions, 
we compute the areas as Ai — 7r(5) 2 /2 = 39.3 sq in., A 2 — A 3 — 100 sq in. 
Assume that the shearing stresses are positive in the direction shown. 
From the consideration of shear flow, we have 

T\t\ = T2^2 "h 7 \t\ T 2 t 2 = Tzt 3 -f- T 5^5 7 3^3 = T§t§ (5./0) 

Since T = 2rit 1 Ai + 27 - 2 / 2 A 2 + 2t z UAz, we have, by substituting the 
numerical values 

100,000 = 2 X 39.3 X 0.0257-! + 2 X 100 X 0.03r 2 + 2 X 100 X 0.03t- 3 
or 1.9657-! + 67-2 + 67-3 = 100,000 (5.71) 

From Eq. (5.60), we have 

riSi -j- T 4 S 4 = 2GdA\ — 7-454 “I - 2t 2 S 2 T 5 S 5 = 2GBA 2 

—TbSh 2 7 - 3 S 3 + T 6§6 = 2GBAz (5.72) 

Since Si = 5t, s 2 = s 3 = s 4 — s 5 = s 6 = 10 , combining with Eqs. (5.70), 
we obtain 

-0.5t! + 3 . 67-2 - r 3 = 20GB 

-r 2 + 3.7573 = 20 GB (5.73) 


20.77i - 67 2 = 7 8.6GB 
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Solving Eqs. (5.71) and (5.73) simultaneously, we find ri = 5,740 psi, 
r 2 = 7,800 psi, T 3 = 6,940 psi, t\ = —1,810 psi, r 6 = 960 psi, and 
r 6 = 5,200 psi. The negative sign of r 4 indicates that its direction is 
opposite to that assumed. 

Problem 1 . Given a circular steel tube with an outside diameter of 4 in., and a 
thickness of %2 in. Compare the angle of twist and the maximum shearing stress 

of this tube with those of the same tube 
after it has been split by cutting along an 
element. Note that an open section bar 
is relatively weak in resisting torsion. 
In this problem, it will be found that the 
closed section is more than 400 times as 
stiff as the open section and more than 
30 times as strong. 

Problem 2. Given a thin tubular bar with the dimensions shown in Fig. 5.16. 
The bar is under the action of a torque of 100,000 in.-lb. Find the shearing stresses 
in the tube. 

Ans. n = 6,360 psi, r 2 = 8,170 psi, r 3 = 5,720 psi, n = 172 psi, and r 6 = —2,550 psi 

5.7. Torsion of Circular Shafts of Variable Diameter. Let us con¬ 
sider the twisting of a circular shaft of variable diameter by terminal 
couples (Fig. 5.17). In discussing bodies of revolution, it is convenient to 
make use of the cylindrical coordinates r, 0 , z. We shall take the axis of 




the shaft as the z axis. From Fig. 4.5, the equations of equilibrium of an 
element can be easily written down. Neglecting the body forces, we have 


d<y r 

dr 



= 0 
= 0 
= 0 


(5.74) 


Denote the displacements in the r, 6, z directions by u , v, and w, respec¬ 
tively. The strain components e T , ee, and 7 re can be derived in the same 
manner as in Sec. 4.3, while the strain components e 2 , y 0z , and y zr can be 
easily written down from their standard formulas in the cartesian coordi- 
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nates. 


Collecting these results, we have 


6r = 


60 — 


7r* = 


Izr = 


du 
dr 

1 du , dv 
r dO dr 
du , dw 
dz dr 


u 1 dv 
"r r dfl’ 


6z = 


V 

r 


7 oz = - 


dw 

dz 


1 dw . 
r d6 dz 


(5.75) 


In the case of a uniform circular shaft twisted by terminal couples, we 
d in Sec. 5.2 that there is no displacement in the direction of the axis 
Tthe shaft and the displacement of points in any cross section is in the 
tangential direction. We shall attempt to solve the present problem by 
assuming that in this case we also have 

u = w = 0 

We shall prove that the solution based on this assumption will satisfy the 
differential equations and the boundary conditions. From the unique- 

D +V»pnrpm we can conclude that this is the correct solution. On 
ness rneoicxxi, 

account of rotational symmetry, v cannot depend on d and will be a Junc¬ 
tion of r and 2 only. 

Thus, from (5.75), we find 


== 60 — 6 Z — 7 zr 0 


7 r6 = 


dv 

dr 


v 

r 


7 dz = 


dv 

dz 


(5.76) 


From Hooke's law, it follows readily that 


= <T6 — <7g — T zr 6 


(T r = (T0 


r T e 


-< 


dv 

dr 



TOz 


- c (I) 


(5.77) 


Noting that the only nonvanishing stress components are r r8 and t 0i , 
which are independent of 0, we find that the first two equations in (5.74) 
are identically satisfied and the third equation becomes 

dr r e drgs 2r r e _ q 


dr 

This equation can be written as 

d 


dz 


dr (rVr9) + 05 (rV " } = ° 


(5.78) 


This equation is identically satisfied by introducing a stress function \p 
such that 

d\p 


d + = 


dr 


dz 


±.d_± 

r 2 dz 


= -r-T T 0 

_ 1 d\p 

T6z = 7 2 dr 


or 


TrO = 


(5.79) 
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To solve for the stress function, we must resort to the compatibility 
equation. Combining (5.77) and (5.79), we find that 



Differentiating the first of these relations with respect to z and the second 
with respect to r and subtracting, we obtain the following compatibility 
equation: 


ay 3a» gy 

dr 2 r dr dz 2 


(5.80) 


Let us now find the boundary conditions for Since the lateral sur¬ 
face of the shaft is free from external loads, it follows that the resultant 
shearing stress must be directed along the tangent to the boundary of the 
axial section, and its projection on the normal N to the boundary must be 
zero. Accordingly 

T r0 cos Nr + Tg z cos Nz = 0 


But cos Nr = dz/ds , cos Nz = — dr/ds , where ds is an element of the 
boundary. Substituting into this the expression (5.79), we obtain 


which gives 



d\p dz 
dz ds 



d\j/ dr 
dr ds 



d\p 

ds 


= 0 


\1/ = constant on the boundary 


(5.81) 


The torsion problem of a circular shaft with variable diameter thus 
reduces to the solution of Eq. (5.80), together with the boundary condition 
(5.81). 

The magnitude of the twisting moment can be easily computed by 
taking a cross section and calculating the moment by the shearing stress 
tq z . Thus, 




To z r(2irr ) dr = 2t 



Tr: dr = 2w[4'(a,z) - t(0,z)] 


(5.82) 


If the shaft is conical (Fig. 5.18), we find that the ratio 


z 

(r 2 + z 2 )* 


= COS P 


on the boundary and is therefore a constant. Thus, any function of this 
ratio will satisfy the boundary condition (5.81). It is easy to verify that 
the function 


t = C 


(r 2 + z 2 )* 


1 




z 

(r 2 + z 2 )H 
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where C is a constant, satisfies Eq. (5.80). Substituting this function 
into (5.82), the constant C can be determined, viz., 



_ 3 T _ 

2tv(2 — 3 cos 0 + cos 3 0) 


(5.83) 


The shearing stresses t t q and t 0z are thus 


Trd 


Cr 2 

(-»*2 _i_ 9 2\H 


TOz 


Crz 


(r 2 + z 2 )X 


where C is given by (5.83). 



(5.84) 


The problems encountered in practice are usually more complicated. 
In such cases, numerical methods of solution such as will be discussed in 
Chap. 6 can be used. 1 

1 See, for example, R. V. Southwell, “Relaxation Methods in Theoretical Physics,” 
Oxford University Press, New York, pp. 152-155, 1940; A. Thom and J. Orr, The 
Solution of the Torsion Problem for Circular Shafts of Varying Radius, Proc. Roy. 
Soc. (London), A, Vol. 131, pp. 30-37, 1931. 
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FINITE-DIFFERENCE APPROXIMATIONS 
AND THE RELAXATION METHOD 

6.1. Finite Differences. Once an elasticity problem is formulated, 
our task becomes that of seeking the solution of the resulting differential 
equations together with the boundary conditions. In Chaps. 4 and 5, 
analytical methods are used in the solutions of a number of elasticity 
problems. In some problems, however, analytical solutions are not 
always possible, and we must resort to approximate numerical methods. 
One of these powerful methods is the method of finite differences. The 
idea behind this method is to replace the governing partial differential 

equations and the equations defining the bound¬ 
ary conditions by the corresponding finite-differ¬ 
ence equations. This then reduces the problem 
to a set of simultaneous algebraic equations 
which can be solved without mathematical 
difficulty. 

Before we proceed to convert the partial 
differential equations into finite-difference equa¬ 
tions, some fundamental concepts about the 
finite-difference approximation should be men¬ 
tioned. Let us assume that a function J(x) of 
the variable x is known for equidistant values of x and that f(x) is a con¬ 
tinuous function. Figure 6.1 shows the curve / = f(x). At some point 0 
where x = x 0 , by definition the derivative df/dx at the point 0 is 




= lim 

Ar-»0 



= i im ZljlA 

Az—>0 X\ Xq 


h-*o h 



where Ax = h is the interval, A f is the difference between the values of / at 
points 1 and 0, and f h f 0 are the values of / at the points 1 and 0, respec¬ 
tively. The subscript 0 of df/dx indicates the point at which the deriva¬ 
tive is taken. If h is small, the derivative df/dx is approximately equal 
to Af/Ax. From Eq. (6.1), we have therefore, at point 0, 



= - !,) 
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or, m 


general, at any point x, 


l = T - + h) 


/(*)] 


( 6 . 2 ) 


_ f( x + h) — /(x) is called the first difference of the function/ at 
W In Eq. (6-2), the difference is given in terms of the values of the func- 
t point under consideration and at a point ahead of it. The 
difference in this form is called the forward difference. In a similar man¬ 
ner the derivative can also be approximated by the backward difference, 

viz., at point 0, 




i) 


or 


in general, at any point x, 


df 

dx 


\ [/(*) - f( x - &)] 


(6.3) 


Tn terms of central difference, we have at the point 0 



2 h 


(/i - f-0 


or in general, at any point x, 


df_ 

dx 




~ [/(* + h) - f(x - h)] 


(6.4) 


where in the above equation an interval of Ax = 2 h is considered. 

We shall use the symbols A, A, A to denote the first forward, central, and 

backward differences, respectively. Thus, 


A/ = f(x + h) - f(x) 


A/ = y 2 [f(x + h) - f(x - h)] 

4 / = f(x) - f(x 


h) 


In a similar manner we may approximate the second derivative by the 
second difference. From the differential calculus, 


dff 

dx 2 


_ d /df\ 

dx \dx) 


A 2 / 

h 2 


(6.5) 


where A 2 denotes second difference and we shall use the symbols A 2 , A 2 , A 2 
to denote the secondforward, central , and backward differences , respectively. 
The second forward difference at point 0 (Fig. 6.1) can be obtained as 

follows: 


(A 2 /)o = A(A/) 0 = A(/i — fo) = A/i — A/o - (/ 2 — fi) — (/i — fo) 

= fi “ 2/i + fo 
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In the above calculation, it is seen that each A can be used separately as 
an operator. Thus, A 2 is the same as the operator A used twice; (A/) 0 = A/ 0 
and A/i are the same as the first forward differences at the points 0 and 1, 
respectively. At any point x, we have 

A 2 / = /(* + 2 h) - 2 f(x + h) + fix) (6.6) 

In a like manner, the second backward difference at 0 is 

(A 2 /) 0 = A (A/) o = A(/ 0 - /_!) = A/ 0 - A/_ x = (/ 0 - /_,) - (f-i ~ f- 2 ) 

= fo — 2/_i + f—2 

or, at any point x, 

A 2 / = f(x) - 2/(x - h) + /(x - 2h) (6.7) 

Following the calculations in deriving (6.6) and (6.7), the second central 
difference at 0 would be 

(AV)„ = A (A/o) = A(/l ~ ^ = /2 ~ ^ - ± . /t? 

This formula gives the second central difference in terms of the values of 
the function at two intervals ahead of the point and two intervals behind 
it. A better approximation can be obtained if we can define the second 
central difference in terms of the values of the function at one interval 
ahead of and behind it. This can be accomplished by defining A 2 / as 

(A 2 /) 0 = A(A/) 0 or (A 2 /) 0 = A(A/) 0 

Thus, we have, for example, from the first formula 

(A 2 /) 0 = A(A/) 0 = A(/ 0 — /- 1 ) = A/o — A/_i = (/1 — fo) — (fo — f- 1 ) 

= fi — 2/ 0 + f-i 

The same result is obtained by using the second formula. At any point 
x, we have therefore 

A 2 / = f(x + h) - 2 f(x) + fix - h) (6.8) 

In general, the derivatives at any point can be better approximated by 
the corresponding central differences because these differences involve 
points on both sides of the point in question along the curve and therefore 
give better average values. Unless otherwise specified, we shall hence¬ 
forth consider only the central differences. 

Having demonstrated the method of deriving the first and second differ¬ 
ences, the higher-order central differences can be easily found in a similar 
manner. For example, the third central difference at the point x is 

A 3 / = A (A 2 /) = A[/(x + h) - 2 fix) + fix - h)] 

= A f(x + h) — 2 A f(x) + A f(x — h ) 

/(x + 2 h) - fix) 0 f(x + h) - f(x - h ) , fix) - f(x - 2 h) 

-2 ^ 2 ^ 2 

= Klfix + 2h) - 2f(x + h) + 2/(x -h) - f(x - 2h)] (6.9) 
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and the fourth central difference is 

A <f = a 2 (A 2 /) = A 2 [/(x + h) - 2f(x) + fix - /!■)] 

= A 2 /(x + h) - 2 A 2 /(x) + A 2 /(x - A) 

_ r/(x + 21i) — 2/(z + h) + fix)] — 2[f(x + h) 2}(x) 

+ }{x - h)\ + [fix) - 2f(x - h) + fix - 2h)] 

= /(x + 2h) - 4/(x + h) + 0 fix) - 4 fix - fc) + /(* - 2/i) (6.10) 

TsTote that in the above derivations (A 2 ) is used as a unit operator which is 
defined by formula (6.8). From the above formulas, we see that the 
^efficients of the even-ordered differences are those of the binomial 
sion of (a - b) n . We can show that this is valid in the general case. 
Thus, for even differences, i.e., for even n, the nth central difference is 


•/ - l(x + | h)-nf(z + \ h - *) 

+ /(,+?*-at) - • • 

+ (-'y(’ + ~ Th ) + ' " +f 




( 6 . 11 ) 


where r is any integer equal to or less than n. 

For odd differentials the corresponding differences may be obtained 

from the following formula, 



1 

2h 


A "fix + h) X n fix — h) 


d n+i f 

d: r" +l 

A "+ 1 / = A (A”/) = V 2 [A "fix + h) - A 'fix - h)] 


h n 


h n 


( 6 . 12 ) 


where n is an even number and A 'fix + h) and A"fix - h) may be obtained 
from formula (6.11). 

6.2. Finite-difference Equations. In the previous section, by assum¬ 
ing that /is a function of x only, we obtained the finite-difference approxi¬ 
mations of the various derivatives. If / is a function of both x and y, we 
then have to deal with partial derivatives. Following the same reasoning 
as in the previous section, and taking Ax = A y = h , we have, from the 
definition of partial derivatives, 


df „ A J 

df _ A J 

dx 

~ 2/i 

dy 

~ 2 h 

d°i _ A, 2 / 

ay „ 

A 2 f 

dx* 

- h* 

dy 2 

~ h 2 


where the subscripts of A z and A y denote the directions in which the differ¬ 
ences are taken. 
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If we divide our domain into a square mesh as shown in Fig. 6.2 with 
Ax = Ay = h } at the point 0, we obtain, from Eqs. (6.4) and (6.8), 


d l 

dx 

d l 

dy 

d 2 f 

dx 2 


d 2 j_ 

dy 2 


^ [/(x + h,y) - f(x - h, y)] = L (f 3 
^ [/(x, V + h) - f(x, y-h)]=L (f, 
jp [/(x + h,y) - 2 f(x,y) + /(x - h, t/)] 
= p (/i - 2/„ + f 3 ) 

= p t/(x, y + h) - 2 }{x,y) + f(x, y - h)] 
= js (/. ~ 2/o + /«) 


-/.) 

-/«) 


Now consider the Laplace operator 

V ff = d -l + d -l 

J dx 2 ^ dy 2 

From the above definitions, we obtain immediately 

V 2 / = ^2 (/l + /2 + /3 + /4 “ 4/ 0 ) 

If our governing differential equation is a Laplace equation, V 2 / = 0, 

the corresponding finite-difference 
equation at the point 0 is 

fi + /2 + fz + J\ ~ 4/o = 0 (6.13) 

At every point in the domain, there 
is one finite-difference equation of 
the form (6.13). 

If the domain is divided into a net 
with n inner points, n finite-differ¬ 
ence equations are obtained. To¬ 
gether with the boundary conditions, 
we can solve for the values of the 
function at every point in the domain. 
We note that the differential equation is now transformed into a system 
of algebraic equations which can be solved without any mathematical 

difficulty. # 

In alike manner, if the governing differential equation is of the Poisson’s 

type, as Eq. (5.51), 

V 2 / = -2 


J 


7 

L 



8 

2 

6 



9 

-/>- 

J 

1 

o'! 

1 

5 



to 

4 

12 





11 



1 



r 


Fig. 6.2. 
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the corresponding difference equation at 0 is 

fi + /2 + fz + f\ — 4/ 0 = —2 h 2 

Next, let us consider the biharmonic equation 


(6.14) 


T V-fg + » 


dy 2 ay 4 


Referring to Fig. 6.2 and using formulas (6.10) in the x and y directions, 
respectively, we have 


d J± 

dx* 
dy 4 h 


r 


T? = ^ (/s " 4/1 + 6/0 “ 4/3 +/9) 

= ^ (/? — 4 / 2 + 6 /o — 4 / 4 + /“) 


The finite-difference approximation of d 4 f/(dx 2 dy 2 ) can be obtained as 
follows: 


d*f a 2 /a 2 / 


dx 2 dy 


(dy\ 

dx 2 \dy 2 / 


Ax 2 (A v 2 f) 

h 4 


= ^ A, 2 (/ 2 “ 2/ 0 + U) = ^ (A, 2 / 2 - 2 A/fo + A 2 ft) 


h 


= Tl (f 6 f* f 10 *^ 12 — — ^ 2 — ~ 2/ 4 + 4/o) 

h 4 

Thus the finite-difference equation at 0 becomes 

i [20/o — 8(/i + /2 + /3 + A) + 2(/ 6 + /s + /io + / 12 ) 

+ /5 + fi +/9 + / 11 ] = 0 (6.15) 

Problem. Transform the following differential equation into a finite-difference 
equation at 0: 

^/_3a/ ay = 

dr 2 r dr dz 2 

Ans. In Fig. 6.2, let r, z be in the original x, y directions, respectively, 
difference equation at the point 0 is 

fi 0 -1?) +/* +/»(* +1£) +/* -4/«=o 


The finite- 


6.3. Solution of the Finite-difference Equations. Let us take, as an 
example, the problem of a square bar under torsion. In terms of \p, the 
governing differential equation is 


av + av = _ 2 


dx 2 


and 


dy 2 

P = 0 


in domain R 
on boundary S 


(5.51) 

(5.52) 
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Dividing the section into four square elements and numbering the nodal 
points of the network as shown in Fig. 6.3, we obtain the following 

difference equation corresponding to (5.51) at 0: 


3 

0 

7 

4 


I 

0 

1 


’/'i + ^2 + ^3 + ^4 — tyo = —2 h 2 (6.16) 
From the boundary conditions (5.51), we have 

= 0 i = 1, 2, . . . , 8 (6.17) 

Substituting (6.17) into (6.16) and noting that 
h = a, we obtain 

— 4^0 = —2a 2 or \po = 0.5a 2 

The derivative d\p/dx at the nodal point 1 can be approximated by its 
first backward difference, viz., 


8 




a 

Fig. 6.3. 


(ft),«i <*■ -«- 


—0.5a 


From formula (5.53), the torsion constant is 


J = 2 JJ \p dx dy 


R 

where J is twice the volume under the t surface. By Simpson's rule 
[see Sec. 6.7, formula (6.47)], the volume can be easily computed, and we 

obtain 

[£ (16*,)] = 1. 


J 


778a 4 


Substituting into formula (5.52), we find 


max 


= (rJi = f 


Tty 

J dx 


T T 

(-0.5a) = 0.281 
1.778a 4 v ' a 3 


(6.18) 


The analytical solution gives the value of r max as 0.600 T/ a 3 . Our approxi¬ 
mate solution here gives a value which is 53.2 per cent too low. With 
such a coarse mesh, a poor approximation is naturally to be expected. 

In order to compare the approximate values of ty/dx, and J with 
the exact ones, we shall now find these values from the analytical solution. 
From the definition of Eqs. (5.49), we have 


d\J/ 

dx 


d(f> 






d\p 

dy 


dtp 

dx 


- y 


The partial derivatives d<f>/dx, d<f>/dy can be easily calculated from Eq. 
(5.41). It then becomes a straightforward matter to compute the stress 
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■ function which is 


, 32a 2 V 

* = l 

n = 0 


00 


(- 1 ) 

(2 n + 1) 



1 - 


cosh k 
cosh k 



cos k n x 


In obtaining Eq. (6.19), the relation (5.40), viz., 


n V 16( — l) n a . 7 
^ = I 7r 2 (2w + 1) Sin Kx 

n = 0 


has been used. Therefore 


d\p 

dx 


_ 16a V 

" ““ ^ L 

n = 0 


00 


(- 1 ) 


(2n + 



1 - 


cosh k 


cosh /c 


sin k n x 


At a; = 0, y = 0, we find from (6.19) 


= 0.5894a 2 


At £ = V = we find from (6.20) 


(*t) = 

\dxji 


-1.350a 


From formula (5.42), the exact value of J is 

J = 2.250a 4 


(6.19) 


( 6 . 20 ) 


Comparing these values with the finite-difference solution, we see that \p o 
is 17.9 per cent too low, (dt/dx) i is 63.0 per cent too 

low, and J is 21.0 per cent too low. -*—^—i—pr 

To improve the approximation, let us subdivide 2 } 2 4 j 

the domain into 16 square elements with h — a/2, ? 

and let us number the nodal points of the network - L — 2 .— L—ll 

as shown in Fig. 6.4. Note that in numbering these ; 2 4 

points we have observed the symmetry of the solu- 

tion and therefore the symmetrical points have the --- 

same number. Writing down the finite-difference ^ a A 

equations at the points 0, 1, 2, respectively, we have Fig - °- 4 * 

4^1 — 4^0 = 
to + 2^2 + t 3 4^i = 

2\pi + 2 i ^4 — 4^2 = 




2 

/ 
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/ 
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/ 
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i 


a 


V——A 

Fig. 6.4. 
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On the boundary, we have 

tz = t* = to = 0 (6.22) 

Solving Eqs. (6.21) and (6.22) simultaneously, we obtain 


to = 0.5625a 2 ti = 0.4375a 2 = 0.3438a 2 

From these values of t, we find, 


/ dt\ 1 

Vto), - h ~ w - -°- 8750a 

«/ = 2 t dx dy 

R 

== 2 • — • 4 ( 1^5 + 4^ 4 + + 4^4 + 16^ + 4^i + tz + 4^i + to) 

= 2.125 a 4 


and 




T 

^ 0.412 - 2 

a 3 
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Comparing with the exact values, we find that i/'o is 4.6 per cent too low, 

the numerical value of (dt/dx) z is 35.2 
per cent too low, J is 5.6 per cent too low, 
and rmax is 31.3 per cent too low. 

To reduce the size of the elements 
still further, let us subdivide the domain 
into 64 small squares each with h = a/4. 
Taking into account the symmetry of the 
solution, we shall number the nodal 
points as shown in Fig. 6.5. Writing 
down the finite difference equations at 
points 0 to 9 and noting that the values 
of t on the boundary are zero, we obtain 
Fig - 6 * 5 - 10 simultaneous equations for the 10 un¬ 

known t at the inner nodal points. Solving, 1 we find 


to = 0.5822a 2 
tz = 0.4530a 2 
to = 0.2761a 2 


ti = 0.5509a 2 
t* = 0.4300a 2 
ti = 0.2632a 2 
to = 0.1422a 2 


t 2 = 0.5217a 2 
to = 0.3572a 2 
to = 0.2219a 2 


1 A large number of linear simultaneous equations can be solved by a short method 
proposed by Crout. See the paper by P. D. Crout, A Short Method for Evaluating 
Determinants and Solving Systems of Linear Equations with Real or Complex 
Coefficients, Trans. AIEE , Vol. 60, 1941. 
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From these values, we find 

(?£) c* - 1.1044a J =* 2.2175a 4 r m « ^ 0.498 
ydx/u* ~ a 

Compares with analytical solutions, we find that i/'o is 1.2 per cent too 
l oW the numerical value of ( d\///dx)io is 22.7 per cent too low, / is 1.4 per 

cent too low, and r m ax is 17.0 per cent too low. 

From the above comparison, we see that, with h = a/4, the errors 
in and J are already quite small. The large error in r mfl x is due to 
the error in (d\p/dx) io. We shall discuss methods for improving the 
accuracy in Secs. 6.6 and 6.7. 

6.4. Relaxation Method. From the examples worked out in the 
previous section, we observe that as h is made smaller and smaller the 
accuracy of the solution improves accordingly. However, as we decrease 
the interval h, the number of simultaneous equations increases so rapidly 
that the final solution of these simultaneous equations requires a prohibi¬ 
tive amount of labor. Instead of solving these equations by the con¬ 
ventional methods, many schemes have been proposed, among which is a 
method developed by Southwell known as the relaxation method. The 
time required to reach a solution of given accuracy is so much less for the 
relaxation method than for other methods that it will be discussed here 

in detail. 

The relaxation method can be best described by working out a numeri¬ 
cal example. 1 Let us consider here the problem of torsion of a square 
bar. To solve the problem, we first have the domain drawn and the net 
points chosen. By guess or whatever information is available from 
experiment, special solutions, prior work, etc., assume a set of values of 
at each point. At any point 0 (Fig. 6.2) the finite-difference equation is 

+ ^2 + ^3 + ^4 — 4^0 + 2 h 2 = 0 (6.23) 

If the assumed values of \p are the correct ones, i.e., these are the solu¬ 
tions of the finite-difference equations, upon substitution in equations 
such as (6.23), these equations become identically zero. In general, 
this is not so. Accordingly, we shall find 

+ ^2 + ^3 + ^4 — 4^0 + 2 h 2 = Qo (6.24) 

1 The relaxation method is discussed in detail in a book by R. V. Southwell, “Relax¬ 
ation Methods in Theoretical Physics,” Oxford University Press, New York, 1946. 
See also H. W. Emmons, The Numerical Solution of Partial Differential Equations, 
Quart. Applied Math., Vol. 2, pp. 173-195, 1944; F. S. Shaw, Numerical Solutions of 
Boundary Value Problems by Relaxation Methods, “Numerical Methods of Analysis 
in Engineering,” edited by L. E. Grinter, pp. 49-65, The Macmillan Company, 
New York, 1949. 
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where Q 0 is a numerical value which represents a measure of the error. Q 0 
is called the residual at the nodal point 0. Similarly, the residuals at all 
the other inner points are computed and recorded at these points. For the 
correct values of the residuals Q will be zero everywhere. Our aim 
then is to reduce the residuals at all the nodal points to zero or very small 
values so that the last figure of the values of $ will not be changed upon 
further reduction of Q. 

Examine Eq. (6.24). If is altered by +1, Q 0 is altered by +1, and 
similarly for unit alterations to ^ 2 , i/% or ^ 4 . If, however, i/'o is altered 

by +1, then Q 0 is altered by —4. The alteration 
of the residuals thus follows a definite pattern, and 
the residuals can be systematically reduced. The 
amount of \vork in calculating and changing the 
residuals can be reduced to some extent by the use 
of the so-called relaxation operator. The relaxation 
Fig. 6.6. operator is actually a diagrammatical form of the 

finite-difference equation. For example, the relaxa¬ 
tion operator of the present problem is that shown in Fig. 6.6. Remem¬ 
bering the relaxation operator, the residuals at each point can be computed 
with great ease. At the same time, the changing of the residuals is made 
easier because the operator indicates that a change of the value of \j/ at 
the center point by +1 changes the residual at the center point by —4 
and the residual at each of the surrounding four points by +1. 

Now let us show the relaxation process by carrying out an example. 
Let us take h = a/2. The points are numbered as shown in Fig. 6.7. 
From the membrane analogy, we have 
certain ideas of how the values of \fr vary 
inside the domain at various points. 

From the simple case of h = a, we further 
know that \pn is approximately equal to 
0.5a. But let us deliberately make a bad 
first estimate and assume the values of \p 
to be zero at all the points. From Eq. 

(6.24) and with the aid of the relaxation 
operator (Fig. 6.6), the residuals at all the 
inner points are calculated and recorded 
at the left lower corner of each point. 

The assumed values of \f/ are recorded at 
the right lower corner of each point. This is shown as step 1 in Fig. 6.8. 
In order to avoid the writing of a 2 and the decimal points, the recorded 
values of Q and yf/ are multiplied by the factor 1,000/a 2 . 

The second step is to pick the net point where the residual is the largest 
and start to reduce Q at this point. In the present case, Q is the same at 







Fig. 6.8. 
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all points, and we may start at any point. Let us start at the center 
point and reduce the residual there to zero. Thus we have to add + 50 %, 
or +125, at that point. With this alteration of \p, the residuals at each 
of the surrounding four points are increased by an amount of +125. 
Record the final values of the residuals at the left lower corner of each 

point and the change in \p at the right lower corner. This is shown as step 
2 in Fig. 6.8. 

Now let us reduce the residual at the point 14, which now becomes 625. 
To reduce it to a value near zero, we may add a value of + 62 %, or 156, at 
this point. Thus the residual at 14 becomes +1, and the residuals at its 
surrounding points are shown as step 3 in Fig. 6.8. Point 15 is a boundary 
point, and the value of the function at this point is determined by the 
boundary condition. As the boundary condition is satisfied, the residual 
there is zero. We observe that, by reducing the residual at 14, the 
residual at point 13 is again increased. To reduce this additional residual, 
we must increase \pu again. This always happens when a point is sur¬ 
rounded by other points with residuals of the same sign. To make the 
convergence more rapid, instead of reducing Q J3 in step 2 to zero we may 
increase \pn in step 2 so that Q u becomes a negative value. This process 
is called overshooting . The amount of overshooting depends on the 
magnitudes of residuals at the surrounding points. By not overshooting 
enough or by overshooting too much we do no harm except that some 
time is lost. 

Now both point 9 and point 19 have residuals of 656. To reduce them, 
let us overshoot the residuals by adding a value of 300 at both points. 
The changes in the residuals and the values of i p are shown as step 4. 
Next we add 400 to the values of \p at 8 and 18. The results are shown as 
step 5. We shall now add 400 at point 13, 400 at point 12, 300 each at 
points 7 and 17, and 250 at point 14. The final residuals are shown as 
step 6. The residuals have now been reduced to a maximum value of 
about 100. If we add 40 at all the inner points, we can reduce the resid¬ 
uals at all points to such an extent that the maximum value does not 
exceed 40. The final residuals are shown as step 7. After making some 
further change as shown in step 8, we have the residuals reduced to a 
maximum value of 1. Further change in the last figure of \p cannot 
reduce the residuals any more, and therefore our solution is accurate to 
the third figure. 

In the above example, we have deliberately lengthened the computa¬ 
tion by starting with a bad first estimate and by ignoring the symmetrical 
property of the solution. For this particular problem, the solution of 
the finite-difference equations by the conventional method may even 
appear simpler. The real timesaving advantages of the relaxation 
method will show up only with more net points. 
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During the relaxation process, we should check our computation by 
evaluating from time to time the residuals at all the nodal points. If 
there are mistakes, the new residuals will not check with those which we 
have recorded. If this happens, it is not necessary to go back and change 
the previous computation but rather we may proceed with the correct 
values of residuals and try to reduce these values from there on. So far 
as the computation is concerned, no harm is done and only some time is 

wasted. 

6.5. Block Relaxation and Lines of Symmetry. From the “ operating 
instruction ” in the preceding section, we found that the relaxation method 
is not an iteration method in the usual sense because its operation does 
not follow a rigid rule. The flexibility of the method, however, is 
actually the source of its great power because the computer may, with¬ 
out any effort, alter the procedure to attain a more rapid approach to the 
final answer (of no residuals). We shall now discuss a few short cuts in 
the relaxation technique which will serve to accelerate the elimination of 
residuals. 

One of these relaxation techniques is the so-called line and block 
relaxation. In step 7 of the example considered in Sec. 6.4, we found that 
the residuals could be reduced by adding 40 to the values of \p at all the 
net points. Altering simultaneously all the values of the function by the 
same amount at a group of points in a block of the domain is called block 
relaxation. Similarly, simultaneously altering the values of the function 
by the same amount at a group of points along a line in the domain is 
called line relaxation. 

Consider the effect of the simultaneous changing of the function of two 
adjacent points by the same amount. Obviously this may be carried out 
by writing down separately the effects of each displacement and adding 
them together. In the case of the Laplace operator, by the use of unit 
operators, we can obtain the two-, three-, and four-point line-relaxation 
operators, as shown in Fig. 6.9, and the various block-relaxation operators 
as shown in Figs. 6.10 and 6.11. Inspecting the operators as shown in 
Figs. 6.9, 6.10, and 6.11 carefully, we find that it is possible to obtain a 
rule by which all such operators can be immediately written down by 
inspection. The rule for writing the line- and block-relaxation operators 
for Laplace or Poisson’s equations is as follows: By simultaneously altering 
the values of the function at a group of points in a region along a line or 
within a block by an amount of + 1, the residuals at all points which , like a 
(Figs. 6.9 and 6.10), are directly connected with three points outside the 
line - or block-relaxation region are altered by an amount of — 3. The resid¬ 
uals at all points which , like b, are connected with two outside points , are 
altered by an amount of — 2. The residual at a point such as c is altered by 
an amount of — 1 when the point is connected with one outside point. There 
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Fig. 6.10. 


are no changes in the residuals at points such as d which are not directly con¬ 
nected with any outside points. The residuals at all points e , which are out¬ 
side the line- or block-relaxation region but directly connected to one point 
within the region , are altered by + 1. The residual at an outside point such 
as f which is directly connected to two inside points is altered by +2. 

The advantage of the line and block relaxation can easily be seen 
from Fig. 6.11. For while the residuals at the points on the boundary of 
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the block are altered, the residuals at points inside the block are not 
changed. Judicious use of block relaxation can prevent much of the 
“washing back” of residuals, thus saving much time in obtaining a 


solution. 

Another useful relaxation technique is the observation of the lines of 
symmetry. In many problems the solution can easily be seen to be 
symmetrical with respect to one or more lines because of the symmetry 
of the domain and boundary conditions. In solving such problems, it is 
unnecessary to find the unknown function over the entire area. For 
example, in the case of the torsion of a square bar, there is an eightfold 



Fig. 6.11. 


symmetry. Thus it is sufficient to find a solution in one-eighth of the 
entire domain, as shown in Fig. 6.12. There is no markedly new tech¬ 
nique involved in solving such problems. It is merely necessary to 
remember that to preserve the symmetry each time a 'point adjacent to a 
line of symmetry is altered the point which is symmetrical to this point is 
altered at the same time. That is, such an operation is accompanied by an 
automatically equal change on the other side of the line of symmetry. As 
a result, a point on the line of symmetry will receive a change in its 
residual from both of the points being altered. 

The technique concerning the lines of symmetry can be clearly illus¬ 
trated by reworking the example in Sec. 6.4. Numbering these points as 
in Fig. 6.4, we have the center point as point 0, the side points as point 1, 
and the corner points as point 2. They are shown in the circles at the 
upper right corners of these points in Fig. 6.12. The relaxation method 
can be carried out in six steps. 
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Step 1. Assume t = 0 everywhere, so that the residuals are all 500. 

Step 2. Add 125 at point 0. This results in a zero residual at 0. 

Step 3. To attempt to reduce the residual at point 1 and not to alter 
the residual at point 0, we may perform the block relaxation by adding 
100 to points 0 and 1. Note that when we add 100 to point 1 we actually 
add 100 to all the four symmetrical points. Point 0 is an “inner” point, 
and therefore its residual is not changed. Point 1 is connected with three 
outside points; its residual therefore alters by an amount of —3 X 100. 



Step 1 Step 2 Step 3 



Point 2 is connected to point 1 and another symmetrical point to point 1, 
and its residual is thus altered by 2 X 100. 

Step 4. A block relaxation of +350 on all points. 

Step 5. A block relaxation of —5 on points 0 and 1. 

Step 6. A block relaxation of —5 on all points. The final values of ^ 
at all the points are the algebraic sums of the values at the right lower 
corners of these points. 

Problem. Find the maximum shearing stress in a rectangular bar under torsion 
with b/a = 2. Take (1) h = a, (2) h = a/2, (3) h = a/4. 

6.6. Higher-order Finite-difference Approximations. One way to 
improve the accuracy of the finite-difference approximation is to take a 
finer mesh. Even with the use of relaxation methods the amount of 
labor required to solve a problem increases materially with the increase of 
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the number of net points. To avoid this difficulty, Fox 1 proposed a 
thod whereby the higher-order finite-difference approximation formulas 
used instead of the standard first-order formulas given in Secs. 6.1 and 
6 2 Although this approach has been criticized by Southwell, 2 it 
nears nevertheless that in most cases this method will indeed give a 
better approximation to the solution with a minimum increase of labor. 

The higher-order finite-difference approximation formulas may be 
derived as follows: Any set of points can be connected by a curve which 
can be approximated by a power series. The greater the number of 
known points, the greater the number of terms in the power series that 
can be found and the better will be the approximation to the actual curve. 
If the values of /are known at x = x 0 , x lf x 2 . . . , Newton's formula for 
fitting such a curve is 

j = a 0 + ai(x - x 0 ) + a 2 (x - x 0 )(x - x{) + a 3 (x - x 0 )(x - Xi)(x - x 2 ) 

+ a A (x — x 0 )(x — xi)(x — x 2 )(x — x 3 ) + • * * (6.25) 


If the points are given for equally spaced values of x , with an interval of h, 
then Xi = xo + h, x 2 — x 0 + 2 h, etc. Now, if the successive values of the 
coordinates are substituted in Newton's formula, the coefficients a 0) a X) 
02 , etc., can be easily determined. 

When x = xo, f — fo. Substituting in Eq. (6.25), it follows that 
do = fo , and Newton's formula becomes 

/ = f 0 + ai(x - xo) + a 2 (x - Xo){x - x x ) 

+ a 3 (x — x 0 )(x — xi)(x — x 2 ) + * • * 


When x = Xi = x 0 + h, f = f l} we have 


from which 


fi = fo + ai(xo + h — x 0 ) 



where A/ 0 is the first forward difference at x = x 0 . We have thus 

f = fo + (x - xo) + a 2 (x - Xo){x - Xi) 

+ a 3 (x — .t 0 ) (x — xi)(x — x 2 ) + • • • 


1 L. Fox, Some Improvements in the Use of Relaxation Methods for the Solution of 
Ordinary and Partial Differential Equations, Proc. Roy. Soc. (London), A , Vol. 190, pp. 
31-59, 1947. 

2 R. V. Southwell, The Quest for Accuracy in Computations Using Finite Differ¬ 
ences, “Numerical Methods of Analysis in Engineering,” edited by L. E. Grinter, 
pp. 66-74, The Macmillan Company, New York, 1949. 
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If the process is continued, Newton’s formula becomes 


/ — /o + A/ 


o 


+ 


— Zo\ (x — Xi\ 

h )\ h ) 

l 3 ' x o \ ( x (x 

i! A /o \rr-) —) V~r~J 



+ 


h ( s 


— X 0 


h 


) (SP) M (~ h 



+ 


• • 


If we let ( x — x 0 )/h = u , we have 


(x — Xi) _ [(x — X 0 ) — (x\ — X 0 )] 


h 


h 


= u — l 


Similarly we have (x - x 2 )/h = u - 2, (x - x 3 )/h = u — 3, etc. In 
terms of w, Newton’s formula becomes 


/ — /o + u Af 0 + 


u(u 


1 ) + « (« - 1 )(« - 2 ) j„ 


2! “' u ' 3! 

m(u - l)(u - 2){u - 3) - 
^ 4! + 


• • (6.26) 


From Eq. (6.26), we see that the derivatives of / at the point x = x 0 
can be expressed in terms of the finite differences at x 0 by a simple dif¬ 
ferentiation. Thus, noting that u = (x — x 0 )/h and du/dx = 1/h, we 
have 



- (IL - ( 


df du 
du dx 



1 (-Tr , — 1 T 2/ , 3 u 2 — 6^ + 2 - 

A \ Afo ~ l - 2 ! A fo H - ” - A f 


+ 


3! 


4 u* — 18 u 2 + 22 u — 


4! 


- A % + 


d*l 

dx 2 


1 (if. - i S'/. + i S'/. - i S'/. + 
1 ( S'/. - S'/. + 11 S'/. - ■ • 





0 


(6.27) 

(6.28) 


In a similar manner, it can be shown that the derivatives can be 
expressed in terms of the backward differences as follows: 


(df\ = 

\dxJo 


dx 2 


o 


\ (a/„ + \ A 2 /o + l A 3 /o + i A 4 / 0 + 

A , v A 2 /c + A 3 /„ + A 4 /„ + 


(6.29) 


(6.30) 
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To express the derivatives in terms of the central differences, we must 
first transform the Newton’s formula so that it is in terms of the central 

differences. By definition 

A/o — f\ — fo 

= K(/i - /-i) + l A(fi - 2/0 + f-i) 

= A/o + H A 2 / 0 

where in the second step /_i/2 is subtracted in the first parentheses and 
added in the second parentheses. In a similar manner, it can be shown 

that 

A 2 / 0 = A 2 / 0 + A 3 / 0 + M A 4 / 0 

A 3 / 0 = A 3 / 0 + % A 4 / 0 + A 5 / 0 + V 2 A fi / 0 

A 4 / 0 = A 4 / 0 + 2 A 5 / 0 + 2 A 6 / 0 + A 7 / 0 + M A 8 / 0 

and so forth. Substituting these relations into (6.26) and collecting 
terms, we obtain 


/ = fo + u A/o + 2] A 2 /o + 



(6.31) 


It is now possible to find the various derivatives of the curve in terms of 
the central differences. By differentiating Eq. (6.31), we find 


d± 

dx 



h 


A/o + u A 2 / 0 + 


3t* 2 — 1 4 u 3 — 2 u 

A 3 /o + -^-A 4 / 0 


6 


24 


■ M - 15u 2 + 4 
+ 120- A/o + 


At x = Xo, u = 0, the derivative df/dx at x — x 0 is therefore 

(I). - S ( *'• - § ^ + M 4 * - " 


and the second derivative is 


(6.32) 





(6.33) 


The higher derivatives can be found in a similar manner. 

Formulas (6.27) to (6.30), (6.32), and (6.33) reduce to the standard 
finite-difference formulas if the higher-order differences in these formulas 
are neglected. Comparing (6.32) with (6.27) and (6.29), we see that, in 
reducing to the standard first-order formulas, the largest term neglected 
in (6.32) is A 3 / 0 , while those in (6.27) and (6.29) are — x /i A 2 / 0 and 
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X A A 2 / 0 , respectively. In general, — A A 3 / 0 will be smaller than — A 2 / 0 
and A A 2 / 0 . The central difference formula will, in general, therefore 
give a better approximation than the forward or backward difference 
formulas. Similar conclusions can be drawn in the approximation of 
higher derivatives by the various higher differences. 

In the above derivation, / is assumed to be a function of x only. If / 
is a function of both x and y, the partial derivatives can be easily obtained 
by replacing the symbols A, A, or A by A x , A x , A x or A y , A„, A y respectively. 
Thus, in terms of central differences, 




Let us now return to the problem of torsion of a square bar. 
differential equation 


(6.34) 


The 


d 2 }// d ^ _ 

dx 2 dy 2 


can be transformed into finite-difference equations by means of the 
higher-order difference formulas (6.34). The higher-order finite-differ¬ 
ence equation at 0 (Fig. 6.2) therefore becomes 

% 

ypi + ^2 + + ^4 - 4<Ao + 2h 2 + ft = 0 (6.35) 


where ft = —M 2 (A*Vo + A„Vo) + H)o(A*Vo + A„tyo) — * * * 


Let the final solution of ^ be written in the form 


^ = ^( 0 ) _j_ ^( 1 ) ^( 2 ) _|_ . . . 


(6.36) 


and let ^ (0) , ^ (1) , . . . be the solutions of the following equations: 


rh (0) + * 2 (0) + ^ 3 (0) + ^ 4 (0) - 4t/'„ (0) + 2h 2 = 0 in R 

^<°> =0 on S 

^l (1) + ^2 (1) + ^3 (1) + ^4 (1) - 4l/'o (1) + ft (0> = 0 

0(0) = -K 2 (AxVo ( 0) + A,Vo (0) ) + Ho(A,Vo (0) + A,Vo (0) ) - • • 

=0 on £ 


(6.37) 

(6.38) 


etc. 

By adding (6.37), (6.38), and a series of similar equations the function \p 
given by (6.36) satisfies Eq. (6.35) and the boundary condition 


\p = 0 on S 


The calculation can be carried out in the following manner: Note that 
^ (0) is the solution which we have already computed in the previous 
sections. Take, for example, h = a/4. The values of ^ (0) at the points 
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yj a = 0 and x/a = 1, 0.75, 0.5, and 0 are shown in Table 6.1. The 
second central difference in the x direction at the point x/a = 0.750 is 
obtained from the formula 

AxVo. 75 = ^1.0 “ 2^0.76 + ^0.5 = W'l.O ~ ^0.75) ~ (^0.75 ~ ^O.fi) 

But ^ 1.0 — ^ 0.76 and ^ 0.75 — ^ 0.5 are the first central differences at the 
points x = 0.875 and x = 0.625, respectively. In order to facilitate the 


Table 6.1. Computation of the Finite Differences and Q at Points on y = 0 


x/a 

^(0) 


A,V (0) 

AxV (0) 

A X V (0) 

AxV (0) 

AxV (0) , 

A tf V (0) 

A„V<°> 



0 












-2,761 









NffJj 

2,761 


-992 


(-66) 


(0) 

-52 

-44 

9 

0.625 


-1,769 


-202 


( + 12) 





0.500 

4,530 


-790 


-78 


(6) 

-76 

-26 

13 

0.375 


- 979 


-124 


6 





0.250 

5,509 


-666 


-84 


10 

-82 

- 6 

14 

0.125 


- 313 


- 40 


-4 





0.000 

5,822 


-626 


-80 


-8 

-80 

- 8 

13 


Table 6.2. Computation of the Finite Differences and at Points 

on y/a = 0.250 


x/a 


Ax^ (0) 

AxV <0> 

A X V (0) 

A X V (0) 

AxV (0) 

AxV (0) 

AyV <0) 

A„V (0) 


1.000 

0 










0.875 


-2,632 









0.750 

2,632 


-964 


(-88) 


(1) 

-74 

-45 

13 

0.625 


-1,668 


-213 


(-D 





0.500 

4,300 


-751 


-87 


(1) 

-89 

-12 

15 

0.375 


- 917 


-126 


-2 





0.250 

5,217 


-625 


-85 


1 

-85 

1 

14 

0.125 


- 292 


- 41 


-3 





0.000 

5,509 


-584 


-82 


-6 

-84 

10 

14 


calculations, these odd central differences at points in between the 
required points are also recorded in the table. At the point x = 0.750, 
we note that A 2 V (0) cannot be calculated because its computation will 
involve points outside the domain. We could arbitrarily assign a value 
of zero for A X V (0) at this point. A better approximation will be obtained, 
however, if we extrapolate A Z Y (0) from the values at the other three 
points. This can be done graphically, and we find an extrapolated value 
of —66 at this point. These extrapolated values and values calculated 
from these extrapolated values are put in parentheses in the table. Simi- 
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larly the values of \// {0) and the difference A x n ^ (0) at the net points with 
y/a = 0.25, 0.5, and 0.75 are shown in Tables 6.2, 6.3, 6.4, respectively. 
Because of symmetry, the values of A v n \f/ w at points x/a = 0, 0.25, 0.50, 
0.75 and y/a — 0 have the same values as the values of A*"^(0) at x/a = 0 
and y/a = 0, 0.25, 0.50, 0.75 which are computed in Tables 6.1, 6.2, 6.3, 
6.4, respectively. Take these values from these tables, and record 

Table 6.3. Computation of the Finite Differences and ft at Points 

on y/a = 0.500 


x/a 

^(0) 

A x ^ (0) 

A X V (0) 

A,Y (0) 

A ,V (0) 

AxV (0) 

AxV (0) 

AyV (0> 

AyV (0> 


HI 

0 










H 

2,219 

-2,219 

-866 


(-163) 


(-60) 

141 

(-32) 

24 

0.625 

0.500 

3,572 

-1,353 

-625 

-241 

-114 

(-49) 

(-24) 

-114 

(-24) 

18 

0.375 

0.250 

4,300 

- 728 

-498 

-127 

- 89 

-25 

-12 

- 87 

(1) 

15 

0.125 

0.000 

4,530 

- 230 

— 460 

- 38 

- 76 

-13 

-26 

- 78 

(6) 

13 


Table 6.4. Computation of the Finite Differences and ft at Points 


on y/a = 0.750 



them in Table 6.1. The values of S2 l0) can thus be calculated without 
any difficulty. With the values of 0 (0) calculated, we may now find 
the values of i (l) by the standard relaxation method. These values 
are recorded in Fig. 6.13 together with the residuals at the various nodal 
points. The values of ^ are shown in Fig. 6.14 together 

with analytical values which are recorded in upper right corners. The 
improvement is readily seen, the improved values of f all lying within 
0.6 per cent of the analytical values. If further improvement is deemed 
desirable, we can also find 4' (i \ etc., in a similar manner. 
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Let us now calculate the maximum shearing stress, 
backward differences df/dx may be written as 


In terms of the 


d\p 
dx 




• • 


Thus, at the point (a,a) 


dip 

dx 


4 

a 


(0 - 0.2793) + 5 (0 - 2 X 0.2793 + 0.4584) 

+ - (0 - 3 X 0.2793 + 3 X 0.4584 - 0.5574) 

3 

+ 1 (0 _ 4 x 0.2793 + 6 X 0.4584 - 4 X 0.5574 + 0.5890) j a 


= -1.352a 
By Simpson's rule. 


J ^ 2.2460a 4 
0.602T 


Thus 




max 


a 


Comparing with the analytic values, we see that the error in d\p/dx is 
0.15 per cent, the error in J is 0.17 per cent, and the error in r max is only 
0.33 per cent. The agreement with the analytic values is excellent. 
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0.0032 


/ 

(05894) 
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1 
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Fig. 

. 6.14. 




It was pointed out in Sec. 6.3 that the large error in T,„ ax obtained by the 
standard finite-difference approximation is due to the large error in 
d\fr/dx. In general, by using the standard first-order finite-difference 
formulas, the accuracy in the function obtained is always better than the 
derivatives of the function. If the derivatives are to be found, a much 
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better approximation can be obtained by using the higher-order formulas 
to calculate these values, even if the function is obtained by the standard 
first-order finite-difference formulas. For example, in Sec. 6.3, by taking 
h = a/4 the errors in and J were only 1.2 per cent and 1.4 per cent, 
respectively, but the error in ( d\l//dx) 10 was 22.7 per cent. Without 
improving \p, we may calculate (d\j//dx) i 0 by the higher-order finite- 
difference formula, which gives 



(0 - 0.2761) + i (0 - 2 X 0.2761 + 0.4530) 
+ g (0 - 3 X 0.2761 + 3 X 0.4530 - 0.5509) 


+ |(0 - 4 X 0.2761 + 6 X 0.4530 - 4 X 0.5509 + 0.5822) 
= -1.3376a 



and the error is only .91 per cent. The improvement is obvious. 


Problem. Solve the torsion problem of the rectangular bar with 6/a = 2 by using 
the higher-order finite-difference approximation formulas. 


6.7. Method of Extrapolation. If the function f(x) has continuous 
derivatives in the interval (xo — h) < x < (Xo + h), then the functions 
f(x o + h ) and f(x 0 — h) can be expanded into Taylor's series in powers of 

h as follows: 

/(* o + h) =f 0 + hf’ + ^ /" + ^ /J" + 15 rs + • • • (6.39) 

1,2 h 3 h A 

/<*„ - h) = /„ - hf 0 + - f-,/r + y? - • • • (6.40) 

where f 0 , f”, . . . , fo n are the first, second, . . . , nth derivatives at 
x = x a , respectively. 

From (6.39) and (6.40), we find that the first central difference at 
x = Xo is 


i h ^ 

A/o = k [f(xo + h) — /(.T 0 — A)] = hf' 0 + jjj/o + gl n + 




and the error ei in replacing the first derivative by the first central differ¬ 
ence ratio becomes 

fi Afo _ _ fi" _ ^ _ ... 

e,-/ 0 T - 3 ,/o 5! Jo 


Using (6.39) and (6.40), the second central difference at x = x 0 is 

fir + E. 

12 Jo 360 


A 2 /o = /(To + A) - 2/(x 0 ) +/(t 0 - A) = hYo + th/o' + 


io* + • • ■ 
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The .. in repl.cing the second derivative by the second central 

difference ratio is therefore 


_ = 
■ I A 1 O 


«2 = /l 


h 2 


h 2 f ,v _ 

"" l2 /o 360 


fv» 

Jo 


In a similar manner, we can show that the error e„ in replacing the 
derivative by the nth central difference ratio is of the form 

(6.41) 


n 


_ f 0 - _ = h 2 gi(x 0 ) + h'gi(x 0 ) + h*gz(x 0 ) + 


in Which the function. „,(*.) depend only on .. and are i* 

due to the substitution of finite-difference ratios for de ™^es W ^ 
of the h? type. The proof can be carried out in a general form. In ord 
to simplify the discussion, however, we shall prove the theorem by con- 
sidering a definite equation, say the Laplace equation 

d 2 / . d 2 / _ 


dx 2 dy 


= 0 


Let fi and /, be the solutions of the differential equation and the corre¬ 
sponding finite-difference equation, respectively. Thus, we have 


and 


dx 2 dy 2 

J (A * 2 / 2 + A, 2 / 2 ) = 0 


(6.42) 

(6.43) 


By extending Eq. (6.41) to the two-dimensional case, we readily obtain 

_ A^? = h t gi ( XtV ) + Wgfay) + • • ’ 

dx 2 /r 

^ = h 2 gi(x,y) + h*g 2 (x,y) + • • • 

dy 2 /i 

or + ilA - i (A x 2 / 2 + A// 2 ) = fc 2 <#>i(z,2/) + fc 4 **(*,v) + • • • 

\d£ 2 d?/ / Al 

where g<, and 4>, are functions of x and y. Subtracting the above equa¬ 
tion from (6.42) and noting that the second term on the left-hand side is 

1 W. F. Sheppard, Central Differences, Proc. London Math. Soc., Vol. 31, 1899. 
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zero because of (6.43), we obtain 

(Vfi . dYA _ (&h , *Y*\ = , i! V 

\dx 2 dy 2 ) \dx 2 a?/ 2 / \dz 2 dy 2 ) 

= -h 2 <t>i(x,y) - h A <t> 2 (x,y) - • • • 

where e = /i — / 2 is the error in the solutions. Since the functions <£» 
are independent of h and the differential operator ( d/dx 2 ) + (d/dy 2 ) is also 
independent of h, we may conclude that e must be of the form 

e = h 2 <j>i{x,y) + h A 4> 2 (x,y) + • • • (6.44) 

where 4>i are functions of x and y and are independent of h. It is easily 
seen that this proof can be extended to other linear differential equations 
without any difficulty. 1 

With these results, we can now extrapolate new results from previous 
results calculated with several values of h. Take again the torsion 
problem as an example. In Sec. 6.3, we found that 

\po = 0.5000a 2 when h = a 

yf/Q = 0.5625a 2 when h = ^ (6.45) 

\po = 0.5822a 2 when h = ^ 

Let be the value of at the center of the square as given by the solution 
of the differential equation. From Eq. (6.44), by neglecting terms con¬ 
taining h 6 and higher powers of h, we have 

— ipo = h 2 4> i + h A 4> 2 

where 4>i and 4> 2 are now constants because we are referring to a definite 
point in this case. With the values of i^o and h in (6.45), we obtain 

Jo ~ 0.5000a 2 
to - 0.5625a 2 

to - 0.5822a 2 

Solving, we obtain to ~ 0.5891a 2 , which is only 0.05 per cent lower than 
the exact value. With the values of ti and tz (Fig. 6.4) calculated at 
h = a/2 and h = a/4, we can extrapolate these values by the formula 

t — t = h 2 4> i 

1 L. F. Richardson, The Approximate Arithmetical Solution by Finite Differences 
of Physical Problems Involving Differential Equations with an Application to the 
Stresses in a Masonry Dam, Phil. Trans. Roy. Soc. London, Vol. 210, 1911. 


— a 2 4> i + a 4 <£ 2 
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Carrying out the calcula.ion we, fad f. - r6 ^ clive e „ct 

"?*. “hei ELThaUarger errors are due to the fact that only the 
In?™ is Sned on the right-hand side of Ec (6_44)._ ^ ^ ^ 

? Jv^ely teSrwld difference ratios. To extrapolate 

£ C h.ctd.-d difference^ratios, we shall find the error in such a replace- 

ment. From Eq. (6.40) 


Ax’/' 


dxp h 2 d^P 

\p(x,y) — M* ~ h,y) - h dx 2 ! dx 2 ^ 3! dx 2 


• • 


The error is therefore 

= W _ = ha 1 (x,y) + h*a 2 (x,y) + 

dx 


(6.46) 


e = 


h 


where a; are functions of x, y. . , 

Using the extrapolated values of we have at the point . 

dx// __ Q — 0.5891a 2 
dx 


= a, t/ = 0 


= -0.5891a when h = a 


a 


d± = 0 - 0.4582a 2 = _ 0 .9164a 
dx 0.5a 


a 


when /i = 2 


Therefore, if we denote by 5^/dx the exact value, we have 


d $/ 
dx 


+ 0.5891a = aai 


^ + 0.9164a = (S) «x 
dx 


Solving, we obtain 3^/ex = -1.2437a, the magnitude of which is 7.8 per 

o'f d, we must first investigate the for™ of£ 
error in Simpson’s rule. Let us start with Simpson s rule m the one¬ 
dimensional case. From Eq. (6.26), we have 

/ - /. +« if. + + + ' •' 

where x = x 0 + hu and dx = h du. Let us now investigate Newton’s 
formula over n equidistant intervals of width h. The limits of integra¬ 
tion for x are x 0 and x 0 + nh. Hence the corresponding limits for u are 0 

and n. We therefore have 


h = 





/ dx 


Xo 


-»/. 


= h 


du 



n 2 t 


+ ^A/o + 


n 


A 2 /o 


+ 


• • 
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Putting n = 2 and neglecting all differences above the second, we obtain 

f x ’ + f dx — h [ 2/0 + 25/„ + (§- 2^ ^ j 

= ft[2/„ + 2/i - 2/o + K(/2 - 2/ x + /„)] 

= 2 (/o + 4/i + / 2 ) 


For the next two intervals from x 0 to x 0 + 2 h we get in like manner 



zt+2h 


h 


XI 


f dx — g C /2 + 4/3 + /4) 


and so on. Adding all such expressions as these from .r 0 to x n , when n is 
even, we obtain 


C xo+nJi 

1 = / 

J 20 


h 


f dx — g (/° + 4/i + 2/2 + 4/3 + 2/4 + • • • 


+ 2/ n _ 2 + 4/ n _! + /„) (6.47) 

This formula is known as Simpson’s one-third rule or the one-dimensional 
Simpson’s rule. The geometric significance of Simpson’s one-third rule is 
that we replace the graph of the given function by n/2 arcs of second- 
degree parabola. In using this formula, it is important to note that the 
interval of integration must be divided into an even number of sub- 
intervals of width h. 

Dividing the interval of integration into, say, six divisions, the exact 
value of the integral is 

r xo+3/i I" "lxo + 3^ 

I, = / /(*) dx = F(x) = F(x 0 + 3ft) - F(x 0 - 3ft) 

J zo — Sh L Jxo — 3h 

where F(x) = J/(x) dx. If we expand the function F(x 0 + 3h) and 
F(xq — 3 h) into Taylor series, similar to Eqs. (6.39) and (6.40), and 
remember that F'{x) = /(x), F"(x) = fix), etc., we have 

Q/? 2 27 h 3 

F(x o + 3A) = F 0 + Shfo + + =gj-/S # + • • ■ 


Q /,2 

F(x o - 3 h) =F 0 - Shfo + 


27 h 
3! 


/o' + 


• • 


Hence 


L = 6 ft/„ + 9ft 3 /" + 8 Hoft 6 /i v + 24 Msoft 7 /o vi + 


The value of this integral by Simpson’s one-third rule is 

/i = | !/Oo - 3ft) + /(*, + 3ft) + 4[/(x 0 - 2ft) + /(*,) + f(x o + 2ft)] 

+ 2[/(.t, - ft) + /(xo + ft)]} 
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Replacing the functions /(*. - 3 h), /(*. + 3fc), etc., by their Taylor 

expansions, we obtain 

7l = e Vo + m" + + 32 %eo^7o vi + • • • 


The error in the one-dimensional Simpson’s rule is therefore 

T T /«v __ ^ h 7 f yi — • • * 

e, t = U - h - ~ 30 /o 630 
= 7i 5 /3i + Wfa + • • • 

where the ft are independent of A. 

To derive the two-dimensional Simpson s rule, 
we have first to derive the two-dimensional New¬ 
ton's formula. Carrying out calculations similar 
to the derivation of Eq. (6.26), and letting 


(6.48) 



\oi 

□D 


// 


u = 


X — Xq 

h 


V = 


y - y o 

h 


un 


& 



we 


have 1 


Fig. 6.15. 


f(x,y) =fo + u Ajo + v Ajo + 5 | [«(« - 1) A *7o + 2™ Az„/o 

+ «( V - 1) V/o] + - !)( w - 2) A *7o + 3mu ( m - n A “"- fo 

+ 3wr(a - 1) A w „/o + »(» - 1)(® - 2) A,7o] + ' ‘ ' (6-49) 

where /, = /(*.,».)• Neglecting the third differences and remembering 
that dx = /i du, dy = h dv, we have 


+ 2/» /* yo+2/i 


I. = 


xo 


xo j y° 
2 /*2 



/(x,y) dx dy 



1 


^2 / | j/o + U A r /o + V Ay/o + oi 

o Jo 1 


- 1) A z 2 /o + 2uv Axy/o 


+ V(V — 1) Sy 2 /ol 


du dv 


Performing the indicated integrations and expanding the differences in 
terms of the values of the function at various points (Fig. 6.15), we 

obtain 

/ 2 = ^ [16/n + 4(/ 10 + /oi + /it + /«) + /«# + /ot + /« + /*ol ( 6 ' 5 °) 

9 

Formula (6.50) is represented diagrammatically in Fig. 6.15. 

■The derivation can be found in “Mathematisehe Naherungsmethoden,” by 
O. Biermann, pp. 138-144. See also J. B. Scarborough, “Numer.eal Mathematical 
Analysis,” pp. 104-106, Johns Hopkins Press, Baltimore, 1930. 
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Formula (6.50) can be rewritten in either of the following forms: 

= 3 [3 ^ 00 ^ 01 4 * \ (f 10 ^ 12 ) 

+ g (/20 + 4/21 + /22)^ 

or ^ 2 = 3 [3 ^ 00 ^ 10 ^ 2 °) ^ * 3 ^ 01 V 11 “f" / 2 *) 

+ g (/c2 + 4/i2 + f 12 ) ^ 

These formulas show that formula (6.50) is equivalent to applying Simp¬ 
son’s rule to each vertical row in the diagram and then applying it again 
to the horizontal row thus obtained, or vice versa. 

To find the error in formula (6.50), we first evaluate the integral 

i.- r;r;^dxdy 

Jzo — h Juo — h 

= [F(xo + h, y) - F(x 0 - h, y)] dy = G(x 0 + h, y 0 + h) 

Jyo — h. 

— G(x 0 + h, y 0 — h) — G{x 0 — h, y 0 + h) + G(x 0 — h, 2/0 — h) (6.51) 


in which F(x,y) = ff(x,y) dx and G(x,y) = fF(x,y) dy. Expanding 
G(x,y) into Taylor series and denoting d n /dx n and d n /dy n by d x n and d v n , 
respectively, we obtain 


G{x 0 + h, y 0 + h) = Go + h(d x + d v )Go + ^ (dx + d v )*Go 

h z 


+ gj (d x + d„) 3 G 0 + 


/i 2 


(r(:Co + /i, 2 /o •“ ^) = Go + ^(d* ~ d v )G 0 + 2] (dx — d u ) 2 Go 

+ £-j (dx — dy) 3 G 0 + 
h 2 

G(a:o — 2 /o + ^) = Go + ^( — d x + d v )Go + ^| ( — d x + dj,) 2 (jo 

+ (-ax + a„) 3 G„ + 

h 2 

G(x 0 — h, yo — h) = Go + h( — d x — d u )Go + 2] ( — d 2 — d^^o 

+ ^ (-a, - a„) 3 G 0 + 


• • 


• • 


where Go = G(xo,yo)- 

Substituting these expressions into Eq. (6.51) and remembering that 
dHj/dx dy = f(x,y), we obtain 
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j, „ 4W. + f (».■ + V)/. + 55 (M.‘ + low + + • ■ ' 

From Simpson’s rule (6.50), we have 

u = £ {16/(*o,2/o) + 4[/(*o, 2/o + A) + fix . - A, 2/o) + /(*•. Vo ~ *) 

9 + /(*o + K yo)] + fix o - A, 2/o + A) + fix „ - A, 2/o - A) 

+ /(*„ + A, 2/o - A) + /(xo + A, 2/0 + A) 1 

Expanding these functions in Taylor series, we 


find 


/ 2 = ^ [36/ 0 + 6A 2 (a x 2 + S„ 2 )/o + A \ 2 

y 


dx 4 , ^ 2 y^/o + 


+ dx 2 ^!/ 2 + 


dx 4 , dx 2 d „ 2 • d 


. «/. +1 »w + W. + *• fe + nr + 


d A f + . - - 

l8>/ /o + 


The error is therefore 



A 6 

45 


(dx 4 + d„ 4 )/o 


= /* 6 ft + ^02 + 





(6.52) 


where the ft are independent of h. . 

With the extrapolated values of we find by the two-dimensiona 

Simpson's rule 

J = 2.0946a 2 when /i = a 


J = 2.2316a 4 when h = | 


Thus the extrapolated value of the torsional constant J can be found by 
solving the following equations: 


J - 2.0946a 4 = fta 


J - 2.2316a 4 = /M o 


We obtain J = 2.2337a 4 , which is 0.5 per cent too low. The maximum 
shearing stress is thus 

_ TW = L2437 T = T 
TmftX J dx 2.2337 a 3 ‘ a 3 


which is 7.3 per cent too low in comparison with the analytic value. 

From this example, we see that with very little increase in labor the 
error has been decreased to a value satisfactory for engineering purposes. 
It should be noted that in the process of extrapolation a large number of 
net points were sacrificed in order to obtain an accurate value of a few, 
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and in the computation of the shear stress the spacing, h, is still relatively 
large. The method of extrapolation is particularly useful if we are 

interested only in the values of the function 
at certain points in the domain. 

Problem. By the method of extrapolation, find 
the maximum shearing stress in the rectangular bar 
under torsion as assigned in Sec. 6.5. 

6.8. Curved Boundaries and Change of 
Mesh Intervals. In many practical prob¬ 
lems, the boundaries are curved. On divid¬ 
ing the region into a square mesh, points like 
x that marked 0 (Fig. 6.16) occur, in which one 
Fig. 6.16. or more of the associated “arms,” 01, 02, 03, 

04, are less than the standard interval h. 
For such points the standard unit operators are incorrect, and it becomes 
necessary to develop special operators. 

Let /o, /i, fi, fs, fi be the values of the function at points 0, 1, 2, 3, 4, 
respectively. Expand f{x,y ) into a power series in the neighborhood of 
the point (0,0). Thus, 

f(x,y) = fo + diX + a 2 y + a 3 x 2 + a A y 2 + a&y + • • • (6.53) 


y 



At x = 0 , y = hi, we have / = /i, and at x = 0, y = — h, f = / 3 . There¬ 
fore, from (6.53), it follows 

/i = fo + d 2 h\ + ajii 2 fz — fo — 0,2 h + aji 2 

Solving, we find 

h 2 (fi - fo) + hS(f 0 - / 3 ) 


a 2 = 


hhi(h + hi) 


CL\ = 


Similarly, 


d\ = 


h 2 (U - fo) + hS(f 0 - U) 


hhi{h / 14 ) 

At the point 0 (x = 0, y = 0) we have 


a 3 = 


Hfi ~ fo) ~ hi(/o ~ /») 
hhiifi + hf) 

KU ~ fo) ~ M/o - h) 

hhi(h + hi) 


w), ' 2 “* - 2 

(s). - 2 »‘ - 2 

so that (V 2 /) 0 may be written as 


h(fi - fo) ~ M/p - h) 
hhi{h 4" h\) 

h( fi — fo) — h\(fo — / 3 ) 

hhi(h + hi) 


*’ (r* + 


d 2 f 

dx 2 


d*f 

dy 





«l(l + Oil) 


fi + 


l+a4 


f 2 + 


+ 


1 + Oil 

2 


0 : 4(1 + on) 


f 


u - 


(-+-)/o 

\cti CLi) 
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where ax = hx/h, a 4 = hjh. When 0 < «x < 1 and 0 < «4 < 1, we 

haVC P(V 2 /) o = A/i + Bf 2 + CU + D f* ~ ( E + F )f° ^ 6 ' 54 ^ 

where the values of A, B, C, D, E, F can be found in tabulated form. 1 

The finite-difference approximation formulas for other differenti 
equations near a curved boundary can be derived in a like manner. 



Fig. 6.17. 



Fig. 6.18. 


This finite-difference equivalent for the Laplace operator may then be 
used in precisely the same manner as the standard (-4,1,1,1,1) operator. 
Diagrammatically, for an irregular star centered at point 0, the residual 
operator , i.e. 9 the operator from which the residual can be computed, is as 

« in Fig. 6.17, where the numbers A 0 , . . . , 

F 0 will all be known. The relaxation oper¬ 
ators , however, are a little more tricky. 

Thus if the value of the function is altered 
by +1 at point 0, the residual there is 
altered by - (#o + F 0 ). At the same time 
the stars centered at points 2 and 3 (Fig. 

6.18), being regular stars, each receive an 
alteration to their residual of +1. No 
residuals are recorded at the boundary 
points 1 and 4. The relaxation operator 
for point 0 is, accordingly, as given in Fig. 

6.18. Likewise if we alter the value of Fig. 6.19. 

the function at 2, the residual at 0 will 

change B 0 times the value altered at 2. The relaxation operator at point 
2 is shown in Fig. 6.19. 

With all these “irregular stars” evaluated for a particular problem, the 
relaxation process may then be carried out in the manner already 



1 F. S. Shaw, The Torsion of Solid and Hollow Prisms in the Elastic and Plastic 
Range by Relaxation Methods, Rept. ACA-11, Australian Council for Aeronautics, 
November, 1944. See also F. S. Shaw, “Introduction to Relaxation Methods,” 
Dover Publications, New York, 1953. 
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described. The presence of the irregular stars adds a little to the labor 
but nothing to the complexity of the method, and a little practice makes 
their use automatic. 

The considerations of the preceding paragraphs enable us to find suit¬ 
able improvement formulas for a region such as shown in Fig. 6.20, where 
the interval changes from the value h in one part of the mesh to double 
this value in another. Such a refinement of the mesh is sometimes 
desirable near a region of the boundary where the function curves vary 
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Fig. 6.20. 

rapidly. If the governing differential equation is Laplace’s equation, 
typical formulas are 

f\ = y±(f i + /3 + /g + fb) 

f 12 = /4(/g + fn + fn + fu) 

fi = H(2f 2 +fe+f n + 2fs) 

f 9 = ^6(2/4 + 3/s + /l 2 + 3/io) 

fib = 34C h +/9 +/li +/ 12 ) 

fb = /4(/3 + h + U + /is) 

== M 6 W 3 + 5/7 + 5/9 +/11 +/ 12 ) 

The derivation is self-explanatory. 

Problem. Solve, by the standard relaxation method, the torsion problem of an 
equilateral triangular bar by dividing the domain into square meshes. Find the 
maximum shearing stress. 
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B 9 Other Boundary Conditions. In the example considered in the 
previous sections, the boundary condition assumes its simplest form, viz.. 
the function assumes a constant 
value of zero on the boundary. 

Many problems of practical impoit- 
ance have much more complicated 
boundary conditions, and the relaxa¬ 
tion process becomes more compli- 

rated in these cases. We shall now 
Show how the relaxation process can be carried out in such a case by 

considering the bending of a beam with both ends built in under a uniform y 

distributed load p (Fig. 6.21). The governing differential equation is 

(6.55) 



d A w 


v_ 

TP J 


where w is the lateral deflection, E is the Young’s modulus, and I is the 
moment of inertia. The boundary conditions are 




Fig. 6.22. 


Taking h = L/4, the finite-difference equation at point 0 (Fig. 6.22) 


becomes 

. . ph A 

Wi — 4ic 2 + 6ic 0 — 4 ic 2 -f- Wi — -jgj 


(6.56) 


where the symmetry of the deflection has been taken into account. The 

_ _ r _ n r _ i relaxation operator is shown in Fig. 6.23. 

El-E3 ® ^ ® In order to write the boundary conditions 

Fig. 6.23. j n terms of central differences, let us in¬ 

troduce two imaginary points 1 ' outside the beam, thus the boundary 
conditions become 

ic 2 = 0 and wy — ici = 0 (6.57) 

The relaxation process can be carried out in the following steps (Fig. 
6.24): 

Step 1. Assume w = 0 at all the points. The residuals at all the 
points are 

A a 4 ph 4 _ ph 4 

Q - A lW EI m 
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Instead of writing - ph A /EI as the residuals, let us multiply them by the 
factor 100 EI/ph A and record -100 at the lower left corners of points 0 and 
1. Add +40 at point 0. The residual at 0 changes by the amount of 
6 X 40 and becomes +140. The residual at 1 becomes 

-100 - 4 X 40 = -260 

Step 2. Add 50 at point 1. From the boundary conditions, Wi» = W\. 
Therefore when the deflection of the point is altered by an amount of +50, 



Step 4 
Fig. 6.24. 


the same amount has to be added at the imaginary point 1'. From the 
condition of symmetry, we have to add 50 at point 1 on the left of the line 
of symmetry. Thus, the residual at point 1 will be changed by 6 X 50 
owing to the change at this point, 50 owing to the change at T, and 50 
owing to the symmetrical point at the left of point 0. Its final residual 
becomes —260 + 8 X 50 = +140. The residual at point 0 is changed 
by an amount of 50 X —4 on both sides of 0 and becomes 

+ 140 - 8 X 50 = -260 

Step 3. Add 60 at point 0. The residuals at 0 and 1 become +100 
and —100, respectively. 

Step 4. Add 12.5 at point 1, and the residuals become zero both at 
0 and 1. 
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The center deflection is thus 


ph 4 ph 4 _ V ( __ 0-00391 pE* 

w 0 = 1°° x IQOEI ~ El ~ El \4/ ^ 


The exact value of w 0 is 0.002604pLV^- 


^- 

Problem 1. Solve the above example by taking * = L/ 6, and then find the center 

deflection by the method of extrapolation. 

" 0.003183pL 4 

Ans. (wo)h-L/t - ~ eI 

0.002 604 pL 

(t/lo)extrnpolation — 

Problem 2. Solve the above example by the higher^rder finite-difference approx- 

iem 3 Ul Find the maximum deflection of the beam if both ends are assumed 
Pri ° b *? 1 Hinl: Referring to Fig. 6.22, the boundary conditions are wi 0 

to be mge ■ hich follows from the condition that M 2 = [EI{<Pw/dx r )h - 

and Wi ~r ’ 



CHAPTER 7 

ENERGY PRINCIPLES AND VARIATIONAL METHODS 


7.1. Principle of Potential Energy. In the numerical solutions of 
elasticity problems, in addition to the methods of finite differences, there 
is another group of methods which are also powerful. These methods are 
based on the fact that the governing differential equations of an elasticity 
problem can be obtained as a direct consequence of the minimization of a 
certain energy expression. Instead of solving the differential equations, 
we may therefore seek a solution which will minimize the energy expres¬ 
sion and may thereby avoid the mathematical difficulty in the solution of 
such differential equations. The technique of using these methods will 
be discussed in detail later in this chapter. In the development of these 
methods, we shall make use of a branch of higher mathematics called 
calculus of variations; for this reason, these methods are sometimes 
referred to as variational methods. 

Before describing the variational methods, let us first derive the 'princi¬ 
ple of virtual work enunciated by John Bernoulli in 1717. Consider a 
particle at point P (Fig. 7.1), and imagine that it is acted upon by certain 



6r 


e 


Fig. 7.1. 


forces. Let one of these be the force F. We shall 
suppose that we do not actually know how the 

_particle moves under the action of the forces; 

but imagine that the particle undergoes a per¬ 
fectly arbitrary small displacement denoted by br. 

This displacement, it must be emphasized, need 
not be the one that actually takes place. It is sufficient that we can 
imagine its taking place. For this reason it will be called a virtual dis- 
placement , and the symbol b is used here to denote a virtual infinitesimally 
small quantity. During this virtual displacement, it is clear that the 
work done is 


5TF = F br cos 6 = F r br 



where F r is the component of F in the direction of br. This work done 
during a virtual displacement is called the virtual work. 

Now let us assume that the particle P is in equilibrium under the n 
forces F i, F 2 , . . . , F n . The principle of virtual displacement states 
that if a particle is in equilibrium the total virtual work done by these n forces 
during any arbitrary virtual displacement of the particle is zero. This can 
be easily verified as follows: Let the virtual displacement be br. Then 

144 
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- _ (7 1) the virtual work done by any force F,(i = 1,2, . • •_.») 18 * 
f oduct of the component of the force in the direction of the virtual dis¬ 
placement and the virtual displacement, viz., 


*W. = F,. 8r 


where the F ir denote the component of the force F , in the direction of r. 
The total virtual work is therefore 

n 

iW = 2 SIT< = F lr &r + Fir Sr + • ■ • + F nr Sr = ( V F.v) 

t=l 

But the equilibrium of these static forces requires that the summation of 
these forces in any direction be zero. Hence 


It follows therefore that 





That is the total virtual work done during any virtual displacement is zero. 

An elastic body may be considered as consisting of a system of particles. 
Thus an elastic body at rest, with its surface and body forces, constitutes 
a system of particles on each of which acts a set of forces in equilibrium- 
If there is any virtual displacement, from the above discussion we see 
that the virtual work done by the forces on any particle vanishes and 
therefore the total virtual work done by all the forces of the system 
vanishes. The only difference between a particle in an elastic body and a 
free particle is that, in giving the virtual displacements in the former case, 
we must observe the condition of continuity of the material and the condi¬ 
tion of consistency to the prescribed displacements on the boundary. 
The condition of continuity of the material is satisfied if the virtual dis¬ 
placements can be expressed in terms of continuous functions. The con¬ 
dition of consistency to the prescribed boundary conditions can be best 
explained by considering an example, say the bending of a simply sup¬ 
ported beam. In this case, the boundary conditions require that the 
transverse or lateral displacements be zero at the two ends of the beam. 
Since the ends of the beam cannot move in the transverse directions, the 
virtual displacements in the transverse directions there must also be taken 

as zero. .. 

Let u, v, w be, respectively, the x, y, z components of the actual dis¬ 
placement due to the external loads in an elastic body and 8u, 8v , 5 w the 
components of the virtual displacement. These components of virtual 
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displacement are assumed to be infinitesimally small quantities satisfying 
the conditions of continuity of an elastic deformation, i.e. y they are con- 
Aw tinuous functions of x y y y and z and are 

consistent with the prescribed boundary 
conditions. To simplify our discussion, 
let us consider an element of the elastic 
body dx dy dz acted on by a one-dimen¬ 
sional stress system (Fig. 7.2). If we 
change the displacement u by the 
amount 8u y the element is now displaced 
to the new position indicated by the 
dotted line in the figure. The total 
virtual work done against the mutual action between the particles is 
therefore 



OX 


0 


Fig. 7.2. 


g 8u + dx) dy dz — a x 8u dy dz = a x dx dy dz 

ox / ox 



(7.3) 


Now, since the elastic body is continuous, owing to the virtual displace¬ 
ment 8u, there will be also a change of strain. The x component of strain 
at A will now be 


e x + 8e x = 



, du 7 . . . d8u , 

+ — dx + 8u + -r— dx 

dx dx 


(u + 8u) 


dx 


— ^ u i ^8u 

dx dx 


or 8e x = d8u/dx. But e x = du/dx ; we have 8e x = 8(du/dx). Hence 


8e 


(d u \ _ 

1 - a V^/ ~ 


d8u 

dx 


(7.4) 


This means that if f(x,y,z) is a continuous function of x , y y z and its deriva¬ 
tives exist, we may define 

8df = d8f (7.5) 


With (7.4), (7.3) can be written as 


g x 8e x dx dy dz = Ee x 8e x dx dy dz 


(7.6) 


Under this one-dimensional stress system, the strain energy stored in the 
element dx dy dz is obtained in Sec. 3.5 as 


1 E 

dU = i <J x tx dx dy dz = y e* 2 dx dy dz 


(7.7) 


Comparing (7.6) with (7.7), we find that the expression (7.6) is the same 
as SdU if we define the rules of operation for the operator 6 to be the same 
as those for the differential operator d in the differential calculus. The 
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1 x -- , 1 

can show that the total work ^one a g^ disp i acemen ts Su, 8a, 8w 

‘a s^ftheXe the total virtual work done by the mutual actions is 

'Now let us calculate lk™H« by ^bodyforoes^nd «he to»a 
applied at the b ° und ^J s ' and 'x, X, 1 be the X, », « 

Smponents ot the boundary forces per unit area. The work don. by the 
body forces is ^ . v , j. (7.8) 


(7.9) 


Jll (X bu+Y bv + Z bw) dx dy dz 

V 

and the work done by the boundary-surface forces is 

ff (Xbu+ Y bv + Z bw) dA 

A\ 

, JA is the elementary area and the integration is taken over that 

rt of fhe boundary surfLe of the body, A „ on which the displace- 
part of the oounuary because bu, bv, bw are zero over the 

^Toi the boundary surface where displacements are prescribed, and the 
° we or “ noi sSo only on the part of the boundary surface where 
Ihe'surfaee forces are prescribed. To avoid confusion, it may be men- 
Uoned here that the part of the surface where forces are prescribed is the 
__ mp as the part where displacements are not prescribed. , 

We have aLady concluded that the total work done during the virtual 

displacement vanishes. Therefore, 

II (X bu + Y bv + Z bw) dA 

+ HI (X bu+Y bv + Z bw) dx dydz- bU = 0 

V 

Since the external forces are taken as constant during the virtual dis 

nlacement we find that the operator a in the above equation may be put 
before 1 the integral signs. By changing the signs throughout, we have 


A i 


b(U - W) = o 


(7.10) 


where 


ff (Xu + Yv + Zw) dA + ff! (Xu + Yv + Zw) dx dy dz (7.11) 

{{ r 


ff 
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The quantity II = U - W is called the potential energy of the system 

since U is the potential energy of deformation and — W ' represents the 

potential energy of the external forces acting on the body if the potential 

energy of these forces for the unstressed condition (u = v = w = 0) is 
taken as zero. 

Equation (7.10) states that, in comparing various values of the dis¬ 
placements u, v , and w, the displacements which actually occur in an elastic 
system under the action of given external forces are those which lead to zero 
variation of the total energy of the system for any virtual displacement from 
the position of equilibrium. Analogous to the expression 

df = 0 

in infinitesimal calculus, which means that / is an extremum (or a turning 
point), the expression 

an = s(u - W) = o 

indicates that the potential energy of the system at the position of 
equilibrium is an extremum (or a turning point). For stable equilibrium, 
it can be shown that for any virtual displacement or variation of dis¬ 
placement the change in the total potential energy of the system is posi¬ 
tive and hence in this case the total potential energy of the system is a 
minimum. For elasticity problems with small displacements and strains, 
we find from the uniqueness theorem that there is only one equilibrium 
configuration. It can be shown, furthermore, that this equilibrium 
configuration is a stable one. Therefore we can conclude that, for an 
elastic body with small displacements and strains, the potential energy at 
equilibrium is a minimum. The principle of potential energy can be 
stated as follows: 

Principle of Potential Energy. Of all displacements satisfying given 
boundary conditions , those which satisfy the equilibrium conditions make the 
potential energy II assume a stationary value. For stable equilibrium , II is 
a minimum. 

7.2. Principle of Complementary Energy. Instead of varying the 
displacements from those at equilibrium, we may want to vary the stress 
components. Let us remember that when we are working with the 
displacements we have to concern ourselves only with the equilibrium 
equations, but if we are going to work with the stress components, in 
addition to the equilibrium equations, the compatibility equations must 
also be taken into account. In the following, we shall show that, of 
all the stresses satisfying the given boundary conditions and the condi¬ 
tions of equilibrium in the interior of the elastic body, the stresses which 
satisfy the compatibility equations will make some energy expression 
called the complementary energy assume a stationary value. 
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To simplify the derivation, let us consider the case of plane stress m 
1 +* ntp let a a, r X i/ be the actual stress components in the 

an e aS , 1 j d satisfying the conditions of equilibrium and compatibility as 

It as tt y ^boundary conditions. Let K, be the sma 

in the stress components such that the new stress components 
var ‘ . r„+ Srxy satisfy the equilibrium equations but not the 

"• ISwty equation^ 5n ,h« pa* of *1» boundary where surface 
forces are prescribed, these new stress components must be such that 
hese surface forces will not be changed; but on the other part of the 
boundary where displacements instead of surface forces are prescribed, 
there could be changes in the values of the surface forces. 

Accordingly, we have 


d(a x + 5<Ti) , d( T m ~L gr -r») _|_ X — 0 

di dy (7.12) 

3(rj„ + &T xu ) , d(cr u + StTy) 4 _ y _ Q 

di ^ dy 


The body forces X and Y are given external forces and are therefore 
unchanged. By subtracting from (7.12) the equilibrium equations before 

the stress variations occur, we obtain 


d8<r x dfhxy n dfajcv , dSay _ 0 (7.13) 

dx dy dx dy 

On that part of the boundary A 2 where surface forces are not prescribed, 
corresponding to this variation of stress components, there will be some 
variation in the boundary surface forces. Let 5X and 5Y be these small 
changes in boundary forces. Then on A 2 , 

((T x -I" Sa x )l "I" {j xy "I” S>T x y) Til = X T 8X 

(r Z y + br zy )l + (ff„ + Say)m = Y + SY 

If we subtract from them the equations before the variation, we have 

ISax + m bT xy = SX l St xu + m Say = SY (7.14) 


On that part of boundary surface A i where these forces are prescribed, we 
must have 

l 8a x + m 8 t xy = 0 l 8r xy + m 8a y = 0 ( 7 . 15 ) 

Owing to these changes in the stress components, from (3.51), we 
obtain the change in strain energy per unit thickness of the plate as 


8U = U(a x + 8a X) a y + 8a y , r xy + 8r xy ) — U(a X} a yi T xy ) 

% 



r- (a x 8a x a y 8ay — va x 8a y — va y 8a x ) 

Jb 





dx dy 
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where R is the area of the plate. By using Hooke’s law, 8U becomes 

^ U — JJ (*x 8a x + € v 8a u + 7 z U 5T*y) dx dy 

R 

Since a x , a V) Txy and consequently e x , e y , y xv satisfy the compatibility 
equation, we may write 

_ du _ dv du dv 

u dx tu ~Yy yx ' , ~djj + di 

and integrate the partial derivatives —> —, -- to obtain sinele- 

dx dy dx dy & 

valued functions for u and v. Hence, 


du 

dx 

dv 

dx 


8a x + ^ 8t xu 



d(u 8a x ) 
dx 

d(v 8r xy ) 
dx 


+ 

+ 


d(u 8r X y) 

dy 

d(v 8a u ) 

dy 




Substituting these relations into the expression for 8U and using Green’s 
theorem, which we derived in Chap. 5 as formulas (5.10) and (5.11), we 
obtain 

»=-//[“ C# + T?) + • + £)] * * 

R 

+ lu(8a x dy — 8Txy dx) + v(8t xv dy — 8a u dx)] 
Using relations (5.13), we have 


8a x dy — 8 t xv dx 


- - 
~ \ 8ax ds 


8t 




dx 

ds 


^ ds = 


(Z 8a x + m 8rxy) ds 


and 


8t zu dy — 8a v dx = ( l 8 t xu + m 8a v ) ds 


Thus we finally obtain 






[?/(Z 8a x + m 8 t xv ) + v(l 8 t xu 


+ m 6a-,,)] ds 


where ds is an element of the boundary curve. Combining with Eqs. 
(7.13) to (7.15), we find 
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, « is that part of the boundary on which the surface forces are not 

described. Since u and v are not varied on S 2 in this case, we may put 
theoperator 5 before the integral, viz., 

s[ u - f St (uX + vY) <fo] = 0 

In the general case of three-dimensional stress distribution, it can be 
shown in a similar manner that 

MI* = S(U - W*) = 0 ( 7 - 16 > 

vherell* = U — W* is called the complementary energy of the system and 

W* = JJ (uX + vY + w2) dA (7.17) 

Ai 

where as defined previously, A , is that part of the boundary on which 
the surface forces are not prescribed. Equation (7.16) proves the 
principle of complementary energy, which states that for all stresses satis- 
Mna the equilibrium conditions in the interior and on that part of the 
houndary surface where the surface forces are prescribed, the actual state of 
.tress i e the stresses which satisfy the compatibility equations, is such that 
the complementary energy II * assumes a stationary value For Problems 
with small strains and displacements, we can further show that n is a 
minimum. It may be remarked that for nonlinear problems, the potential 
energy n is still given by the formula U — W but the complementary- 
energy n* will not be equal to U — W* and the expression for II must 

be derived separately in each particular case. 1 

7 3 The Principles of Potential and Complementary Energy Con- 

sidered as Variational Principles. In the preceding sections we have 
stated that, for an elastic body in equilibrium, the displacements m the 
body will be such that the potential energy is a minimum and the stress 
components will be such that the complementary energy is a minimum. 
We shall now show that, by means of the methods in the calculus of 
variation, the governing differential equations can be derived as a conse¬ 
quence of these minimal principles. 

Let us again consider the case of plane stress in an elastic plate. 1 be 
governing differential equations in terms of displacements, in this case, 

can be written as 


E 


[— +1 


v d 2 u 


l - v 2 \dx 2 2 

E (l - vd 2 v 
1 - v 2 V 2 dx 2 


+ 



+ 


E 



+ 


d 2 V 

2(1 — v) dx dy 

E d 2 u 


+ X = 0 


+ 7 = 0 


(7.18) 


dy 2 ) ' 2(1 - v) dxdy 

i See, for example, Chi-Teh Wang, Principle and Application of Complementary 
Energy Method for Thin Homogeneous and Sandwich Plates and Shells with Finite 
Deflections, NACA Tech. Note 2620, February, 1952. 
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We shall show that these equations can be derived from the condition that 
the potential energy is a minimum. Our problem now is to determine the 
functions u(x,y), v(x,y) so that IT = U — W is a minimum. 

Let us assume that u(x,y) and v(x,y) are such functions and that 
du, 8v are arbitrary variations of u and v which satisfy the same conditions 
of continuity as do u and v . If we replace the functions u and v in II by 
u + e 8u and v + € 8v, where e is an arbitrary small parameter, the poten¬ 
tial energy II becomes a function of the parameter e and, according to the 
principle of potential energy, it becomes a minimum at e = 0. Hence 


dll(c) 

de 


= 0 


<=o 


(7.19) 


But 


dn(e) _ dU (e) dW(e) 


de 


de 


de 


From formula (3.53), we have 


dU(e) 

de 



R 


r 

i - **L 


d{u + € 8u) ddu d(v + e 8v) d8v 


dx 


dx 


dy ty 


. d(u + e 8u) d8v d(v + c 8v) d8u 
-r v ---«— V v — 


dx 


dy 


dy 


dx 


+ 


E 


2(1 + v) L 


d(u + e 8u) d{v + e 5y)l \d8u d5yl) 


dy 


+ 


and 


dU 

de 


o 



E \(^ u 

l - V 2 L\^ 


dx 

diA d8u 



dy dx J j 


dx dy 


R 


+ 


. . . dv du\ d8v 

dx V dy) dx \dy V dx) dy 


E 


du . dv\ (d8u , d8v\\ , , 

2(1 + v) \dy + dx) \ dy dx)) X V 


Now 


E (du dv\ d8u E 

1 - V 2 \dx + V dy) ~dx + 2(1 + y) \dy 

= A («r, Su) + A ( Txu Su) 


(du dv\ d8u 
+ dx) dy 


E d ( 

_ 1 - v 2 dx\ 


du . dv . . 

r r v — ) + 

dx dy 


E 


d_ (du 


.dv 

2(1 + v) dy \dy + dx U 



= A {<Xx Su ) + A ( Txu su) 


-J-( 

i - V 


E 

.1 - 


dhi 1 -vd 2 u 

a o I I 


E 


dh) 


dx 2 


2 dy 


2(1 - v) dx dy 


8u 


E 


dv du\ d8v 

dy V dx) dy 2(1 + v ) \dy ' dx9 dx 


du dv\ d8v 


= A ( Tzu sv) + A (<r „ sv) 


_ ' E (l 
.1 - \ 


— v d 2 v . d 2 v . , 

T- 1 ~r 


E 


dhi 


2 dx 2 dy 


2(1 - v) dx dy 


8v 
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above calculation, Hooke’s law has been used. From Green’s 


In the t 

theorem 


- (<T X bu) + (r« bu) dx dy = (o-x bu dy 

dx °!J J J s 


— T x y hU dx) 


dy 


where S is the boundary curve of the plate. Since 


{<T X dy — Txydx ) — l (Tx 


dy 

ds 


Txy 


dx\ 
ds ) 


ds 


= (c t x cos Nx + T X y cos Ny) ds — X ds 


we 


have 


- {(Tx hi) + J y {Txy he) J dxdy = ] s X 8u ds 


Similarly, 


4 {Txy Bv) + £ (*, BU) dx dy = ? 8v ds 


dx 


dy 


We obtain therefore 


rfnfr) 

de 


E (d*u 1 - v d 2 w\ , E d2v 
1 - v * Vdx 2 + 2 dy V ^ 2(1 - v) dx dy 


bu 


[rf> e 


- vd -v dh\ _ E___ _dh^ Sv dx dy 

2 dx 2 ^ dy 2 ) 2(1 - v) dx dy 

+ 1 (X bu + Y bv) ds 

Js . 


Since the line integral vanishes on that part of the boundary where the 
displacement is prescribed, we may write Si instead of S in the last 
integral. From the definition of IF, formula (7.11), we find that in the 

case of a plane-stress state, 


rfTF(e) 

de e = o 


= J (X bu + Y bv) ds + JJ {X bu + Y bv) dx dy 


dTHe) dU{ € ) dW{e) — 0 leads to 

Hence the condition -gp - t=0 ~ ST < = o 


E (dhi , 1 

1 - v 2 \dx 2 + 


* V 

E (l 

1 - v 2 \ 


XZ + X bu 

2 dy 2 ) r 2(1 - v) dx dy ^ J 


_ E _ _a*u_ y] Sv 
2 dx 2 dy 2 ) 2(1 - v) dx dy J 


dx dy — 0 

(7.20) 
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Since the variations 8u and 8v are arbitrary functions, the only way for 
the integral (7.20) to be zero is that 


E (&u _!_1 - v d 2 u\ , E d 2 v , v „ 

1 - * 2 \dx 2 ^ 2 dy 2 ) 2(1 - v) dx dy + X “ 0 

E A - *d 2 y , a 2 v\ j £ a 2 u , 

1 - * 2 V 2 dx 2 ay 2 / ^ 2(1 - „) dx dy + Y ~ 0 


which are the governing differential equation (7.18). 

In the above derivation, we have followed the method of the calculus 
of variation. The same results can be obtained if we interpret 8 as an 



operator following the rules of operation 
of d. We shall demonstrate this by con¬ 
sidering another example, viz., a simply 
supported beam with constant cross section 


Fig. 7.3. under uniformly distributed load (Fig. 7.3). 

The strain energy stored in a beam consists 
of two parts: the strain energy due to bending and that due to shear. 
Compared with the bending strain energy, the strain energy due to shear 
is usually negligible. The strain energy stored in the beam is then mainly 
that part due to bending, which is 





dx dy dz 


From the analysis made in Secs. 4.2 and 9.1, we see that a x = Mz/I and 
M = El (d 2 w/dx 2 ), where I is the moment of inertia of the cross section 
with respect to the y axis and w is the lateral deflection. Let A be the 
cross-sectional area of the beam. Remembering that J fz 2 dy dz = I, the 
strain energy is then 



For beams with constant cross section, El is independent of x, and the 
bending strain energy is 


U = 


El 



d 2 w 
dx 5 


dx 


The potential energy due to the external load is 


W = pw dx 


(7.21) 

(7.22) 


where p is the intensity of the distributed load per unit length of the 
beam. The total potential energy of the system is 


n = U - W = 


El 



d 2 w 
dx 5 


dx 


pw dx 


(7.23) 
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Taking the first variation, we have 


511 = 


El 



d 2 w d 2 8w , 

2 dsi* dx 



o 


p 8w dx 


Integrating the first integral by parts 



L d 2 w 
. 2 <ta 2 



d z w ddw 




dx 2 dx 


dx 3 




d 4 u> 

dx 4 


5w dx 


The condition 511 — 0 becomes 


x=L 


El 


d 4 w 
dx 4 





dx 2 dx 


dx 


1=0 


5w dx = 0 


a- M = EI(d*w/dx>) = 0 and w = 0 at x = 0 and x = L, ««> - 0 

1T= 0 and i =L and the terms inside the brackets vanish on the 

boundary * = 0 and x = L. In the interior of the beam, Sw is arbitrary, 
and the condition x 

/: (" s - o 

is possible only when 

Elp,-V- 0 < 7 ' M) 

dx 4 

wWVl is the governing differential equation in this case. 

Now let us consider the complementary energy. We shall take as an 
example the torsion „t prismatical bars. We have already shown that 
there exists a stress function $ such that 


Ty Z 


= -GO 


d4 / 
dx 


T " - dy 


and the other stress components are zero. The variation of the stress 

function is equivalent to the variation of the stress components In terms 

of the stress function, the strain energy stored in a bar of length L 


V = 


1 



(r „* 2 + Tax 2 ) dx dy dz = 


G8 2 L 




+ 


/aA*' 

\5y/ . 


dx dy 


2G JJJ ' " ’ " 2 JJ L\&® 

V 

where R, as before, denotes the cross-sectional area of the bar. W* is 
zero over the lateral surfaces of the bar because the boundary force is 

prescribed there. On the two ends, we have 


[// 

R 


U=0 

z=L 
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As found in Chap. 5, the displacements u and v are u = - 
At z = 0, u = v = 0. At z = L, u = - 8Ly, v = 8Lx. 


Ozy and v 
Hence 


= Qzx 


W* 


R 


yr zx + Xt vz ) dx dy 


= Gd 2 L 


//(- 

R 


d\f/ d\f/\ 
y Ty~ X Tx) dxdy 


“ JJ t dxdy — Gd 2 L (j) s x dy — 

R 


ty dx) 


in which the last step is obtained in exactly the same manner as the 

derivation of (5.53) in Chap. 5. The complementary energy of the system 
is therefore 


n* = U - W* = 


G0 2 L 



d\p 

dx 


+ 


R 



At 


dx dy 


and <511* = 


GQ 2 L 


//( 

R 


d\p d8\f/ 
dx dx 


Since 


— G6' l L <j) s (\Px dy — <[/y dx) (7.25) 

+ 2 % d ^~ 4s ' l/ ) dxd y 

— Gd 2 L j) s 8t(x dy — y dx) 


d\p d8t d\f/ d8ip 
dx dx dy dy 


.±( 

dx \ 


dx) dy \ ^ dy 


m* = -G0 2 L 



ft? + dp 1 s + 


dhb , dH> \ 

dtf + + 2 ) ^ dx dy 


+ Gd 2 L 


-G8*L 


//( 


$s[{Tx ~ X ) dy ~ (Ty ~ y ) dx ] S + 


R 


^ + ^ + 2 )^ dXd]J 


+ Gd 2 L 


t. [(% - *) 


cos Nx + 


G-: -») 


cos Ny 8t ds (7.26) 


On the boundary S, the surface forces are prescribed. In terms of ty 
the boundary condition is \p = constant. That means that 


8\p = 0 on S 


(7.27) 


The line integral in (7.26) therefore becomes zero. Since 8\p is arbitrary 
in R , the only way that the surface integral in (7.26) will be zero is that 


^ + ^ + 2 = 0 
dx 2 + dy 2 * 2 0 


in R 


(7.28) 



energy principles and variational methods 


157 


T 5 4 we have shown that the constant value of * on S may be 

£ken as zeio. With f = Oon the boundary, the complementary energy 

becomes 

G6 2 L i dt 


n 


* — 



+ 



4 ;P 


dx dy 


(7.29) 


7 4 Rayleigh -Ritz Method. By using the principles of minimum 
potential Energy and complementary energy, we may find the solutions o 
boundary-value problems in the theory of elasticity from another point 
of view Instead of solving the governing differential equations toget er 
with the boundary conditions, a task often very difficult mathematically, 
Se may interpret the problem as the one seeking the functions which 
satisfy Ae boundary conditions and minimize the potential energy 
the complementary energy n*. For example, in the case of torsion of a 
prismatical bar, we may consider the problem as the one seeking 
function \p which will minimize the complementary energy 


n* = 


GQ 2 L 



+ 



and which satisfies the condition i = 0 on the boundary S. We note 
that in the above process, we have replaced the differential equation by a 
minimization condition. A number of methods have been suggested 
for finding the approximate solutions of boundary-value problems accord- 

ing to such an approach. . , 

One of the more important variational methods is the so-called Rayleig 

Ritz method. 1 The Rayleigh-Ritz method may be carried out as follows: 
First assume the solution in the form of a series which satisfies the bound¬ 
ary conditions but with undetermined parameters c t . Second, insert 
these functions into the expression of the potential energy or the comp e- 
mentary energy, and carry out any required integration. The resulting 
expressions are functions of the undetermined parameters c„ where 
i = 1,2, . . . . Since the potential energy or the complementary energy 
must be a minimum at equilibrium, these parameters can be determined 

from the minimizing conditions 

. . . (7.30) 


f - 0 ® - 0 , 

dci dc2 


or 


= 0, a JL* _ o, 


dci 


dc 


If n parameters are taken, Eq. (7.30) gives us n simultaneous equations 
from which these parameters may be solved. Substituting these values 


J Lord Rayleigh, On the Calculation of Chladni’s Figures for a Square Plate, Phil. 
Mag., Vol. 22, pp. 225-229, 1911. W. Ritz, tlber Fine Neue Methode zur Losung 
Gewissen Variations-Problems der Mathematischen Physik, J . /. Reine u. Angew. 
Math., Vol. 135, pp. 1-61, 1908. 
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of the parameters into the assumed form of the function, we have an 
approximate solution of the given problem. If the series which we 
assumed consists of a complete sequence, 1 it can be proved 2 that the 
solution so obtained is the exact solution of the boundary-value problem. 
In most problems, however, only a finite number of parameters can be 
taken, and therefore the solution obtained is only approximate. 

Let us take as an example the torsion problem of a rectangular bar 
with sides 2a and 2b (Fig. 5.7). To satisfy the boundary condition ^ = 0 
on sides x = ± a and y = ± b, we may take the polynomial 

P = (x 2 - a 2 )(y 2 - b 2 )(c i + c 2 z 2 + c z y 2 + c,x 2 y 2 + • • • ) (7.31) 

where c h c 2 , . . . , are undetermined parameters. Since we know that 
yp is symmetrical with respect to the x and y axes, we have taken in (7.31) 
only terms with even power in x and y. Now, as a first approximation, 
let us take only one undetermined parameter in (7.31) and write 


\p = Ci(x 2 — a 2 )(y 2 — b 2 ) 


We obtain by substitution 



+ 



4 ^ = 4:Ci 2 [x 2 (y 2 — b 2 ) 2 + (, x 2 — a 2 ) 2 y 2 ] 


Integrating, we find 


— 4ci(x 2 — a 2 )(y 2 — b 2 ) 


n* = 


GQ 2 L 


2 

GQ 2 L 64 
2 45 


[ x=a f v=b [W 

Jx = —a JV= —b LW 


+ 



— 4^ dx dy 


[2ci 2 a 3 6 3 (a 2 + b 2 ) — 5cia 3 5 3 ] 


From the minimizing condition dR*/dci = 0, it follows that 


Ci = 


4 (a 2 + b 2 ) 


We obtain therefore the approximate solution 


* = 


4(a 2 + b 2 ) 


(x 2 - a 2 ) {y 2 - b 2 ) 


1 An enumberable sequence contained in the class C is said to be complete if every 
function in C can be approximated by a finite linear combination of the functions 
with preassigned accuracy. 

2 See, for example, R. Courant and K. 0. Friedrichs, “ Methods of Mathematical 
Physics,” Part II, p. 24, Institute of Mathematics and Mechanics, New York Uni¬ 
versity, New York, 1943. 
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The torsional constant J is given by 


J = 2 JJ dx dy 

= 2ci [ x=a P" 6 (x 2 - a*) 

yx= -a Jy = -b 

- 32 3 6 3 Cl = 40 (b /g)j_ 

“ 9 1 9 1 + (6/a) 2 


6 2 ) dx dy 


a 


The maximum shearing stress T ma x occurs at the mid-points of the long 
sides, i.e., at x = ±a, y = 0. Thus, 


T max 


- - ? (s)„. -;—- 



For b/a = 1 or a square bar, J given by the above approximate solution is 
2 222a 4 compared with the exact value of 2.250a 4 . The error is —1.2 per 
cent The maximum shearing stress is 0.563^/a 3 compared with the exact 
value of 0.600£/a 3 with an error of —6.2 per cent. For b/a = 10, J given 
by the above approximate solution is 44.0a 4 compared with the exact value 
of 49.92a 4 with an error of -11.9 per cent. The maximum shearing stress 
is 0 0562T/a 3 given by the approximate solution compared with the exact 

value of 0.0401 T/a 3 with an error of +40.1 per cent. 

Now let us take three undetermined parameters c h c 2 , and C 3 . Thus 


\J/ = (x 2 — a 2 )(y 2 — 6 2 )(c! + c 2 x 2 + c 3 y 2 ) 


After integrations, we obtain 


n* = 


Ge 2 L 



+ 


m - h 


dx dy 


G6 2 L 64 


- a 3 6 3 [210(a 2 + b 2 W + a 4 (665 2 + 10a 2 )c 2 ' 


2 4,725 

+ 5 4 (66a 2 + 105 2 )c 3 2 + a 2 (845 2 + 60a 2 )cxC 2 
+ 6 2 (84a 2 + 605 2 )cic 3 + 12a 2 6 2 (a 2 + 5 2 )c 2 c 3 

- 525ci - 105a 2 c 2 - 1055 2 c 3 ] 


The conditions dn*/dd = 0, dH*/dc 2 = 0, and dn*/dc 3 = 0 give, 
respectively, 

140 (a 2 + 6 2 )ci + a 2 (286 2 + 20a 2 )c 2 + 6 2 (28a 2 + 206 2 )c 3 = 175 
(846 2 + 60a 2 ) Cl + a 2 (1326 2 + 20a 2 )c 2 + 126 2 (a 2 + 6 2 )c 3 = 105 
(84a 2 + 606 2 )(h + 12a 2 (a 2 + 6 2 )c 2 + 6 2 (132a 2 + 206 2 )c 3 = 105 

To simplify the solution of these equations, we may first substitute into 
them the numerical value of the ratio b/a. After the parameters Ci, c 2 , 
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and c 3 are determined, the torsional constant and the maximum shearing 
stress can be easily calculated and are 



T max 



\p dxdy = 


R 


-(? 


d\p 

dx 


x=a 


32 3 / 3 /" . a2 , 

■g- a b 3 1 ci + -g- c 2 + 

2ab 2 (c\ + C 2 a 2 ) 



For b/a = 1, we find 


1,295 

2,216a 2 



525 

4,432a 4 


which give the values of J and r mftX as 2.246a 4 and 0.62677a 3 , respectively. 
The errors in J and r max are thus —0.18 per cent and +4.3 per cent. For 
a rectangular bar of b/a — 10 , we find 



0.008988 



0.00002853 



0.0002359 

a 4 


from which we obtain J = 48.75a 4 and r^x = 0.0369977a 3 . The error 
in J is —2.3 per cent, and the error in T max is —7.8 per cent. 

Instead of taking polynomials to approximate the stress function, we 
may use the trigonometric series for that purpose. For example, we 
may assume 

00 00 

i = J J Cm " C0S {2m + C0S {2n + 1} fb (7 ' 32) 

m = 0 n =0 


where c m „ are the undetermined parameters. Note that the assumed form 
of yp satisfies the boundary condition. If we take the first term only and 
integrate, we obtain 



The minimizing condition dH*/dcoo = 0 yields 


from which we find 


Coo 


128 a 2 b 2 
7 r 4 a 2 + b 2 



max 


4,096 (b/a) 2 

7 T 6 1 + (b/a) 2 a 

64 (b/a) 2 Ta 

V 3 1 + (b/a) 2 J 


and 
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For b/a = 1, the above formulas give us J = 2.130a 4 and 


161 


T max 


0.484T 1 


a 


The errors in J and r m „ are -5.3 per cent and -19.3 per tent, respec- 
J. , F or b/a = 10, we find J = 4.218a 3 6 and r m „ = 0.0484 1/a 

ith errors of -15.5 per cent and +20.7 per cent, respectively. 

W From the above example, we see that the accuracy of the solution lm- 

roves when more undetermined parameters are taken. However, if we 
P two different series to approximate the function, we may find that by 
+ kina: a few undetermined parameters in the first series the accuracy of 
the solution is much better than that obtained by taking many more 
meters in the second series. The variational methods are useful only 
in cases where the exact solution is unknown. In such cases, it becomes 
verv difficult to ascertain the accuracy of a solution. One way to get an 
idea of the probable accuracy of the solution is to solve the problem by 
successively taking more parameters and comparing the final results. If 
the results converge rapidly, we may conclude that the approximation is 

PI We shall now take as a second example the deflection of the pin-ended 
beam under the action of uniform pressure p (Fig. 7.3). Let us assume 
the deflection curve in the form of a trigonometric series. The boundary 
conditions require that w = d 2 w/dx 2 = 0 at x = 0 and L. To satisfy 
the boundary conditions, we may take 


00 


w 


= ^ c n sin 


71TTX 


n = 1 


in which ci, c 2 , . . • are the undetermined parameters. Substituting 
into (7.23) and integrating, we find the potential energy to be 


n = 


El 



d 2 w 
dx 2 


[ L 7 £/tt 4 V 4 

dx - pw dx = -jjj l nc n 

JO ^ 71 = 1 


in 2 _ 


2 pL 


oo 


7r 


V Cn 

Li U 


n = 1,3,5 


Minimizing II with respect to c n , we obtain 


and 


Hence 

and 


4L 3 2 n 


- = 0 


7 r n 


El 7T 4 
4L 3 


2n 4 c n = 0 


Cn 


Cn 


4pL 4 1 
EL?^ 
0 


for odd n 


if n is even 


for odd n 
for even n 
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Thus, we find the deflection curve as 


4 pL 4 
w Elir 5 


oo 

i 

n=> 1,3,5 


sin 


mrx 


Since in the present case c n is determined for all values of n, the above 
infinite series actually gives us the exact solution to the boundary-value 
problem. This series converges rapidly, and a few terms give a satis¬ 
factory approximation. The maximum deflection occurs at a; = L/2 and 


is 


w 


mjix 


= 4 v L * (\ _ i , i _ 

EIw 6 \ 3 5 “ r 5 5 


• • 


By taking only the first term of this series, we obtain 

pL 4 


^rnax 


76.6 El 


The approximate solution gives us a factor of 76.6 in the denominator, 
while the exact value is 76.8, so that the error made in w m ** by using only 
the first term of the series is only 0.26 per cent. 


Problem 1. Assume 


w 


co 

= ^ C n Si 


sin ( mrx/L ). Determine c„ if the beam is under 


71 = 1 


the action of a concentrated load P at x — a instead of a uniformly distributed load p . 

. 2 PL 3 . n-n-a 

Arts. c n = v, T ~ . sin —j— 


Problem 2. In the problem of a cantilever beam bent by an end load P, assume 
the deflection curve to be w = ax 2 4- bx 3 } which satisfies the boundary conditions 
W = dw/dx = 0 at x =0. Determine the parameters a and b. 

Problem 3. Take three parameters c 0 o, c 0 i, cio in (7.32), and find the torsional 
constants and maximum shearing stresses for a square bar and a rectangular bar with 
b/a = 10 under torsion. 

7.6. Galerkin’s Method. In Sec. 7.3 the condition that the potential 
energy or complementary energy be a minimum is shown to lead to 

mi (DE)i8fi~^ dx dy dz — 0 

V i 


where the ( DE){ are the governing differential equations and the are the 
arbitrary variations of the various functions. For example, in the case 
of torsion of prismatical bars, the minimization of the complementary 
energy leads to 

(I + 2) 5i dx dy — 0 

R 


(7.33) 
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if * satisfies the boundary conditions. If we assume * in terms of a series 

M*,v) = f cMx,y) (7 ' 34) 

t = l 

in which the constants c,- are undetermined parameters and the functions 
Fi satisfy the boundary conditions, we find 


= P Sci + pSc>+ • • • = F 1 Sc, + F 2 6c 2 + 
dci dc 2 

Substituting (7.34) and (7.35) into Eq. (7.33), we obtain 


(7.35) 


jj (V 2 in + 2) (El 6ci + E 2 5 c 2 + • • • ) dx dy = 0 (7.36) 

R 

or JJ (VVn + 2)Fi dci dxdy + JJ (V 2 ^n + 2)F 2 bc 2 dxdy + ' =0 

r R 

Since 8c h 8c 2 , ... are arbitrary, the only way that the above equation 
can be identically zero is that each integral vanish individually. Thus, 


we have 



(VYn + 2)Fi 8ci dx dy 
(VYn + 2)F 2 8c 2 dx dy 



Since 8c h 8c 2 , etc., are independent of x and y, they may be taken outside 
the above integral and so we have 

JJ (VYn + 2)Fi dxdy = 0 

R 

JJ (VYn + 2 )F 2 dxdy = 0 (7.37) 

R 


If n parameters c,- are taken, there are n simultaneous equations in (7.37) 
from which these parameters can be determined. Unlike the Rayleigh- 
Ritz method, Galerkin’s method does not require the formulation of an 
energy principle. This procedure was proposed by Galerkin 1 and is 
known as Galerkin’s method. 

Galerkin’s method can be justified from another point of view as fol¬ 
lows: Let us consider a two-dimensional case, and let Q(x>y) represent the 

1 B. G. Galerkin, Series Solutions of Some Problems of Elastic Equilibrium of Rods 
and Plates, Vestnik Inzhenerov, Vol. 1, pp. 879-908, 1915. 
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governing differential equation. In the case of the torsion problem, we 
have 

Q(x,y) = W + 2 

Then if JJ Q(x,y) dx dy = K < + oo 

R 

and if the sequence F { is complete in the sense that any function satisfying 
the boundary conditions can be approximated uniformly by the series 

^ cJFi to any degree of accuracy by a proper choice of c if the condition 
% 

JJ Q(x,y)Fi dx dy = 0 i = 1, 2 , . . . 


implies that 


R 


Q(x,y) =0 in R 


To prove this, let us assume that Q(x,y) is not identically zero in R. 
Then there exists a point (x 0 ,y 0 ) in R where Q(x 0 ,y 0 ) 5 ^ 0. We assume 
that Q(x 0 ,y 0 ) > 0 at this point as well as in the region inside a small 
circle C of radius € with its center at (xo, 2 /o). This can determine a func¬ 
tion V(x,y) such that 

V ( x,y ) >0 in C' where C denotes a small circle inside C, say with a 

radius e /2 

V(x,y) ^ 0 inside the annular region between C' and C 
V(x,y) = 0 outside C 

Then JJ Q(x,y)V{x,y) dx dy = JJ Q(x,y)V(x,y) dx dy 

R c 

> JJ Q(x,y)V(x,y) dx dy = 77 > 0 (7.38) 

C' 

% 

Now, since the sequence F t - is complete and since V satisfies the same 
boundary conditions as does \p, we may expand V in a series of the func- 

N 

tions F { ^ ^ diFi ^ such that for N sufficiently large, 


* = 1 


N 


\V(x,y) - J d,F< 


< 


t=l 


2 K 


independent of x and y in R. 


Then | ff Q(V- | *T,) dxdy\ < JJ |Q||F - ^ d,Fi\ dx dy 

« i=1 R i=1 


-Ajj 


|Q| dx dy = 


bOJcJ 
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(7.39) 


Comparing with (7.38), we find that it is impossible to have y < y/2 unless 
v = o. But V(x,y) is not zero, and r, can be zero only when 


Q(x,y) =0 in R 


which completes the proof. 

We shall now illustrate the application of Galerkin s method by taking 
as an example the torsion problem for a rectangular bar. Assume, as in 

the previous section, that 

if'i = ci(.r 2 - a 2 ){y 2 - b 2 ) 

Substituting \pi into the differential equation, we find 

Qi = VVi + 2 = 2ci[(a: 2 - a 2 ) + ( y 2 - b 2 )] + 2 
Galerkin’s method requires 




j 2ci[(a: 2 — a 2 ) + ( y 2 — & 2 )] + 2} 


{x 2 - a 2 ) (y 2 — b 2 ) dx dy 


from which it follows that 


5 1 

4 a 2 + b 2 


This is the same as was found by the Rayleigh-Ritz method. 



Problem 1. Assume ^ in the form of (7.32). Determine c 0 o, c 0 i, and cio by Galer¬ 
kin’s method. 

Problem 2. Solve the problems assigned in Sec. 7.5 by Galerkin’s method. 

7.6. Biezeno-Koch Method. From the previous derivation, we see that the 
vanishing of the first variation of the energy integral leads to 


Jf (DE)j Sf, ] dx dy 

R i 



(7.40) 


where we assume the problem to be two-dimensional. In the Rayleigh-Ritz method 
and Galerkin’s method, we assume the functions in terms of series which satisfy the 
boundary conditions and take 5/» as the infinitesimal change in the assumed form of 
fi. In the calculus of variation, 5/» may be chosen in any arbitrary manner. By the 
Biezeno-Koch method, if n undetermined parameters are taken, we shall divide 
the region R into n subregions Ri and take 5/» in the following manner: 


S/(z,2/) = 



in Ri 

elsewhere in R 


(7.41) 
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In the case of the torsion problem, if we take 5^ according to (7.41), (7.40) becomes 

ff ( v V» + 2 ) dxdy =0 (7.42) 

Ri 

Thus, we obtain n simultaneous equations corresponding to n parameters, and these 
parameters can be determined uniquely. 

The Biezeno-Koch method was originally introduced 1 from a consideration of the 
error function, and the above interpretation was essentially that given by Courant. 2 
Since Q n = Vty» -f 2 represents an error function due to the approximation of ^ by \f/ n , 
one obvious way of requiring that the error function Q be small is to demand that it 
vanish at n points in the domain of the problem. In this procedure, known as the 
collocation method , the error is collocated, or assigned, at n points, and the n equations 
are obtained for determination of the parameters a. The Biezeno-Koch method 
can be interpreted as a modified form of collocation method in that it demands the 
vanishing of the mean error over each of n subregions Ri of R. 

Let us illustrate these two methods by applying them to the torsion problem of a 
square bar. Assume, as before, 

*i = c,(x 2 - a 2 )(y 2 - a 2 ) (7.43) 

from which we find 

Qi = Vty, + 2 = 2c,[(x 2 - a 2 ) + (y 2 - a 2 )] + 2 (7.44) 

By the collocation method, we may let Q(x,y) = 0 at the point x — 0, y = 0 and 
obtain • 

1 

Cl 2a* 

The approximate values of torsional constant and maximum shearing stress are 
1.778a 4 and 0.562T/a 3 , respectively, and the corresponding errors in these values 
are —21.0 per cent and —6.3 per cent. 

As a second approximation, let us take 

Xpz - ( X 2 — a 2 )(y 2 — a 2 )[c, -f c 2 (x 2 + y 2 ) -f c 3 x 2 y 2 ] (7.45) 

In order to determine these three parameters c,, c 2 , c 3 , we have to require that the 
error function 

Qa = 2c,(x 2 + y 2 - 2a 2 ) + 2c 2 [6(2x 2 y 2 - a 2 x 2 - a 2 y 2 ) + (* 2 ~ a 2 ) 2 + (y 2 - a 2 ) 2 ] 

+ 2c 3 [x 2 (x 2 - a 2 ) (6y 2 - a 2 ) + y 2 (y 2 - a 2 )(6x 2 - a 2 )] + 2 

vanish at three points, say (0,0), (a/2, 0) and (a/2, a/2). Thus we obtain 

2a 2 Ci — 2a 4 c 2 — 1=0 
28a 2 ci — a 4 c 2 — 3a 6 c 3 — 16 = 0 
24a 2 c, - 12a 4 c 2 + 3a 8 c 3 - 16 = 0 

1 C. B. Biezeno and J. J. Koch, Over een nieuwe Methode ter Berekening van 
vlakke Platen met Toepassing op Enkele voor de techniek belangrijke Belastings- 
gevallen, Ingenieur, Vol. 38, pp. 25-36, 1923. C. B. Biezeno, Graphical and Numer¬ 
ical Methods for Solving Stress Problems, Proc. First Intern . Congr. Applied Mech ., 
Delft, 1924, pp. 3-17. 

2 In the discussion of Biezeno’s paper. 
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Solving, we have 



28 

C3 39a 6 


With the expression of ^ as assumed in (7.45), the torsional constant is 

J = 2SS\J/zdxdy = 3 ?f>a 6 (ci + %a 2 c 2 + M^cz) 


i 


and the maximum shearing stress is 

— = = ? 2 “ s(Cl + C2 “ 2) 

i/-o 

With the values of ci, c 2 , c 3 we just obtained, the approximate values of J and r max are 
2.646a 4 and 0.610 T/a*, respectively, and the corresponding errors are then + 17.6 

per cent and +1.7 per cent. 

Now let us determine these parameters by the Biezeno-Koch method. Assume 
^ again in the form of (7.43), and take the region R x to be the entire region R of the 
square section. Equation (7.42) becomes 

[ f {2ci[(x 2 — a 2 ) + ( y 2 — a 2 )] +2 \ dx dy =0 


from which it follows that 

3 

Cl " 4a 2 


J = 2.667a 4 


7"m tlx. 


0.5627 7 

a 3 


and the errors in J and r raa x are +18.5 per cent and —6.3 per cent, respectively. 

As a second approximation, let us take tz as given by (7.45). Now we have to 
subdivide the cross section into three regions. From the consideration of symmetry, 
we may take the three regions in the following manner: 

Ri: 0 <x <| 0 <y<\ 

R*' | < x < a 0 < 7/ < | 

Ri’. | < x < a | < ?/ < a 

Substituting (7.45) into Eq. (7.42) and integrating over the above regions, we obtain 
the following equation: 

440a 2 ci - 186a 4 c 2 - 17a 6 c 3 = 240 
320a 2 ci + 564a 4 c 2 + 19a 6 c 3 = 240 
200a 2 ci + 594a 4 c 2 + 235a r c 3 = 240 

Solving, we have 

149 5 20 

Cl 252a 2 C2 63a 1 Cs 63a 6 


The torsional constant J = 2.260a 4 , which is 0.46 per cent greater than the exact 


value. 


The maximum shearing stress is 


0.593 T 
---> 


which is 1.2 per cent less than the 


exact value. 

Problem 1. Assume ^ in the form of (7.32). Determine c by the Biezeno-Koch 
method. 

Problem 2. Solve Prob. 2, Sec. 7.4, by the Biezeno-Koch method. 
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7.7. Reciprocal Theorem and Castigliano’s Theorems. The reciprocal 
theorem and Castigliano’s theorems have been used extensively in the 
elementary treatments of structures. We shall now show that these 
theorems are also valid in the general case of elastic bodies. We shall 
carry out the proofs in the case of plane stress of an elastic plate. The 
extension of the proofs to the three-dimensional case can easily be 
worked out. 

Consider two equilibrium states of an elastic plate: one with displace¬ 
ments u, v, due to the body forces X, F, and boundary surface forces X, 
Y; and the other with displacements u', v' y due to body forces X', F', and 
surface forces X', F'. The work per unit thickness of the plate that 
would be done by the unprimed forces if they acted through the primed 
displacements is 

If (Xu' + Yv') dx dy + f g (Xu' + Yv') ds 

R 

From the equilibrium equations, we have 


// <*.' 


+ Yv') dx dy 


R 



d<Tx I dj xy 

dx dy 



+ 


dr xy . d<r 


+ 


dx dy 




dx dy 


R 


Noting that 


da x , dr 

u + —i— r u 


dx 

dr 




dx 


v’ + 


dy 

da 


d . ,x , d . ( du' , du 

dx (<rzU ) + dy {jxyU ) V* dx + Txv dy 



dy 


V v' 


d (j iv v’) + 4r. (°u v ') - ( 


dv' 


dx 


dy 


T "' Tx + 


dv'\ 
V dy) 


and using Green’s theorem as in Sec. 7.3, we obtain 



(Xu' + Yv') dx dy 


R 


-IIK-X 


dy 



+ ,„¥) + (, * 


*V 


v , dv\\ 

dx + <7u dy )\ 


dx dy 


R 


or 


JJ (Xu' + Yv') dx dy + J s (Xu' + Yv 9 ) ds 


- I (Xu' + Yv') ds 
s 



R 


- // [('• £ 

R 


, du ' , / dv' dtAl , , 

+ Txy — + ( Txy + °V Qjj) J d x dy 


dy 



dx 
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Now from Hooke’s law and the definitions of strain components, 



Substitution of these expressions into the last integral results in 



by an application of Green’s theorem, we have 


JJ (Xu' + Yv') dx dij + J s (Xu' + Yv’) ds 

R 

= JJ ( X'u + Y'v) dx dy + J s (X'u + Y'v) ds (7.46) 

R 


Thus, we obtain the reciprocal theorem of Betti and Rayleigh: If an elastic 
body is subjected to two systems of body and surface forces, then the work that 
would be done by the first system of external forces in acting through the dis¬ 
placements due to the second system of forces is equal to the work that would be 
done by the second system of forces in acting through the displacements due to 
the first system of forces. 

From the principle of complementary energy, we have shown that 



8(U — W*) = 0 

8U — JJ (u 8X -f- v 8Y -]r w 8Z ) dA (7.47) 

Ai 


where A 2 is that part of the boundary on which the surface forces are not 
prescribed. Let us consider the case where the surface forces are concen¬ 
trated loads instead of continuously distributed forces. Under these con¬ 
centrated loads Pi, P 2 , . . . , the displacements at the points of applica¬ 
tion of the loads in the direction of the loads are d\, d 2 , . . . . We may 
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interpret the problem as the one in which the displacements d h d 2 , . . . 

are prescribed at the boundary, while P h P 2 , . . . are independent 

unknowns. The strain energy U can then be expressed in terms of the 

loads P h P 2) . . . . The change of the strain energy due to the changes 
in the forces is then 


SU = ™ SP, + ^ 5P 2 + 


dP i 


dP 


and If (u dX + v 6? + w SZ) dA = d x dP 2 + d 2 SP 2 + • • • 

At 


Equation (7.47) becomes therefore 



Since the forces Pi, P 2 , . . . are statically independent, the changes or 
variations 8P i, 8P 2) . . . are completely arbitrary and we can take all 
but one of them equal to zero. Thus, we obtain 





Therefore, if the strain energy U of an elastic system is written as a func¬ 
tion of statically independent external forces Pi, P 2 , . . . , the partial 
derivatives of the strain energy with respect to any of these forces give 
the actual displacement of the point of application of the force in the 
direction of the force. This is the so-called Castigliano’s first theorem. 

If the boundary conditions of an elastic body are given in terms of 
prescribed surface forces, the surface integral on the right-hand side of 
Eq. (7.47) vanishes. Equation (7.47) becomes 

8U = 0 


This means that if we have an elastic system with given forces acting on 
the boundary, and if we consider such changes of stress components as 
satisfy the equations of equilibrium and the boundary conditions, the true 
stress components are those such that the strain energy is a minimum. 
This is the so-called Castigliano’s second theorem , or the theorem of least 
work. 



CHAPTER 8 


SOLUTION BY MEANS OF COMPLEX VARIABLES 

8.1. Complex Variables and Complex Functions. Many problems in 
the theory of elasticity can be solved with great mathematical simplicity 
by using complex variables. A complex variable z is formed by two real 

variables x and y so that 

z = x + iy 

where i represents V^l and is called the imaginary unit . We shall call x 
the real part of the complex variable 0 , and y , the coefficient of i, the 
imaginary part. Since i does not belong to the real-number system, the 
meaning of equality, addition, subtraction, multiplication, and division 
must be defined. For instance, when we say two complex numbers are 
equal to each other, we mean that the real 
and imaginary parts of the two numbers 
must be identically equal. Thus, 

Xi + iy 1 = x 2 + iy 2 

means X\ — x 2 and 2/1 = 2 / 2 - Similarly, in 
adding or subtracting two complex num¬ 
bers, the real part of one complex number 
must be added to or subtracted from the 
real part of the other complex number, and 
the imaginary part must be added to or Fig. 8.1. 

subtracted from the imaginary part. In 

multiplication and division, remembering that i 2 = — 1 , the operations 
are defined just as for real numbers. For example, 

z 2 = (x + iy) 2 = x 2 + 2 ixy + (iy ) 2 = x 2 — y 2 + i2xy (8.1) 

From these rules of operation, we see that a complex variable z — x + iy 
may be represented geometrically by the point A(x,y) in the xy plane 
(Fig. 8.1). The x axis in this case is called the real axis, and the y axis is 
called the imaginary axis. Converting to polar coordinates, we have 

z = x + iy = r(cos 0 + i sin 6) = re id 

It can be seen from Fig. 8.1 that z may be interpreted as representing the 
vector OA. The complex variable representing the vector OA' is given by 

z = x — iy = r(cos 6 — i sin 6) = re~ id 
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z is called the conjugate of the complex variable z. From these definitions, 
we find 

zz = r 2 (8.2) 

where r = y/x 2 + V 2 is called the absolute value, or modulus, of the com¬ 
plex number z, and 6, its argument. 

A function of the complex variable z is called a complex function. As 
in the case of a complex variable, a complex function can also be split up 
into a real and an imaginary part, viz., 

/(*) = f(x + iy) = <f>(x,y) + fy(x,y) 

0 

where <t> and yp are functions of x and y. For instance, as was shown in 
Eq. (8.1), the real and imaginary parts of the complex function f(z ) = z 2 
are 

4) = x 2 — y 2 \p = 2 xy 

The function \p is sometimes called the conjugate of the function <£, and 
vice versa. Analogous to the case of a complex variable, the conjugate 
function of the complex function f(z) is defined as 

f(z) = <t>(x,y) - vp{x,y) 

where the symbol j(z) denotes the conjugate function of f{z). If /(z) is 
given in the form of a complex power series 

/(z) = A 0 + Aiz + A 2 z 2 + • • • 

where Ao, A h A 2 , . . . are complex constants, it can be proved that 

J{z) = Ao + Aiz + A 2 z 2 + • • • (8.3) 

where A 0 , A h A 2 , etc., denote the conjugate complex numbers of Ao, Ai, 
A 2 , etc., respectively. The notation ]{z) is sometimes used to denote the 
function 

](z) = Ao + A \Z + A 22 2 + • - ’ (8.4) 

and it should not be confused with the conjugate function J(z). 

Let us now examine the rules of differentiation for a complex function. 
A complex function f(z) is called analytic, or regular, in a region R if it 
possesses a unique derivative at every point of the region R. Points at 
which the function f{z) ceases to have a derivative are called singular 
points of the analytic function. Let/( 2 ) be an analytic function, and let 
us find the partial derivatives of f(z) with respect to x and y . Since 
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we have 




dz - 1 

dz 

• 

- i 




dx 

dy 

- V 


and 

d l = 

_ dfdz 

= 4f 

df _ 

dffc = 

df 

dx 

dz dx 

dz 

dy 

dz dy 

dz 

If df/dz is 

to be unique, we 

must have 






d£ = 

i df 






dy 

dx 



But 

df 

dx 

d(f> 

dx 

dx 

df _ 

dy 

-T + i 

dy 

d\p 

dy 

Therefore 


d(f> 

. d\p 

. d<f> 

d\h 



dy 

+ l dy- 

" 1 dx 

dx 


Separating 

real and imaginary parts 

gives 





d<f> 

d\p 

d<t> _ 

dt 




dx 

dy 

dy 

dx 



(8.5) 


These equations are the so-called “ Cauchy-Riemann ” conditions, and 
they are the necessary and sufficient conditions that/(z) be analytic. It 
can be shown that if f(z) is analytic in the region R, then not only do the 
first derivatives of <f> and \p exist in R, but also those of all higher orders. 

Eliminating \p in (8.5) by differentiating the first equation with respect 
to x and the second with respect to y and adding, we obtain 


^ + ^ = 0 
dx 2 ^ dy 2 

Similarly, we eliminate (f> from these equations, and we find 

dx 2 dy 2 


( 8 . 6 ) 


(8.7) 


Equations (8.6) and (8.7) show that the real and imaginary parts of any 
analytic function of a complex variable are solutions of the Laplace equation. 
Therefore, if the differential equation to be solved is a Laplace equation, 
our problem is to find the analytic function having a real or an imaginary 
part satisfying the boundary conditions. Since a Laplace equation is also 
called a harmonic equation, the functions <f> and i p, which satisfy the 
harmonic equation, are sometimes called harmonic functions. 

8.2. Some Fundamental Relations of the Theory of Complex Variables. 
In the subsequent discussions, many fundamental relations in the 
theory of complex variables will be used. We shall now give a summary 
of these relations. 
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1. Cauchy-Goursat Theorem. If a function f{z) is single-valued and 
analytic within and on a closed curve S, then 


<fi s f(z) dz = 0 

Proof. Since f(z) = <£ + i\p and dz = dx + i dy , we have 

j> s f ( z ) dz = [( <t> dx — i dy) + i(<f> dy + \p dx)] 


( 8 . 8 ) 


From Green’s theorem, we find 


j> s (*dx - idy) = - JJ(& + dy 


R 




& (*dy + *d*) = ff (& - *£) dx dy 

R 

where R is the region bounded by the curve S. In view of Cauchy- 
Riemann’s conditions, Eqs. (8.5), the integrands of the two double 
integrals vanish throughout the region R . It follows therefore that 

j) s f{z) dz = 0 

A region R is said to be simply connected if every simple closed curve 
within it encloses only points of R. The annular region between two 

concentric circles, for example, is not sim¬ 
ply connected. Such a region is called 
multiply connected. A multiply connected 
region can be made simply connected by 
introducing lines joining the inner curves 
to the outer curve, as shown in Fig. 8.2. 
By taking S in the direction as indicated 
—by the arrows in Fig. 8.2, since f(z) is 

analytic within and on the boundary of R, 
we have from formula (8.8), where the 
boldface integrals indicate that the integrations are taken in the clockwise 
direction while the other integrals indicate that the integrations are taken 
in the counterclockwise direction, 

dz + $ s J(z) dz + j> Sj f(z) dz = 0 



0 


Fig. 8.2. 


or 


j> s f(z) dz = ^ Si /0) dz + </> Si /(z) dz 


(8.9) 


That is, when the integration over all the contours is performed in the same 
direction , then the integral f(z) over the exterior contour S is equal to the sum 
of the integrals over the interior contours. 



SOLUTION BY MEANS OF COMPLEX VARIABLES 


175 


2. The Cauchy Integral Formula. Let f(z) be single-valued and analytic 
within and on a closed curve S. If f is any 
point interior to S, then 


* 


( 8 . 10 ) 


Proof. Let Si be a circle about f so that 

\z — f| = ri 

is small enough to make Si interior to S 
(Fig. 8.3). According to (8.9), we have 

(f> IQ? dz = <f> dz = /(f) (f> —- + <£ 

Tsz-i /SiZ-t TSxz - f TSx 



m - /(f) 

^ - r 


dz (8.11) 


But z — f = rie id on Si, and dz = ir x e i9 dd, so we have 



( 8 . 12 ) 


for every positive r x . Also f(z) is continuous at z = f since regularity 
implies continuity. Hence, if we select any positive number e, a positive 
number 8 exists such that 


l/W - /(f) I < € 


If we take r x = 8 , then 


when \z — f | <5 


t 


Si 


/w - /(f) 

* - f 


dz 




i /w -/(f) i 


- n 


- |dz 


< — (27r5) — 27T€ 
0 


By taking r x sufficiently small, we can make the absolute value of the 
above integral arbitrarily small. Since the other two integrals in (8.11) 
are independent of r i, this integral must be also independent of r x and 
must be equal to zero. We have therefore 



dz = 2 ?rim 


which proves the theorem. 

A formula for the derivative /'(f) can be obtained by differentiating 
the integral in Cauchy’s integral formula with respect to f inside the 
integral sign. Thus 


and, in general, 


/'(f) = J- & M dz 

J 2 iriTs(z - f) 


__ ftL A f( z ) d z 

J Tnri TS (z - f)"+* 


(8.13) 
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3. Power Series. If /(z) is analytic at all points within a circle S with 
center at a, then at each point z inside S 


/(«) = /(<*) + /'(<*)(« “ a) + 


• • 


+ 


f M (a) 


n\ 


(z — a) n + 


(8.14) 


That is, the infinite series here converges to/(z). This is the expansion 
of the function f(z) by Taylor's series about the point z — a. When 
a — 0, this reduces to Maclaurin's series , 


00 


1 

n = 1 


(8.15) 


If f(z) is analytic and single-valued on two concentric circles £iand£ 2 
and throughout the region between those two circles, then f(z) may be 
represented at each point z between them by a convergent series of 
positive and negative powers of z — a, namely, 


ao 


00 


^ A n (z — a) n + ^ 

n = 0 n= 1 


B n 


(2 - a)" 


(8.16) 


where 




f(z) dz 


B 


s, (z — a) n+1 
1 f( z) dz 
fs, (2 - a)-" +1 


n = 0, 1, 2, 
n — 1, 2, . 


The series (8.13) is called Laurent's series. 

4. The Residue Theorem. We have observed that a function f(z) can 
always be represented by its Laurent series in a neighborhood of a singular 
point Z\. Let us now integrate the Laurent series around a curve Si 
enclosing z = z x and no other singularity of/(z). If n is positive, we find 

from Eq. (8.8) 

(z — zi) n dz = 0 




If n = -1, then from (8.12) we have 

dz 


* 


= 2irz 


5i Z — Zi 

To integrate ^ dz/(z - 2i) n , n > 1, let us construct a small circle S[ 

inside Si with radius r and with its center at z = Zi. Since l/(z - z x ) n is 
analytic within the region between S[ and Si and on Si and S l} we have 


K (2 - *i)« (2 - 2i) n ^ 

;e ^ Si /(2)d2 = ^ ai M 


ire*® 


2l (2 - Zl) 2 


+ 


if n > 1 


+ Ai(z — Zi) 


+ ^l 2 (z — 2i) 2 +■••!& = 
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The coefficient of l/(z — Zi) of B x is called the residue of /(z) at the singu¬ 
lar point z = zi and is denoted by K x . 

If the region R has n isolated singular points at zi, z 2 , . . . , z»> we can 

construct n small circles Sj so that each point is enclosed in a circle and 
the curve S and the n circles are all separated. These circles together 
with curve S form the boundary of a multiply connected domain in which 
f(z) is analytic. From formula (8.9) 


dz = j> ai Kz) dz + j)J{z 
This reduces to formula (8.17), because 




dz 


<j> s J( z ) dz = 2iriKj j = 1, 2, . . . , n 

and so the following theorem is proved: 

Let S be a closed curve within and on which f(z) is analytic except for a 

finite number of singular points Zi, z 2 , . . . , z„, inside of S. If K u 
K 2f y K n denote the residues of /(z) at these points , then 

<£> s f( z ) dz = 2iri(Ki + K 2 + • * * + K n ) (8.17) 

5 . Conformal Mapping. A real function of a real variable, say 
y = f(x), can be represented graphically by plotting corresponding values 
of x and y as rectangular coordinates of points in the xy plane. We may 
say that the function f(x) maps each point on the x axis into a point in 
the plane at a directed distance y above or below that point. The result 
of mapping all points of the x axis is a curve, the graph of the function. 
When the variables are complex, the graphical representation of functions 
is more complicated. If we have z = /(f), where f = £ + iy, then cor¬ 
responding to each point (£, 77 ) in the f plane for which/(£ + iy) is defined, 
there will be a point (x,?/) in the z plane. The correspondence between 
points in the two planes is called a mapping of points in the f plane into 
points in the z plane by the mapping function /(f). 

If S is a curve in the f plane and the point is allowed to move along S, 
then the corresponding point z will trace a curve S' in the z plane. The 
curve S' is called the map of S. If /(f) is analytic and/'(f) ^ 0, it can be 
shown that, in such a mapping, if Si and *S 2 are two curves in the f plane 
that intersect at an angle a, the corresponding curves £i and S' 2 in the 
z plane also intersect at the angle a. The mapping performed by an 
analytic function z = /(f) when/'(f) ^ 0 always preserves the angles and 
is called conformal. Henceforth the term conformal mapping will be used 
to signify transformation by means of analytic functions under the condi¬ 
tion/'(f) 7* 0. 

We note that, by means of a conformal mapping function 2 = /(f), an 
analytic function of the complex variable z becomes another analytic 
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function of the complex variable f, and its real and imaginary parts will 
again satisfy the Laplace equation. However, the boundary curve of the 
domain R in the z plane, which may not be convenient to work with, may 
be mapped into one in the f plane which will allow the boundary condition 
to be satisfied more easily. 

8.3. Torsion of Prismatic Bars. The differential equation to be 
solved in the case of torsion of prismatic bars is a Laplace equation. If 
complex variables are used and if <f> denotes the warping function, the 
problem may be reduced to the determination of an analytic function 
F(z ) = <f> + the real part of which satisfies the boundary condition 
(5.7). This boundary condition, however, is not convenient to work 
with. Let us therefore study the boundary condition which the function 
\p must satisfy. 

The real and the imaginary parts of an analytic function are related to 
each other by the Cauchy-Riemann equations, which in our case are 


dyp 

dx 


d<f> 

dy 


d\// _ d(f) 
dy dx 


Substituting these relations into the boundary condition (5.7), we obtain 


(S~ y V + (~^ + :,: ) m = 0 


on S 


\°y / \ / 

Since l = dy/ds and m = — dx/ds } we find after rearranging terms that 

/hi A>1/ /hr /hi /7r 


or 


d\p dy d\p dx _ dy dx 

dy ds dx ds ^ ds X ds 

d\p _ d_ x 2 + y 2 
ds ds 2 


Integration gives 

t = l A(x 2 + y 2 ) + C on S 

Since the constant C in the above formula will not influence the magnitude 
of the stresses, w r e may therefore leave C undetermined. But 

x 2 + y 2 = r 2 = zz 

in terms of the complex variable 0 , and the above boundary condition can 
be rewritten as 

^ = y 2 zl + C on S (8.18) 

Thus the torsion problem is solved if we succeed in determining the 
imaginary part of an analytic function F{z) such that it assumes the value 

Yizz on S. 

To accomplish this, let us map the cross section of the bar, which is in 
the z plane, conformally onto a unit circle in the f plane by the mapping 
function 

2 = /(f) (8-19) 
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In terms of the complex variable f, the function F(z) becomes 

F(z) -* + <*- F[/(f)] = F 1 (f) (8.20) 

and the boundary condition (8.18) becomes 

* = + C on Si 

where Si indicates the unit circle |f| = 1. From the definition of con¬ 
jugate functions, we have 

F i(f) = (f> — i\f/ 

Thus = Fi(f) — F i(f) 

and the above boundary condition becomes 

Fid:) - Fi(f) = if«m) + C' on Si (8.21) 

Assume that the mapping function /(f) is given. On the unit circle, it 
becomes a function of 0 only and can be expanded into a complex Fourier 

series 

ao 

m = /(«•'*) = 2 (8.22) 

— oo 

where the Fourier coefficients are given by the formula 

A n = ~ me-'"* dd (8.23) 

In the above formulas, t = e ie denotes points on the unit circle. 

Since F i(f) is analytic in the interior of the circle Si, it can be expanded 
into the following power series: 

co 

F x (f) - ^ B„r (8.24) 

71 = 0 

On the unit circle, we have 


oo 


co 




B n e 


inO 


and 


71 = 0 


FM = l 


B n e~ in 


9 


71=0 


where the B n are the conjugates of B n . Substituting these series into 
Eq. (8.21), we find 



co 


oo 


- •' (2 A •«'■•) (I 


- CO 


— co 




+ v 
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where C n — ^ An+m^mj C — n — Cn) n 0, 1, 2, • • • , 00 • Since 

m«= — « 

the constant terms in F i(f) are irrelevant to the torsion problem, we may 
leave them undetermined. Equating the coefficients of e inQ on both sides 
of the equation except n = 0, we find 


and 


B n = iC „ 5„ = -lC n 

00 

Fi( f) = i ^ C n f n + constant (8.25) 

n = 1 


Separating the real and imaginary parts, the above formula gives us 

at once the warping function <t> and its conjugate 

To express J in terms of F i(f) and /(f), we may proceed as follows: 

From formula (5.15), we have 


-// 


(x 2 + y 2 ) dx dy + 



x 


d<l> 

dy 


dA 

~ y Tx) 


dx dy 


R 


R 



6 ( x2y>} + ^ xy ^ dxdy + jf [ 


dy 


R 


R 


= — j) s xy(x dx - y dy) - j) g <t>(x dx + y 


d_ 

dy 

dy) 


(x<*>) - ^ (?/<*>) j dx dy 


where the last step is obtained with the aid of Green’s theorem. Since 



we find 



(£ xy(x dx — y dy) = ^ (j> s (z 2 * 2 )( z dz + z dz) 


= 1 £ (z 3 dz + z 2 z dz - z 2 z dz - z 3 dz) 

8 ijs k 


But the Cauchy-Goursat theorem indicates that 


<j) s z 3 dz = 0 j) g z 3 dz = 0 

Integrating the other terms in the integral by parts, and remembering 
that ( zz ) 2 is single-valued, we find 



Therefore, 
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Now, <t> = VAFi(i) + / ? i(f)]- The above formula can then be rewritten 
in the following form: 

r ?/ C\ lor/ *-\ dm 


j 




f 


(8.26) 


dip . . dxp 

-r T 


From formulas (5.5) and (5.16), we have 

T {d<p . dip . \ T r 

But ^ where F t (f) denotes dF x^/df and 

' ^ a$" ete j (f) 


- i(x - f?/) j 


dx ' ' dx df dz 
/'(f) denotes dz/df or d/(f)/df. Hence, 


zx 


IT 


v* 


- W -H 


(8.27) 


Thus, a complete solution of the torsion problem is obtained when the 
interior of the cross section of the bar can 
be mapped conformally into the interior of 
the unit circle. 

Let us now take as an example the torsion 
of a bar with cardioid cross section. The 
equation of a cardioid in polar coordinates is 



r = 2c(l + cos 6) 

where c is a constant. The torsion of a bar 
with cardioidal section is of some practical 
interest because it indicates the effect of the 

presence of a keyway in a circular shaft. The cardioid section in the z 
plane (Fig. 8.4) can be mapped onto a unit circle in the f plane by the 
mapping function 

z = m = c(i - r ) 2 ( 8 . 28 ) 


On the unit circle, f = e ie , we have 


fit) = c(l - 2e i$ + e 2ie ) 


and 


Jit) = c(l - 2e-*'* + e~ 2ie ) 


Hence 


fit)fil) = c 2 ie 2id - 4e id - + e“ 2i * + 6) 


from which we find 


Accordingly 


C 2 = c 2 C 1 = -4c 2 
Fi(f) = zc 2 (f 2 -* 4f) + constant 
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The torsional constant J can now be computed from formula (8.25). 
Noting that on |f| = 1, t = 1 /t, we then have 

J ■ Ti k (' - 1 + t) (1 " 2 ‘ + ‘’ >(_2 + 2,) * 

- j k k - 4 « - -!)] ( 2i - 4 +? -1)* 


-Tik( e - 


W + 21* - 35 + ^ ^ + 


1 - 1 ) 

t 3 <v 


dt 


-y&,(‘‘-“‘ + “ + 6 -7 + P + !-p + ?) 


dt 


From the theorem of residues, 


-“fs 


X 35 - X ( 


-18)] = 


17irc 4 


Observe that, in the above integration, the undetermined constant in 
Fi{t;) does not affect the value of J, which is as it should be. 

The shearing stresses can be computed from formula (8.27) and are 



T c 2 i(2f - 4) 
J [ — 2c(l - f) 


- *(i - iy 


Ti U2-f) 

Hire 4 L i — r 




For various values of f = ? + iv, the shearing stresses can be computed 
from the above formula. The coordinates of the corresponding point in 
the x plane can be found from the mapping function (8.28). 



Fig. 8.5. 



Problem 1. A grooved cross section in the z plane such as shown in Fig. 8.5 can 
be mapped onto a unit circle in the f plane by the mapping function. 

z = /(r) = cr(i + mr) 

where c, m, and n are positive real constants. Find the function <P, the torsional 
constant J, and the stresses if a bar with such a cross section is under torsion. 1 

1 See A. C. Stevenson, The Torsion of a Fluted Column, Phil. Mag., Ser. 7, Vol. 34, 
pp. 115-120, 1943. 
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Problem 2. A prismatic bar with cross section the inverse of an ellipse with 
respect to its center is under torsion (Fig. 8.6). 1 The boundary of the cross section S 
is given by the parametric equations 

» % —; = - cosh k cos u — f ; = — sinh k sin u 
x 2 + y 2 c x 2 + y 2 c 

where u is the parameter, c = 1 / y/a 2 -f- b 2 , and tanh k = 6/a. These parametric 
equations may be rewritten as 


z = c sec (w + ik) f v = 0 


where w = u 4- tv. 

This cross section can be mapped conformally on a unit circle |f| = 1 by the 
mapping function 


z 


2 ce k £ 
I 2 + e 2 * 



n = 0 




where 


0 if n = 0, 2, 4, . . . 

2c(-l)<“-i>/V-«* if n = 1, 3, 5, . . . 


Find the torsional constant and the shearing stresses. 


Ans. J = ttc a (2 csch 2 2k + csch 4 2k) 

[ csch 2k cosh (v -{- k) 
cos 2 u — cosh 2(v -f- k) 

[ esc 2k sinh (v + k) 


T,x = 


Ty t = 


T 

— -j 2c sin 
T 

— — 2c cos 


+ 


sinh (v + k) 


cos 2 u cosh 2(v + k) 
cosh (t; -|- k) 


cos 2u - cosh 2(v + k) cos 2 u + cosh 2(v + k) 


] 

] 


8.4. Torsion of Elliptical Bar. In the previous section, a complete solution of the 
torsion problem is obtained if the interior of the cross section of the bar can be mapped 
conformally into the interior of a unit circle. By mapping conformally, we mean 
that there will be no singular points of transformation at which dz/d$ = 0. There 
are, however, certain simple cross sections which cannot be simply expressed in this 
way. A familiar example is the elliptical cylinder, where the mapping function that 
transforms the interior of the ellipse into the interior of the unit circle is so complicated 
that the problem presents formidable difficulties. The problem, however, can be 
easily solved by introducing a cut in the ellipse along a line joining its foci and by 
mapping the ellipse with the cut on a circular ring. The mapping function in this 
case is a simple one, and in order to obtain the solution for the solid elliptical section, 
it is necessary merely to satisfy the condition of continuity of the function F(z) as 
we approach the cut from either side. 

Consider the mapping function 

z = /(f) = | (f + |) (8.29) 


where c is a real, positive constant. If we solve for f, we obtain 


tc = z ± V z 2 — c 2 = z ± \/(z — c)(z -f- c) 

Let us consider the function 

fi = ± V (z — c)(z 4- c) 

1 See T. J. Higgins, The Torsion of a Prism with Cross Section the Inverse of an 
Ellipse, J. Applied Phys ., Vol. 13, pp. 457-459, 1942. Also I. S. Sokolnikoff and 
R. D. Specht, “Mathematical Theory of Elasticity, n 1st ed., pp. 183-185, McGraw- 
Hill Book Company, Inc., New York, 1946. 
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If we let 
then 


z — c — rie i91 z + c = r 2 e i6t 
fi = Vnr 2 e t(fl » +0 * )/2 


Without imposing any restrictions, fi may take on two values for each z, one the 
negative of the other depending on the choice of 0i and 0 2 . To show this, let z trav¬ 
erse a curve enclosing the point z = c but not z = -c (Fig. 8.7a). If the starting 
point is at 0i = 0*, 0 2 = 0*, then when the complete circuit is traversed, 0i = 0j + 2*, 
02 = 0?, and the argument of will increase by the amount it. This means that, as 
z returns to its starting value, f i will not return to its original value at the same time. 
The same is true if z traverses a curve enclosing the point z = — c but not z — c. 
But if the curve encloses both of these points (Fig. 8.76), as z traverses it, 0i increases 
from 0* to 6* + 2ir and 0 2 increases from 0* to 6* 27r; therefore fi returns to its 

original value. The points A(z = c) and B{z = - c ) are called branch points. In 
order that fi be single-valued, we must exclude the possibility that z traverses a curve 
enclosing only one of the branch points. To do this, we may introduce an arbitrary 



z-- 


(a) 



y 



-c 

0 z~ 


(b) 


-c 


Fig. 8.7. 


cut linking AB, called a branch cut. Thus fi is single-valued in the slit plane. The 
branch cut may be conveniently taken along the segment AB on the real axis. 

Let us now return to the mapping function defined by (8.27). We observe that 
the boundary S\ of the unit circle |f| = 1 corresponds to the segment AB in the 
z axis. That is, the branch cut in the z plane is mapped onto a unit circle in the 
f plane. When the point f = t = e i9 describes the circle |f| = 1, the corresponding 
point z describes the segment AB twice in accordance with the relation 


z 



c cos 0 = 



so that the points t = e i0 and t = e~ id in the f plane correspond to one and the same 
point of the segment AB. The circle S' of the radius pi in the f plane corresponds to 
the ellipse in the z plane whose semiaxes are 


0 = I ( P1 + 7 ) 6 " 5 ( Pl " j) 

Or, in terms of a and 6, 

pj 2 = ——\ and c 2 = a 1 — 6 2 

a — b 


(8.30) 


Hence, the points A(— c,0) and B(c, 0) are the foci of the ellipse. 

In the f plane, it is evident that the boundary condition (8.21) must be satisfied 
on the circle S' or |f| = pi. On the unit circle Si, the condition F x {t) = F 1 (?) must 
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be satisfied since the points t = e' e and t — e~* e correspond to the same point of the 
segment AB in the z plane, and the function F(z) will assume the same value as z 
is made to approach the cut AB from either side. Accordingly the function F{z) 
will be analytic in the uncut circle. 

The function F i(f) must be single-valued and analytic in the ring between Si and 
S'. Hence, it can be expanded into the Laurent series 


oo 


Fi(t) = ^ B„r 

n = — oo 


(8.31) 


which converges when 1 < |f| < pi. On the unit circle, we must have 


CO 


CO 


Flit) = Fi(t) or y B n e'" a = Y B„e~ inl 


- CO 


— CO 


which requires 


B n = B 


—n 


It may be pointed out that although the above relation was obtained by taking the 
cut along the segment AB on the real axis, the same relation can be shown valid if 
the cut is taken along any other arbitrary curve joining AB. On the circle S', 
f = pie* 0 , the condition (8.21) must be satisfied. Hence, 


00 


00 


£ BnP .V”« - Y, = i£(pie ie +~ e ~‘ e ) ( p ' e ~ iS +} l ei0 ) + C ‘ 


— CO 


— 00 


= *•£[«•” + (*M J + Jj) +#-«•] +C- 


Equating the coefficient of e inQ on both sides of the equation, we find 


B-ipi 1 


B-ip i 2 = 


ic 


B — 2P 1 2 


— B 2 pi 2 


ic* 


But 

Then 


Bn = B- n or Bn = B-n 


B 2 p i 2 


— B 2 p i 2 = 


IC 


B-ipi 2 


B 2 pi 2 


ic 2 


Solving, we obtain 


Bo — Bo = 


ic 2 pi 2 


4 pi 4 + 1 


and all other B n are zero. Accordingly, 


ic 2 


fi(r) = fy j (r 2 + p) + constant 


and since 


we obtain 


= ?( f!+ F’ + 2 ) 


F(z) = 


ip i 2 


Pi 4 + 1 


z 2 + constant 
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If we substitute into the above equation the expression of pi in terms of the major 
and minor semiaxes a and b, we get 


i a 2 — b* 

F(z) = g ^TZ 52 + constant 

from which it follows that 

a 2 — 6 2 

<t> = ~ ^ XT/ + constant 


This is precisely the expression we obtained in Sec. 5.2. 

To compute J , let us substitute f = pie i9 and f = into formula (8.26). 
Since on the circle S', 


we have 


m = f (<ne<° + 1 e-») /(f) = | (p, e -‘ + A e‘») 

d/(f) = | (p,e i# - A e-«) dO 


<*/(?) =|(-piC-‘» +i e >«) 


d0 


and / 




_ 1 p^fzc 2 PI 2 / 

4 Jo L 4 pi 4 + 1 V P1 


*e 2< ® + 


pi 


-a.A _ is! . p * 2 

) 4 P1 < +1 


+i«,,.)] [1 („«-.+1«..) i 


( 

(,„» _ i +1 (»„» + J..-») L« + 1 ,») .„] 


A straightforward integration gives 


/ = 


7TC 

32 


V 4 _ AA ^ P! 4 - 1 
! V 1 PiV 8 p,‘ + l 

ir r/ , 1 7 T k (a 2 — 5 2 ) 2 

= 4 a6(a + 6 ) ~ 4 ai> ^HhfcT 

7r a 3 6 3 


a 2 + 6 2 


The shearing stresses can be computed from formula (8.27). 

8.6. Plane-stress and Plane-strain Problems. In Sec. 4.1, it was 
shown that the solution of a plane-stress or a plane-strain problem with 
gravitational body forces can be reduced to the determination of the 
stress function \p which satisfies the biharmonic equation 


W = 0 


We shall now carry out the solution of the biharmonic equation by means 
of complex variables. 

Rewrite the biharmonic equation in the following form: 


V 2 (VY) = 0 
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p = VV 

satisfies the Laplace equation V 2 p = 0. If we denote the conjugate of p 
by q, then 

/i(z) = P + iq 

is an analytic function, and the integral of this function with respect to z 
is another analytic function. Let 

F(z) = P + iQ = HfA(z) dz (8.32) 

Then + + ^ 

dQ dP 1. 


Hence 


dy dx 


4 P 


2 — + 2 — = p 

dx ^ dy p 


From these definitions we find 

V 2 (.t P + yQ) = 

But VV = p . Therefore, 

V 2 (^ — xP — yQ) = 0 

That is, the function - xP - yQ) is a harmonic function, say P i, and 
the stress function can be written as 


\p = xP + yQ + Pi 


(8.33) 


The stress function \p given by Eq. (8.33) can be written in several 
different forms. Let us construct the function 

x« = Pi + iQi 

where Q\ is the conjugate function of Pi. Noting that 


zF(z) — {x — iy)(P + iQ) = (xP + yQ) + i(xQ — yP) 


we can write 

* = Re [zF(z) + x(*)] (8.34) 

where the symbol Re denotes the real part of the function following it. 
If we denote the conjugate functions of F(z) and x(*) by F{z) and *( 2 ), 
respectively, so that 

F(z) = P — iQ m ~ Pi- iQi 

then formula (8.34) can be written as 

\p = %[zF(z) + zF(z) + x(z) + x(z)] 


(8.35) 
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Equations (8.34) and (8.35) show that any stress function can be expressed 
in terms of suitably chosen analytic functions. 

Let us now express the displacements and the stresses in terms of these 
analytic functions. From Eqs. (3.27) and (4.4), we find that, in the case 
of plane stress where there is no body force, we have 


du _ 1 , , _ 1 /dV 

dx E^ 1 “ E\W~ 

aw _ 1 , . _ i (dhff a 2 A 

dy E 17 “ ~E\w~ v w) 


dy E ' " E\dx 2 "w) 

to , aw = 2(1 + v ) _ _ 2(1 + v) d 2 t 
a^W dy E xy E dx dy 


(8.36) 


Recalling that 


av . av 

'■vv-si+ro 


and 


aQ 

dy 


ap l 

ax 4 p 


we obtain from the first two equations 


du 

dx 


= i Tp - (i + A 


av 

ax 2 


av 

ax 2 


I -(! + „)** 

£ ax u + ax 2 


and 

Integrating, we find 


ay 

dy 


= J. ' 
E . 


4 — — (1 + v) —^ 
ay ^ ^ v> dy 2 


y = F 4Q 


(! + I ')^ + ff 2 ( a: )] 


M = ^[ 4P - (! + ")^ + ^(2/)] y = g 4Q-(H-v)^^)] 

where yi(y) and g 2 (x) are arbitrary functions of y and x, respectively. 
Substituting these expressions into the third equation in (8.33) and 
canceling the common factor 1 /E, we obtain 


4 ? + r 

V dy dx 


2(1 + ') TIT + f + f 

dx dy ay dx 


= -2(1 + v) 


ay 

dx dy 


But 


dP = _ aQ 
ay ax 
dy_i , dy2 = n 
dy ^ dx 


dgi 

dy 


d(h 

dx 


= C 


Then 

which implies 
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where C is a constant. Therefore 

ffi — Cy + Ci g 2 = -Cx + C 2 

From the definitions of the strain components, we find that these dis¬ 
placement components will not induce any strain and represent the 
rigid-body displacements. Discarding these terms, we obtain finally 


u 


-ik- 


(l + y) 


d\p 
dx 




or 


u + iv = 


E 


d\l/ 


4(P + tQ) ~ (l + >0lx: + * 


‘ 1)1 


(8.37) 


Noting that 


dz 

dx 


dz 

dx 


= 1 


dz 

dy 


= l 


dz 

dy 




from Eq. (8.35), we find that 


d\p 

dx 

d\p 

dy 


1 [zF'(z) + F(z) + zF’(z) + F(z) + x '(*) + X (*)] 


l r — 


Hence, 


^[zF'(z) - F(z) - zF'(z) + F(z) + x \z) - X (*)] 

g + i ^ + X (*) 


(8.38) 


Recalling that P + iQ = P(z), we have 


m + * = ^-^Fiz) - [zF'(z) + *'(*)] 


(8.39) 


This formula permits us to calculate the components of displacement 
for plane-stress problems whenever the functions F(z) and x (z) are known. 
A similar formula can be easily derived for plane-strain problems. 

Now, let us examine the stress components. Differentiating Eq. (8.38) 
with respect to x and y, we find that 

5V + { = F'(z) + z F"(z) + F\z) + x"(z) 


dx 2 


dx dy 


d 2 t , . av 


+ = i[F'(z) - zF"(z) + F'(z) - x"(f)] 


dx dy dy 

Multiplying the second equation by i and subtracting and adding the 
resulting equation from and to the first equation, we obtain 

= 2 F\z) + 2F'(z) = 4 Re F'(z) (8.40) 

<Ty ~ <T X ~ 2lTry = 2 [zF" (2) + x" (l)\ (8.41) 

A more convenient form of (8.41) can be obtained if we change i to —i on 
both sides of that equation. Then 


(Ty — <Tz + 2 IT** = 2 [zF"(z) + x"(z)] 


(8.42) 
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Formulas (8.40) and (8.42) give us the stress components if F(z ) and \{z) 
are known. 

Let us now calculate the resultant force acting on an arc AB drawn on 

the plate. Let X ds and Y ds repre¬ 
sent the x and y components of the 
force acting on the element of arc ds 
of AB from the positive side of the 
normal N. Then 



xds 


dx 

(b) 




X = a x cos a + T xv sin a 
Y = (Ty sin a + T zy cos a. 

where a is the angle between the 
positive direction of the normal and 
the x axis. To ds correspond a dx 
and a dy as shown in Fig. 8.86. If we 
let the positive direction of the arc ds be from A to B, then x decreases as s 
increases and a positive ds will correspond to a negative dx. Thus 


(a) 

Fig. 8.8. 


dy 

COS ct — — 

ds 


and 


sm a = — 


dx 

ds 


With these relations, together with 


a* = 


av 

dy 2 


d 2 t 


v dx 2 


Txv =~ 


ay 

dx dy 


we find that 


X 


a v dy av dx _ a / a^\ dy , a / a^\ dx _ d^ /a^\ 

dy 2 ds dx dy ds dy\dy) ds dx \dy) ds ds \dy/ 


Y = 


d 2 \p dx d 2 \p dy 
dx 2 ds dx dy ds 


_ _d / aA 

ds \dxj 


The components of the resultant force acting on AB are therefore 



B 

Ft = I Xds 

A 
B 

K = I * 

A 


[ B d(ty\, = \ty\ B 

J A ds\dy) dS [dy\ A 


B 


d^ 

dx i A 


(8.43) 


where the symbol £ represents the difference of the values of the 
quantity at B and at A. 

The moment of the force on AB about the origin 0 is 
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Integrating by parts, we obtain 



(8.44) 


8.6. Solution of Plane-stress and 
Plane-strain Problems in Polar Coordi¬ 
nates. Let us now find the general 
solution of plane-stress and plane-strain 
problems in polar coordinates. Refer¬ 
ring to Fig. 8.9, if we denote by v r and 
v e the components of displacement at 
the point P in the directions of the polar 
coordinates r and 9, we have 



u — v r cos 9 — Ve sin 9 v 


v r sin 9 + v e cos 6 


Noting that —1 = i 2 , we obtain 

u + iv = v r (cos 9 + i sin 9) + iv 0 (cos 9 + i sin 6) 
= (v r + iv e )e i6 
Hence v r + iv e = e~ i0 (u + iv) 


= e~ ie 


3 V F(z) - l -4r I [zF'{z) + x(*-)] 


E 


E 


(8.45) 


for plane-stress problems. If we substitute z = re ie and z = re~ id in the 
terms at the right-hand side of Eq. (8.45) and separate the real and imagi¬ 
nary parts, we obtain the displacements v r and v e in polar coordinates. 

In order to get expressions for the components of stress in polar 
coordinates, let us temporarily denote the coordinate axes r and 9 by x ' 
and y' f respectively. Then 


Or = 0V (70 = oy T r 0 = T x 'y' 


Noting that l\ = cos 9 , m i = sin 9, l 2 = —sin 9 , m 2 = cos 9 , we find from 
formulas (1.15) 

o r = o x cos 2 9 + <r u sin 2 9 + 2sin 9 cos 9 
o 0 = <7 x sin 2 9 + <r y cos 2 9 — 2rxy sin 9 cos 9 
T r e = (—o x + <T y ) sin 9 cos 9 + r XI/ (cos 2 9 — sin 2 6) 

It follows directly from these formulas that 


Or ~f~ 0$ O’ x ”t” O y 

Oe — Or + 2ir r $ = (<7^ — a x + 2iT xu )e 2i9 


From formulas (8.40) and (8.42), we have 

(7 r + <70 = 4 Re F\z) = 2[F'(z) + F'(z)] 
oe-o r + 2 tTrs = 2 [zF" (z) + x"(z)]e 2 ' 9 


(8.46) 

(8.47) 
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If we subtract (8.47) from (8.46), we get 


<7 r - tTre = F\z) + F\z) - [zF"(z) + x "(z)]e™ (8.48) 

8.7. General Solution for an Infinite Plate with a Circular Hole. Let 
us choose the origin of coordinates at the center of the circular hole. If 
the boundary conditions are given in terms of prescribed stresses over the 
boundary of the hole, then a r and t t q are known at z — ae ifl , where a is the 
radius of the hole. 

The analytic functions F'(z) and x'(z) can be expanded into power 
series. Since the stresses must remain finite when r—» », we find from 
formulas (8.46) and (8.48) that these functions must also remain finite 
at r = oo. Therefore, these functions must have the form 

00 00 

F'(z) = £ A„z-" x"(z) = 2 BnZ ~ n (8-49) 

n=0 n=0 

where A n , B n are complex constants. From formulas (8.46) and (8.48), 
we observe that the stresses at infinity are given by the real part of the 
constant A 0 and the constant B 0 . The imaginary part of the complex 
constant A 0 does not affect the state of stress. 

Integrating (8.49) with respect to z, we find 


oo 

X A 

+ 


Cl 


n = 2 
oo 


v~\ R ?—n +1 

x'(z) = B 0 z + B, log 2 - 2, + 


C 2 


n = 2 


where c x and c 2 are complex constants. Noting that 


00 

F’{z) = ^ 4 n z-” 


n = 0 


00 — 


'(z) = BoZ +B X log z - 2^ n - Y + 


c 2 


n = 2 


we have from (8.45) 


v T + ive = e 


— „-i0 


3 - 



A 0 z + A x log z - 2 A Y~ i + Cl ) 

n — 2 ' 


- + r 2 | 


- t iog 2 - i + c_2 )] 

N n = 2 


(8.50) 
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Let us examine the function log z. If we write z = re l \ then 

log z = log r + id 

We observe that this function is not single-valued because if we trace a 
path around the hole the value of d increases from some value 0i to 
61 + 27t. The increment of v r + iv$ in going around the hole is therefore 


2 nrie~ id ( 


*-'_ Ai + 1 + 2 b 


E 


E 



In order that v r + iv$ be single-valued, we must require that 

(3 - v)Ai + (1 + v)B l = 0 

A _ 1 + V p 

A i — — ^- £>\ 


or 


3 — v 


(8.51) 


Since the stresses <r r and r r g are given at r = a, we can expand (<r r 
in a complex Fourier series; then 


— tT r u) 


r=a 


00 


(<T r — ZT rff) r=a = ^ C n e in * 


(8.52) 


n = — « 


where the coefficients C n are given by the formula 


1 


2 x 


Cn = 2^: I \. G rW — T r0 (0)]r=a ^ in9 dd 


From formula (8.48), we have 


n = 0, 1, —1, —2, . . . 


(8.53) 


C7 r - iT r o = F'(z) + F'(z) - [zF"(z) + x"(z)]e™ 


Substituting into the above expression the series (8.49) and (8.52) and 
noting that on the boundary of the circular hole r = a, w r e find that 


co 


00 


00 


I <v- - l «" + i 

=■ — « n = 0 n = 0 n=0 


00 


n « — « 


V ^ n c -i(n~2 

Lt a n 

n = 0 


00 r 

-i[ 

n = 0 L 


(1 + ri)A n - 


5 


n+2 


a 


»—inO 


a 


71 


- e« - 


00 _ 


Boe f26 + y — e- 

^ a n 

71 =0 


a 


fnfl 


Comparing the coefficients of e ind on both sides of the above equation, we 
get 


Ao + Aq — ~ = Co 

or 

- l - - 1 = Ci 
a a 

J? - * “ c. 


(8.54) 

(8.55) 


(8.56) 
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1 + n 
a n 




if n > 3 
if n > 1 


(8.57) 

(8.58) 


Since A 0 + A 0 and B 0 describe the behavior of stresses at infinity, they 
are assumed to be known. We have pointed out; before that the stresses 
do not depend on the magnitude of the imaginary part of the constant A 0 . 
If we examine formula (8.50), we find that the imaginary part of A 0 will 
produce a rigid-body motion so far as the displacements are concerned. 
Therefore, the magnitude of the imaginary part of the constant A 0 is 
irrelevant to our problem, and we may arbitrarily assign its value to be 
zero. Then A 0 becomes real and A 0 + A 0 = 2A 0 . 

From (8.51), we find that 



Substituting into Eq. (8.55) and solving, we get 


d _ (3 - v)C ia 

Bl " 4- 

and it follows from (8.51) that 

(1 + v^a 

1 4 

From Eq. (8.56), we obtain 

A 2 = Boa 2 + C 2& 2 

Remembering that A 0 is now real, we find from Eq. (8.54) 

B 2 = 2.4 0 a 2 - C 0 a 2 
Equations (8.57) and (8.58) give 

A n = C n a n for n > 3 

and B n = (n — l)a 2 .4 n -2 — a n C_ n + 2 for n > 3 


(8.59) 

(8.60) 
(8.61) 
(8.62) 

(8.63) 

(8.64) 


Thus the coefficients are explicitly determined. Therefore the problem is 
completely solved if the stress distributions are given on the circular 
boundaries of the plate. 

Take, as an example, the problem of a large plate containing a small 
circular hole of radius a in the middle and which is subjected to a uniform 
tension in the x direction. This problem was solved in Sec. 4.5 by 
another method. In this case the boundary conditions are that, atr = 00 f 



and, at r = o, 


= T r o = 0 


(8.65) 
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From formulas (8.40) and (8.41), we find, at r = «>, 


Hence 



Furthermore, from (8.52) and (8.65), we find that all Fourier coefficients 
C n vanish. Formulas (8.59) to (8.64) give in this case 


A x = 0 
A 2 ~ — 
A n = 0 
B* = 0 
Bn =0 



Sa 2 
2 


if n > 3 
B< = - 


3Sa 4 

2 


if n > 5 


Accordingly, the functions F'(z) and x"(z) are 



Substituting these expressions into formulas (8.46) and (8.47), we find 
that 

a r + <Jo = S ^1 — 2 ^ cos 26 
a s -a r + 2tr* = S ^2 ~ e~ i2S - e™ 

Hence ^ = | (l “ ^) + | (l + 3 ^ - 4 ^ cos 26 

| (i + ^) - | (i + 3 cos 26 

r r e= -f( 1 + 2 ^-3^) S in20 

These are precisely the stresses we obtained in Sec. 4.5. 

Dropping the nonessential constants of integration Ci and c 2 in formula 
(8.50) and separating the real and imaginary parts, we get 





_ 5(1 + v ) ri - 


2 Er 


1 + ? 


r 2 + a 2 + 



4a 2 


+ v 


+ r 2 — 


5(1 + v)(\ - 


2 Er 


+ V 


2a 2 + r 2 + % | sin 26 




cos 26 


Problem 1. Using the method of this section, determine the stress distribution 
in a uniformly stressed infinite plane with a small circular hole in the middle. The 
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boundary conditions in this case are 


&Z - y - S 

at infinity and a r = r T o = 0 at r = a. 

An,. F'(z) = X "( Z ) = §£ 

" =s ( 1 ~ f’) 1= 5 0 + 7 !). 

_ S(1 + p) (i - p 

\i + * 


Tz V 


0 


TrO = 0 


= 


Er 


r 2 + 


w 

a 2 ), t>e = 0 


Problem 2. Find the stress distribution in an infinite plate with a circular hole 
if there is a uniform normal pressure of magnitude p applied along the edge of the 
hole. The stresses at infinity are assumed to be zero. The boundary conditions are 


O x — U y — T zy — 0 
<Tr = ~P TrO = 0 


at r = 00 
at, r = a 


Am. F'(z) - 0, x "(z) = 

pa 


pa 


pa 2 _ 

<r T = — a o = TrO = 0 

r l r 2 

pa 2 ( 1 + v) 


V r = 


Er 


, v e = 0 


Problem 3. Find the stress distribution in an infinite plate with a circular hole 
if the pressure p applied along the hole varies according to the formula 


and 


o> = p o cos Q 

<j r = p o cos ( 7 r — 0) 


for —a < 9 < a 

for 7 r — or < 0 < 7r -f- a 


and the stresses at infinity are assumed to be zero. 

8.8. An Infinite Plate under the Action of Concentrated Forces and 
Moments. The method described in the preceding section can also be 

used to determine the stress distribution 
in an infinite plate under concentrated 
forces and moments. We begin by con¬ 
sidering the case of an infinite plate of 
thickness h with a circular hole of radius a. 
Assume that the distribution of stress over 
the boundary of the hole is given by 

P X W P, 



X = 


2 tt ah 


Y = 


2 irah 


and the stresses at infinity are zero. P x 
and P v in the above expressions are 
constants and are the components of the resultant of external forces 
acting on the boundary of the hole. Observing that the positive normal 
N makes an angle 0 + n with the positive direction of the x axis (Fig. 
8.10), we have 
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(cr r ) r —a 


1 


2irah 

1 

2irah 


( P x cos 0 + sin 0 ) 
(— P x sin 0 + Pj, cos 0 ) 


Hence 


1 


O’ y XT 


27ra/i 


(P. “ iPy)e ie 


on the circle. It follows from this equation that the nonvanishing coeffi¬ 
cient in the expansion (8.53) is 

c ' - - S3 < p ' - <p -> 

Let us assume that the stresses at infinity vanish. Then, we have 

A o — Bo = 0 

From formulas (8.59) to (8.64), we find that 

(1 + V){P X + iPy) 


A i = - 


By = 


87 jA 

(3 - v) (P, - tP,) 


= 0 if n > 2 


B* = —a 2 


87 r/i 

(1 + *)(P. + tP,) 


7?, = 0 


= 0 if n > 4 


Thus 


F'(z) = - 


x"M « 


47r/l 

(1 + v)(P s + iP y ) 1 

87r/l z 

(3 - v)(P, - iP y ) 1 (1 + 0(P, + iP,) a 2 


87 rh 


4irh 


We now let the radius a of the hole tend to zero, at the same time allow¬ 
ing the components X and Y of the surface force to increase in such a way 
that the resultant force has always the same magnitude and direction. 
As a approaches zero, we find that the second term in x'{z) approaches 
zero. Then 

_ (3 - y)(P 9 - iP y ) 1 

X (Z) - 8 Vh - 1 

Substituting these expressions of F'(z) and x"(z) into formulas (8.46) 
and (8.47), we have 

, (1 + v)(P T cos 0 + P y sin 0 ) 

a ' + at= M? - 

_|_ 2 i T g = Px cos 0 + Py sin 0 ^ (1 — v){P x sin 0 — P y cos 0 ) 


Accordingly 


<re = 


T r e = 


7r hr 

— 3 + v Px cos 0 + Py sin 0 
4irh r 

1 — v P x cos 0 + Py sin 0 

47 rh r 

1 — v P x sin 0 — P y cos 0 
Airh r 


2irhr 


( 8 . 66 ) 
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Formulas (8.66) give the distribution of stress due to a concentrated force 
applied at the origin of coordinates of an infinite plate. 

Now let us find the stress distribution in an infinite plate due to a 
moment applied at the origin of the coordinates. In this case, we first 
consider the case of uniform tangential stress of magnitude T applied 
along the edge of a circular hole of radius a. Then at r = a 


<7 r = 0 T r g = T 

We shall again assume that the stresses at infinity vanish, and therefore 
Ao = B 0 = 0. Since 

(o> — iTie) r =a = —iT 

the coefficients in the Fourier expansion (8.52) all vanish except the con¬ 
stant term 

Co = -iT 

From formulas (8.59) to (8.64), we find 

A n = 0 for all values of n 

B n = 0 for all values of n except n — 2 

B 2 = -C 0 a 2 = iTo 2 


Now the moment of the external forces applied to the boundary of the 
hole is 

M = -2tt a 2 hT 

Hence B, - - ® »d f'W ■ 0, rt) - - 

A simple calculation leads to 




M 

2 irhr 2 


(8.67) 


which gives the stress distribution in an infinite plate due to a couple of 
moment M acting uniformly about a hole of radius a. We observe that 
these formulas remain unchanged if we let the radius of the hole go to zero 
and increase T in such a way that the moment M remains constant. In 
this limiting case, the formulas (8.67) give the stress distribution in an 
infinite plate due to a concentrated couple of moment M acting at the 
origin of coordinates. 

8.9. Circular Plate under Arbitrary Edge Thrust. General series 
solutions for circular boundary problems are very easily constructed. 
Since the stresses are finite and single-valued, the functions F'(z) and 
x "(z) are analytic and single-valued in the region r < a, where a is the 
radius of the circular plate. Thus we can write 


oo 

F'(z) = 2 A nZ" 

n = 0 


CO 

x"M = 2 B ^ n 

n = 0 


( 8 . 68 ) 
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Suppose the circular plate is in equilibrium under the given edge 
loading 

oo 







(8.69) 


where the complex Fourier coefficients C n are given by the formula 


70) 

Since the circular plate is in equilibrium, the stress resultants F x + iF v 
and M around the boundary must vanish, and since 



F x + iF v = 

j** (c j r + iT re )r-ae ie a dO 


M = 

f 2 * Mr-aU 2 dO 

we have 

or Co is real. 

o 

II 

d 

and Co = Co 


Now changing the sign of i throughout the formula (8.69), substituting 
the resulting series and series ( 8 . 68 ) into Eq. (8.48), and noting that 
z = ae id at r = a, we have 


=i r 

n 2 tt Jo 


f(0)e~ in9 dO 


( 8 . 



oo 


^ (n — l)A n a n e in6 


n => 1 


00 


- ^ £„aV 


(n+2)0 


n = 0 


Comparing the coefficients of e' n9 on both sides of the above equation, 
we find that 

A 0 + Aq = Co 

A n = C n or n n = 1, 2, 3 . . . (8.71) 

B n = — a~ n [(n + l)C „+2 + C_( n + 2 )] n — 0, 1 , 2, 3 . . . 

As an example, let us consider a circular plate under edge pressure over 
equal and opposite arcs. In this case, we have 

(j T — —p for — ol < 0 < a and tt — a<0<7r + a 
t t6 = 0 for all values of 0 


Then, from (8.70), 




— pe~ in6 dO + 




V 

— sin 2 not 

7i7T 


C 


2n+l 
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Hence, we find from (8.71) 

-^0 -f* Ao 

A 2n-j-l 

A 2n 



_ _ 2 pa 

7r 

= 0 ^2n+l — 0 

_ _ p sin 2 na 
mra 2n 

_ 2 p sin 2 (n -f- 1)« 


Since the imaginary part of Aq does not affect the stresses, we may arbi¬ 
trarily assign it the value zero. Then 


•«=-?(»+ 

X 71 = 1 


sin 2na 


oo 


2n 


na 


2 n 


x ”( z )= ?? Y sin 2(w + l)a 

T n = 0 “ 2n 


2n 


Substituting these expressions into formulas (8.46) and (8.47) we 
obtain ’ 


+ o'e = 


co 


4p V sin 2na / A 

'L“ + A~w 


2n 


cos 2n0 


oo 

— <r r + 2 ir r0 = ~ ^ sin 2(n + l)a ^1 — ^ e * 2(n + 1)0 


from which we find 


= - v [“ + „| 0 © ( 1 “ JTTI S) sin 2(n + 1 >“ cos 2 < n + D®] 

+ J o Q (i + Jrn Ji) sin 2(» + D« cos 2(n + l)ej 



T r <? 


= ^ Z o (^) ( X ~ ^ 2 ) sin 2 ( n + !)“ sin 2 ( w + 1)9 


8.10. Plates Bounded by Two Concentric Circles. Let us now con¬ 
sider a plate bounded by two concentric circles of outer radius b and inner 
radius a. We choose the origin of coordinates in the center of the circles 
and assume that the external forces are applied on the boundaries of the 
plate. The boundary conditions are then 


00 




(8.72) 
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where the coefficients of the Fourier’s series C n and C" n are given by the 

formulas 

1 f 2 * 

n = ~ Jo fi(S)er*" de 

2jt 


c, 


1 


(8.73) 


C n = 2 ^ J 0 f^ e ~ in ° d6 


From formula (8.40), we find that the condition of single-valued stresses 
requires that the real part of F'(z) be single-valued. Expressed in terms 
of complex series, F\z) must be of the following form: 


QO 


F'{z) = A' log 2 + ^ A„z" 


(8.74) 


n = — oo 


From (8.41), we observe that the stresses are single-valued if x"(z) is 
single-valued. Therefore, x"(z) can be written in the form 


co 


// 


(z) = ^ B n z n 


(8.75) 


- co 


If we integrate F'(z) and x'(z) as given by (8.74) and (8.75) and sub¬ 
stitute the resulting expressions into (8.39), the condition that the com¬ 
ponents of displacement must be single-valued requires that 


A' = 0 


and 


(3 - v)A. x + (1 - v)B_ x = 0 (8.76) 


Substituting the series (8.74) and (8.75) into formula (8.48), we obtain 


co 


00 


00 


2 [(1 -n)An- 


— 00 
00 


^ [(1 - n)A„ - B n _ 2 b- 2 ]b n e in> + ^ A n h n e~ ine = Y 


+ 

) A„a n e -i " 9 = 

) C„e~ ine 


— 00 

— 00 


CO 

00 

n 

+ 

) A nb n e~'" e = 

> c;e*»« 


— 00 


— oo 


— oo 


where the condition A' = 0 has been used. Equating the coefficients of 
like powers of e ,a on both sides of the above equations, we find that 


(1 - n)A„a n 
(1 - n)A n b n 


(j4 0 + I*) — B- 2a 2 

(•do + .Ao) — B_ib~ 2 

- B n _ 2 a"- 2 + A_„a-" 

- B„_ 2 b- 2 + i_„6- 


= Co 

- Cl 

= C„ 
= C'„ 


n = +1, + 2, 
n = ±1, +2, 


(8.77) 


• • 


• • 


Solving the first two of these equations, we get 


Ao + Ao = 


C' 0 b 2 - Cofl 2 
b 2 — a 2 


B _, = 


(Cl - C 0 )a 2 b 2 
b 2 - a 2 


(8.78) 
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Since A 0 + Ao is real, C' 0 b 2 — C 0 a 2 must also be real. This is true 
because a simple calculation shows that this requirement is equivalent to 
the condition that the resultant moment of all external forces vanishes. 
Since the addition of an imaginary constant to F'(z) cannot affect the 
state of stress, we can assume that ^4 0 is real so that A 0 = A 0 . 

If we let n = 1 in the third equation of (8.77), we obtain 

A —i — B— i = C\CL 


Forming the conjugate and solving it simultaneously with the second 
equation of (8.76), we get 




3 — v C\a 

2~-^~v ~ 2 ~ 


(8.79) 


If we divide the third equation of (8.77) by — a n ~ 2 and the fourth by 
b n ~ 2 and add, we obtain 

(1 - n)(b 2 - a 2 )A n + [&-*<»-» - a~ 2 ^]A. n = C' n b~ n+2 - C n ar»+ 2 (8.80) 

Replacing n by — n in (8.80) and forming the conjugate of the resulting 
expression, we obtain 

(fc 2 n +2 _ a 2n+2 )A n + (1 + n)(b 2 - a 2 )A- n = C'_ n b n+2 - C- n a n+ 2 (8.81) 

We can easily verify that the condition of the vanishing of the resultant of 
all forces applied to boundaries leads to 

C[b -Cia = 0 


For n = 1, we find that Eq. (8.80) is identically satisfied. Equation 
(8.81) gives 

(6 4 - a A )A\ + 2 (b 2 - a 2 )A-i = C'_ x b 3 - C_ x a 3 


Solving, we find that 




1 — v C\d 
2^~v b 2 + a 2 


(8.82) 


The remaining coefficients A n (n — ±2, ±3, . . .) can be determined by 
solving the system of Eqs. (8.80) and (8.81). Hence 


A n = [(1 + n)(b 2 - a 2 ){C’ n b-*+ 2 

/[(l - n 2 )(b 2 - a 2 ) 2 - 


— C n or n+2 ) 

- (b~ 2n + 2 - a~ 2n+2 ) (C_' n b n+2 - C^ n a n + 2 )] 

(^2n+2 _ a 2n+2) (fc-2„+2 _ a ~2n+2)] (g. 8 3) 


The remaining coefficients B n can now be determined from the third equa¬ 
tion of (8.77). Thus 

Bn . 2 = (1 - n)A n a 2 + I_ n a-*"+ 2 - C n a-+ 2 


(8.84) 
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As an example, let us consider the case of a thick cylinder subjected to 
uniform internal pressure Pi and external pressure p 0 . In this case, we 


have 


o> = — Pi 
o> = Vo 

TrO = 0 


on r = a 
on r = b 
on r = a and b 


All coefficients in the Fourier's expansions (8.72) vanish except Co and C' 0 , 
which are 

Co Pi Cq = p 0 

The formulas (8.75) give 


Pob 2 - Pia 2 _ ( ; pi - p 0 )a 2 b 2 

2(6 2 - a 2 ) “ 2 6 2 - a 2 


and all remaining coefficients in (8.71) and (8.72) vanish. 



«.///~\ _ (P* Po)d 2 b 2 

X W 62 _ a 2 



Hence 

JL 

z 2 


from which it follows that 


a , = — 


p 0 5 2 - 
6 2 - a 2 


+ 



(Po - Pi)a 2 b 2 J. 

b 2 — a 2 r 2 

(?. - Pi)a 2 b 2 J. 

6 2 — a 2 r 2 



The formulas check exactly with the ones we obtained in Sec. 4.4. 


Problem 1. Verify that the conditions of vanishing resultant forces and moments 
on the boundaries are equivalent to 

C[b — Cia = 0 and C' 0 b 2 — Coa 2 = real 

Problem 2. If the circular plate is subjected to a uniform edge pressure over equal 
and opposite arcs on the external boundary and zero pressure on the internal bound¬ 
ary, find the stress distribution in the plate. The boundary conditions in this case 
are 

o> = —p at r = b and — a < 6 < a and tt — a < 0 < tt -\- a 

<r r = 0 at r «= a 

t t q = 0 at r = a and b 

8.11. Elliptic Hole in a Plate under Simple Tension. Method of 
Conformal Transformation. In the preceding sections, a number of 
important problems were solved where the regions under consideration 
were bounded by circles. If the boundaries are not circular, the methods 
used in the preceding sections must be modified by the use of conformal 
transformation. Let us consider, as an example, the case of an elliptic 
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hole in an infinite plate. The region outside the elliptic hole in the com¬ 
plex z plane can be mapped onto the region outside the unit circle in the 
complex f plane by the mapping function 


2 = /(f) = C (f + y) (8.85) 

where 0 < m < 1. It is easily checked that the boundary of the unit 
circle |f| = 1 corresponds to the ellipse with center at the origin of the 
z plane and with semiaxes 


a = c(l + m) b = c(l — m) 
In terms of the major and minor axes, we have 


c = 


a -f- b 


m = 


a — b 
a + b 


( 8 . 86 ) 

(8.87) 


Let the maj or axis of the elliptic hole lie on the x axis and the uniform 
tensile stress S be inclined to the x axis by an angle /3 (Fig. 8.11). Let 




Fig. 8.11. 


Ox', Oy' be cartesian axes obtained by rotating Ox through the angle P so 
as to bring it parallel to the direction of S . Then by Eqs. (1.15) and 
(1.17), we can easily verify that 

oy + <v = (Tx + <r v <v — 0 V + 2zY x y = e>»(* v — a x + 2ir xy ) 

Since at infinity oy = S, oy = r*y = 0, we have 

(Tx + <J V = S <Ty — <7 x + ZiTxy = —Se-W at infinity 

and so, from formulas (8.40) and (8.42), 

4 Re F'(z) = S 2\zF"(z) + x "(*)] = -Scr** at infinity (8.88) 

Since there is no external load applied at the boundary of the hole, the 
stress resultant acting at any point of the boundary must be zero. There¬ 
fore, on the elliptic hole, we have 

F 4- iF =0 
F(z) + zF'(z) + x\z) = 0 


or 


(8.89) 
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With the aid of the mapping function z = /(f), we may express the 
functions F(z) and x(z) in terms of the variable f as follows: 

F{z) = F[/(f)] = F x (f) x(z) = x[/(f)] = Xi(f) 


(8.90) 


Then 


F"(z 


dF 

dF i 

ft = 

. Fi(f) 


dz 


dz 

/'(f) 


dx 

dx i 

# = 

X'i(f) 


dz 

df 

dz 

/'(f) 


d 

>'.(f) 

]df 

F'i'(f)/'(f) 

- F'i(f)/"(f) 

dt 

./'(f) 

J dz 

[/ 

'(f)] 3 

d 

xi(f) 

jdf 

. xi'(f)/'(f) 

- xi(f)/"(f) 


(8.91) 


Inserting these expressions in formulas (8.39), (8.40), (8.42), (8.43), and 
(8.44), we get 


u + iv = 


E 


Ox 


4 ~ o y — 4 Re 


Fi(f) 


mi 

/'(D 


_ i+z r pul 


E L/'(f) 


F'( f) + x'(f) 


(8.92) 

(8.93) 


o u -o x + 2ir* = [/(f)*T(f)/'(f) - /(f)F' x (f)/"(f) 

+ xi'(f)/'(f) - x',(f)/"(f)] (8.94) 


f*+= -i !>,«•)+m F; ( f)+ 


/'(f) 


/'(f)J 


ilf = Re [xi(f) - x'i(f) - F[ (f) * 


(8.95) 


(8.96) 


In order that the stresses be single-valued, the functions F'(f) and 
x "(r) must be of the form 


co 


00 


Fi(f) = J A - r " xl'Cf) = J F„r n 


(8.97) 


n = 0 


n = 0 


From (8.89) and (8.95), we see that, on the circle |f| = 1, we must have 

/Wi(r) +/(r)^i(f) +xi(f) =o 


or, forming the conjugate, 

/Witf) +/(f)F / (r) + x'itt) =0 at If I = 1 (8.98) 

Integrating (8.97), we obtain 

oo 

Fi(f) = A of + A, log f + y + A 

Li — n + 1 

"; 2 n I (8.99) 

xi(f) = Bo f + B, log f + y + B 

Lt —n + 1 

n=2 
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where A and B are complex constants of integration. Substituting (8.99) 

in (8.92), we find that the components of displacement will be single¬ 
valued if 


(3 - v)At + (1 + v)B l = 0 


( 8 . 100 ) 


The constants A , B and the real part of A 0 will give only rigid-body dis¬ 
placements, and they may be taken as zero. For |f| = 1, we have 


/'(f) 

/(f) 


= c ^1 — = c(l — me -1 ' 29 ) 

= c (j + — c(e~ i0 -f- me ie ) 


oo — _ 


P i(f) — A 0 f + Ai log f + ^ — 


n = 2 
00 — 


A „r n+1 

n + 1 


A 0 e~» - iA l6 - \ 

Li 71—1 

n*=» 2 


( 8 . 101 ) 


oo 


^i(f) = y A n e~ in6 


n = 0 


oo 

xl(f) = Boe" + iB x e - y 


n = 2 


B ne -i(n-i)0 

n — 1 


Substituting these expressions into (8.98), we obtain 


[ -A J p»(n—1)*“| 

A 0 e~ ie - iA x 0 - 2 -" _ 1 

n^2 J 


00 


+ c(e~' e + me'") ( £ A„e-<» 8 ) + B 0 e i9 + iBj - £ = 0 

n = 0 n = 2 

Equating the coefficients of 6 and e in0 in the above equation, we get 


cA i + i?i = 0 

An = 0 if n > 3 
— cA 2 + ^ A a + cmAo + B 0 


cA o + cwi 2 + cA o + 77i A 2 — B 2 

Bz 
2 

B 4 


= 0 
= 0 


cAi + C771 A 3 -= 0 


— cmA 0 + cA 2 + c 77i A 4 g- = 0 

£„ = 0 if 71 > 5 


( 8 . 102 ) 
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-An — 


cS 


Bo = - 


c 2 Se~W 


Solving the first equation of (8.102) simultaneously with Eq. (8.100), we 
get 

At = Ri = 0 

The solution of the remaining equations in (8.102) gives 


A 2 = y ( m ~ 2e2iP) 


B* = 


c 2 S 


(1 + m 2 — 2m cos 20 ) 


B* = 0 


B 4 


3c£ 2ig 
= “ ~2 6 


Accordingly, 


F' ( f) = c 4 + c 4 ( m - ^r 2 


"(D = - 


4 1 4 
c 2 S 


-2 i/3 


w + ^ (1 _ TO * _ 2m cos 2/3)r 2 - e^r* 

Z & 


from which it follows that 


cr* + = 4 Re 


F'( f) 


/'(f) 

£[1 — m 2 — 2 cos 2(j8 — 
— 2m sin 20 sin 2(/5 


0) + 2m cos 20 cos 2(/3 — 0) 
— 0)]/(l + m 2 — 2m cos20) 


(8.103) 


The maximum stress occurs at the end of major axis (0 
p = 7r/2. Since at that point <r x = 0, we have 

_ 1— m 2 + 2 — 2m_ ~ 3 + m 

<T "* 1 _ * 1 + m 2 - 2m * 

From (8.87) we have m = (a — b)/(a + b). Hence 


= 0) when 


max 


-( 


1 + 2 


J) 


which becomes larger and larger as the ellipse is made more and more 
slender. 

Problem 1. Determine the functions F'(f) and x"(f) when the infinite plate with 
elliptic hole is subjected to uniform tension. Verify that in this case the maximum 
stress, which occurs at the end of the major axis, is 


2 Sa 
b 


<7max 
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Problem 2. Instead of using formula (8.48), determine the functions F'(z) and 
x"(z) in the case of an infinite plate with circular hole subjected to simple tension at 
infinity by using formula (8.43) as was carried out in this section. 

Problem 3. An infinite plate subjected to simple tension inclined to the x axis 
by an angle 0 at infinity is weakened by a curvilinear polygonal hole. The curvi¬ 
linear polygonal hole in the z plane can be mapped onto a unit circle in the f plane 
by the mapping function 

z — c(l -f- mf -n ) 

where c, m are real positive constants and 0 <m(n — 1) < 1. Find the stress dis¬ 
tribution in the plate. 



CHAPTER 9 

BENDING AND COMPRESSION OF BARS. ELASTIC STABILITY 


9.1. Simple Bending of Prismatic Bars. When a bar is bent by two 
equal and opposite couples M (Fig. 9.1), the bar is said to be under simple 
bending. From experimental evidence, it is known that the only non- 



Fig. 9.1. 

vanishing stress component in this case is <r x and all the other stresses are 
zero. As a trial, let us assume therefore 

G x GxiXyUyZ) (J y cr 2 T xy Tyz T zx = 0 ( 9 . 1 ) 

where G x (x y y,z) is an unknown function of x y y y and z. From Hooke’s 
law, the strain components are then 

_ _ VGx A 

Jji y X y yyz T zx — v) 

With these relations, we find that the equilibrium equations are identically 
satisfied if 

£ = 0 ( 0 - 2 ) 

This means that <s x must be independent of x and is a function of y and 
z only. With (9.2), the compatibility equations reduce to 


Q J Qj 

II 

O 

(9.3) 

O 

II 

K « 
c, b £ 

(9.4) 

dV * _ 0 
dydz 

(9.5) 

Integrating Eq. (9.3), we obtain 


a * = Vfi(z) + f*(z) 

(9-6) 
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where fi(z) and f 2 (z) are unknown functions of z only. 
(9.6) into (9.5), we find that 


Substituting 



or /i(z) = Ci 


where C x is a constant. Substitution of ( 9 . 6 ) into ( 9 . 4 ) results in 


dz 2 



which, upon integration, gives 


fi(z) — C 2 z + C 3 

where C 2 and C 3 are constants. Hence 


a* = C x y + C 2 z -f C 3 (9.7) 

Let us take the origin of the coordinate system at the centroid of the 
cross section and the xz plane in the plane of the bending moment. 
Then, on any plane parallel to the yz plane, we must have 

F x = ff T x dA = 0 M v = jf VxzdA = M M, = JJ <r z y dA = 0 ( 9 . 8 ) 

A A a 

where the integration is to be extended over the whole cross-sectional 
area A. Substituting (9.7) into (9.8) and integrating, the first condition 
requires that 

C 3 = 0 

and the last condition gives 


CJ 2 + C 2 I yz = 0 


where I vt is the product of inertia and I z is the moment of inertia of the 
cross section of the bar about the z axis. For symmetrical sections, 
l V z = 0, and consequently Ci = 0. From the second equation in (9.8), 
we find that 


Hence 




where /„ is the moment of inertia of the cross section of the bar about the 
y axis. This agrees with the simple bending formula derived in the 
strength of materials. 

Let us now consider the displacements due to simple bending. Fro 
Eqs. (9.1) and (9.9) and the use of Hooked law, we have 


II 
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du _ M 
dx Ely 
dv _ vM_ 

dy Ely 

dw __ vM 

dz Ely 

du dv^^du.dw^dv .dw = Q 

dy + dx ~ dz dx dz ' dy 

From Eq. (9.10), we obtain by a simple integration 
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(9.10) 

(9.11) 

(9.12) 

(9.13) 



M 

Ely 


xz + Up(y,z) 


where u 0 (y,z) is an unknown function of y and z. The first and second 
equations of (9.13) give 


dv 

dx 

from which 


du _ du 0 dw _ __ du _ __ M 

dy dy dx dz EI V 

V = X + Vo (y,z) 

dy 



M X 2 
Wy 2 


du 0 

dz 


x + wo(y,z) 


duo 

dz 


where v 0 (y,z) and w 0 (y,z) are unknown functions of y and z. Substituting 
these expressions into (9.11) and (9.12) and rearranging terms, we find 


d 2 Uo 

W 



dv 0 

dy 



vM 

EI y Z 



dWo 

dz 



vM 

Ely Z 


Since the terms on the right-hand side of these equations are independent 
of x , we must have 


and 

Hence, 



d 2 uo 

W 





vM 

Ely Z 



vM 

Ely 


yz + g 1 ( 2 ) 


d 2 u 0 _ f) 
dz 2 


dw 0 
dz 

Wo ■ 



vM z 2 

Ely 2 + gi{ - V) 


where gi(z) and g 2 (y) are functions of z and y, respectively. Thus, we 
obtain 

duo vM . » 

v = --^ x ~w v yz + gi{z) 

M x 2 du 0 vM z 2 , , , 

Wy2 Wy 2 + ^ 


w = 
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Substituting these expressions into the third equation of (9.13), 


viz., 


we find 



-2 dHl ° x + d9 \^ + dg2 ^ 


vM 


dy dz 


dz 


dy EI y 


V = 0 


Since the last three terms are independent of x, it follows that 



In this last equation, we observe that the terms on the left side are func¬ 
tions of y only and the term on the right side is a function of z only. A 
function of y can be equal to a function of z for all values of y and z only 
when both are equal to a constant, say a,. The functions g lt g 2 , and u 0 
are therefore to be determined from the equations 



Comparing these with Eqs. (9.3) to (9.5), we find that 


u 0 = a 2 y + a z z + a 4 

By direct integration, 

, vM v 2 , 

g 1 “ ~ a ' z + a 6 9* = -fij- ~2 + Chy + a 6 

where a 2 , a 3 , a 4 , a 5 , and a 6 are constants of integration. The expressions 
for the displacements now become 


u 

v 

w 


El 


xz + a 2 y + o z z + a 4 
vM 

~ yr- yz — a 2 x — a x z + a 6 


M 


2 El 


C X 2 - vy 2 + vz 2 ) - a z x + a x y + a 6 


To determine the constants of integration, let us assume that the centroid 
of the bar together with an element of the x axis and an element of the 
xz plane are fixed at the origin. Then at x = y = z = 0, 
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from which we find that 

ai = a 2 = as = cu = at, — a 6 = 0 


The displacements are therefore 




(, x 2 — vy 2 + v,z 2 ) 


(9.14) 


In the plane z — 0, we find from (9.14) that u = 0 and v = 0. The 
plane z = 0 is therefore the neutral plane of the bar under bending. To 
find the deflection curve of the axis of the bar, let us consider a point on 
the axis, say (x,0,0) before deformation. After bending, this point is 
displaced to (x',y\z'), where 


x' = x + u = X 



y' — 0 + v = 0 z f = 0 + w 




The deflection curve of the axis is thus a parabola with a radius of curva¬ 
ture R given by 


1 dV/dxf* _ M/EIy _ M 

R [1 + (dz'/dz') 2 ]H (l + M 2 x' 2 /E 2 I v 2 Y /i ~ EI y ^ } 


if ML/EIy is a small quantity. We once again obtain the Bernoulli- 
Euler’s formula of the elementary theory of bending. 

Consider a plane cross section of the bar before bending given by x — C. 
After deformation, points on this cross section will have the following new 
coordinates: 


x' = C + u = C + 


z'=z + w = z — 


M 

EI t 

M 

2EI 


zC 



1 + 


M 

EL 


(C 2 — vy 2 + vz 2 ) 



Combining these relations and neglecting terms containing higher 
degrees of M/EI Vf we obtain 

x ’- c ( l+ w/) 

That is, in pure bending, a plane cross section remains plane as assumed 
in the elementary theory. To examine the deformation of the cross 
section in its plane, consider the sides y = ±b x (Fig. 9.16). After bending, 
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«■ - ±h + . - ±6, (i - j£.) a ±b, (i - ^«') 

The two sides remain straight but inclined to their original positions as 
shown in Fig. 9.1 by dotted lines. The other two sides z ± b 2 of the cross 
section become after bending 


M 


z' = ±b 2 + w = ±b 2 - — [C^ + v (b 2 > - vy*)] 


M 


- ±b2 ~2 eT v [C2 + ~ vy ' 2)] 

These sides are therefore bent into parabolic curves as shown in the figure. 


Problem. Determine C i, C 2 , Cain Eq. (9.7) if the bending moment is applied in an 
oblique plane and the cross section of the bar is not symmetrical. 


A ns. <r x = 


MJ t - M t I 


tv 


U 


Z + 


MJv - MJ 


v l *v 


tv 


LI* - I 


y 


tv 


9.2. Combined Bending and Compression of Prismatical Bars. Con¬ 
sider the case of a single lateral load acting on a compressed bar with 

simply supported, or hinged, ends 
(Fig. 9.2). By simply supported, or 
hinged, ends, we mean that these 
ends are so held that they are free 
to rotate but are unable to move in 
the z direction. Let us use the usual 
sign convention for the bending mo¬ 
ment as given in strength of materials, viz., a bending moment is positive 
if it produces a compressive stress in the top fiber of the beam. Thus, on 
the left of the load Q, the bending moment is 


a 



M = Pw + ^ 

Ls 


and, on the right side of the load Q, 

M = Pw + “)£.-«) 

Li 

where L is the length of the bar, a is the distance of the load Q from the 
right support B, and w is the lateral deflection. 

It can be shown that the Bernoulli-Euler formula 
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which we have shown to be valid in Secs. 4.2 and 9.1, is also valid in the 
present case. 1 In the above formula, I is the moment of inertia about the 
y axis. For small deflections, we have 


1 ~d 2 w 
R — dx 2 





d 2 w 
dx 2 


Therefore 


El 

El 


d 2 w 
dx 2 

d 2 w 

dx 2 



Qax 

~L 



Q(L — a) (L — x) 
L 


when x < L — a (9.16) 
when x > L — a (9.17) 


Introduce the notation 



Equation (9.16) becomes 


d 2 w , h2 

+ kw 


Qa 

EIL X 


and the general solution is 

w — Ci cos kx + C 2 sin kx — 

Similarly, the general solution of Eq. (9.17) is 


Qa 

PL 


x 


(9.18) 


w = Cz cos kx + Ci sin kx — 


Q(L - a)(L - x) 
PL 


(9.19) 


where C i, C 2 , C 3 , C 4 are constants of integration to be determined by 
the boundary conditions. 

At x = 0 and L, w = 0. We have, therefore, 


Ci = 0 and C 3 = —C 4 tan kL 

1 The plus or minus used in the Bernoulli-Euler formula depends on the sign con¬ 
vention of M and the coordinate axes used. One way to establish the correct sign con¬ 
vention will be as follows: Assume that the beam is under positive bending moments. 
Draw the deflection curve due to these positive bending moments. If the curvature 
of the deflection curve is negative, the negative sign must be used in the Bernoulli- 
Euler formula. If the curvature is positive, the positive sign should be used. For 
example, in the present case, under the positive bending moments as defined, the 
deflection curve of the beam will be that shown in Fig. 9.2. For this deflection curve, 
we find the slope decreases as x increases and therefore the curvature is negative. 
Thus we must use the negative sign in the Bernoulli-Euler formula. On the other 
hand, if we choose the upward z axis as positive and use the same sign convention for 
M, we find the downward w becomes negative in this case and the slope becomes less 
negative or increases as x increases. 1/R is therefore positive, and the positive sign 
should be used in the Bernoulli-Euler formula. 
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At the point of application of the load Q, x = L — a, the two portions 
of the deflection curve, as given by Eqs. (9.18) and (9.19), must have the 
same deflection and slope. Then 


C 2 sin k(L — a) 


Qa 

PL 


(L — a) = C 4 [sin k(L — 



and 

C 2 k cos k(L — a) — 

Solving, we obtain 


Qa 


— tan kL cos k(L — a)] — ~~ (L — a) 

i L 


= C 4 A:[cos k(L — a) + tan kL sin k(L — a)] 


+ 


Q(L — a) 
PL 


Q sin ka _ Q sin k{L — a) 

Pk sin kL 4 Pk tan kL 


With these constants, the two portions of the deflection curve are 


w 

w 


Q sin ka 


Pk sin kL 
Q sin k(L — a) 
Pk sin kL 


. j Qa 
sin kx — v.— x 


PL 

sin k(L — x) 


Q(L — a) (L — x) 
PL 


when x < L — a 
when x > L — a 


In the particular case of a load applied at the middle of the bar, the 
deflection curve is symmetrical, and the maximum deflection occurs at 
x — L/2. Substituting x = L/2 and a = L/2 into either of the above 
formulas, we And 

_ Q tan (kL/ 2) QL 

2 Pk 4 P 


Since P = k 2 EI , the above expression can be written in the following 
form: 


QIJ 3[tan (kL/ 2) - (kL/2)] 
ASEI ~ (kL/2)* 


(9.20) 


With an increase of the axial load P, k increases. When kL/2 ap¬ 
proaches the value of 7r/2, tan {kL/2) approaches infinity. That is, at 
kL/2 = 7r/2 or 



(9.21) 


the deflection of the bar becomes infinite even though the lateral load Q 
is very small. The infinite deflection is due to the fact that an approxi¬ 
mate formula for the curvature has been used. This formula is valid only 
when the deflection is small. However, the calculation does indicate that 
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if a bar is under the action of a compressive load equal to that given by 
(9 21), no matter how small the lateral load is, the bar will have large 
deflections and will fail because of excessive bending. This limiting 
compressive load is called the critical load, or the buckling load. Since the 
buckling of columns was first discussed by Euler, buckling load is also 
called Euler's load. We shall discuss the significance of this load further 

in the next section. 

9.3. Prismatic Bars under Axial Compression. Elastic Stability. When 
a perfectly straight bar is under the action of axial compression only, the 
bar is called a column. Let us consider a column which is hinged at both 
ends and is under a compressive load P passing through the centroid of the 
cross section. We shall now proceed to show that if the load P is less than 
the critical value, the column remains straight and undergoes only axial 
compression. This straight form of elastic equilibrium is stable , i.e. f if 
the column is displaced from this equilibrium form by an infinitesimal 
disturbance, say a small lateral force, the column will tend to come back to 
the straight form when the disturbance is removed. But if the load P is 
greater than the critical load, two equilibrium forms are possible. 1 The 
column may remain straight or may assume a bent form. We shall show 
that the straight form of equilibrium is unstable and the bent form of 
equilibrium becomes stable. At the 
critical load, the equilibrium is neutral. 

A body is said to be in unstable equilib¬ 
rium if, when it is displaced from its 
equilibrium position by a small load, it 
will tend to displace still further when 
the load is removed. If the body will remain at the displaced position 
after the small load is removed, this body is said to be in neutral 
equilibrium. 

Assume that the column is bent by a small disturbance. Taking the 
coordinate axes as shown in Fig. 9.3, the bending moment at any cross 
section mn is Pw and the differential equation of the deflection curve is 



El 

R 



The exact expression of the curvature is 


1 = dd 
R ds 

where $ is the length of curve measured from the end A of the bent 
column and d is the angle between the tangent to the curve and the x axis 

1 The uniqueness theorem as proved in Sec. 3.6 fails because the strain-displacement 
relation now becomes nonlinear. See Sec. 10.6. 
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as shown in Fig. 9.3. We have therefore 


El ^ + Pw = 0 


(9.22) 


Differentiating Eq. (9.22) with respect to s and noting that 


dw 

ds 


= sin 0 


we obtain 




= 0 


(9.23) 


Multiplying both terms by dd and noting that 


*> d> - mw <u 


ds 


ds 


,{dd\ 

= w 


d6 

ds 


Eq. (9.23) becomes, upon integration, 



EI I 

ds 



+ P / sin 6 dd = C 


where C is a constant of integration. Then, 


EI 


(do \ 2 _ 

\dsj 


P cos 6 = C 


At the end A, 6 = a, and M = EI(d6/ds) =0. C is therefore equal to 
—P cos a. Let k 2 = P/EI ; then we have 


l de 


y/2ds 


= ±k vcos 6 — cos a 


Now as s increases, 6 decreases. dO/ds is therefore negative, and the 
minus sign should be chosen for the above radical. Then, 


ds = — 


dd 


k y/2 y /cos d — cos a 


The total length of the column is given by the integration of ds 



L = / ds = — 



— a 


dd 


k \/2 y /cos d — cos a 



dd 


_ a k y/2 y /cos d — cos a 

= 1 f a d ° 

2k J. 


\/sin 2 (a/2) — sin 2 (d/2) 
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Denoting sin (a/2) by p and introducing a new variable 4> such that 

. e 

sin ^ = P sin <p 

as e varies from -a to +a, sin 0 varies from -1 to +1 and <t> from -w/2 
to ir/2. In terms of <*>, 

2p cos <t> d(j> 


d6 = 


1 — p 2 sin 2 <£ 


and 


2 f*' 2 d<f> 

k Jo \/l “ V 2 si 


_ = 2K 

sin 2 <f> k 


(9.24) 


where X — /. x/2 dO/y/l — p 2 sin 2 0 is called the complete elliptic 

integral of the first kind. For various values of p, K can be found in 
tabulated form. 1 

When the deflection is very small, a and therefore p are small and p 2 
sin 2 0 can be neglected in comparison with 1 in the above expression. In 

such a case, 

j. _ 2 f r ' 2 m 

L ~k Jo ^ - k IP 


and we obtain 


P = 


t 2 EI 


which is the critical load for the column. 

Let us now calculate the deflection at the mid-length of the column (z.e., 
at 0 = 0). Since dw = ds sin 0, we have 


6 2fc / 0 


sin 0 d0 

Vsin 2 (a/2) - sin 2 (0/2) 


In terms of 0, we find that 


2d f T/2 

8 = ~r sin 0 d<f> 
k Jo 


2p 

A: 


(9.25) 


For various values of a or p, we find from the table of elliptical integrals 
the values of K. From Eq. (9.24) 


P _ PL 2 4 K 2 

Per 7 T 2 EI ~ 7T 2 


1 Condensed tables of K can be found in “A Short Table of Integrals” by B. O. 
Peirce, p. 121, Ginn & Company, Boston, 1929. 
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and from (9.25) the maximum deflection 8/L is 

6 = 2p 

L iry/FJK 

The coordinate x B can be calculated as follows: 


x B = J dx = J cos 6 ds 

1 f a _ cos 6 dO _ 

2 k J _ a \/sh\ 2 (a/2) — sin 2 (6/2) 

= ? f*' 2 (1 ~ 2p 2 sin 2 0) d<fi 

^ Jo \/l — v 2 sin 2 0 

Since 1 — 2p 2 sin 2 </> = 2(1 — p 2 sin 2 0) — 1, we find that 


or 


v 



p 2 sin 2 0 d0 


_ 2(2E - K ) 

k 


2 [* /2 

^ Jo y/\ — p 2 sin 2 0 


L 



where is called the complete elliptic integral of the second kind. 

For various values of a, the corresponding values of P/P cr , x B /L i and 
h/L are computed in Table 9.1. 


Table 9.1 


a. 

20° 

40° 

0 

O 

co 

80° 

100° 

120° 

140° 

160° 

176° 

P/Pcr 


1.063 



1.518 

1.884 

2.541 

4.029 

9.116 

x b /L 


0.881 



IS21 

0.123 

-0.107 

-0.340 

-0.577 

8/L 


0.211 

0.296 

0.359 

mi 

0.402 

0.375 

0.313 

0.211 

M 

0.112 

0.224 

0.341 

0.464 

B 

0.757 

0.953 

1.261 

1.923 


Now let us examine the stability of the various equilibrium forms. The 
bending moment at the middle point of the column required for the 
column to be in equilibrium is P8. In nondimensional form, we have 



P 8 _ 4 Kp 

KL ” 


For various values of a, the nondimensional moment M can be computed 
and is given in Table 9.1. M is plotted vs. 8/L in Fig. 9.4. Assume that 
a compressive load P' is acting on the column and the column has a certain 
maximum deflection 5, where P' and 8 may not be the corresponding 
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equilibrium load and deflection. The nondimensional maximum bending 
moment in this case is then 

P' 8 


M' = 


PrrL 


Since P' does not depend on 8, the M’ vs. 8/L curves are straight lines. 
The column is in equilibrium if 

M = M' 


i e when the M vs. 8/L curve intersects with the M' vs. 8/L curve. We 
see’ from Fig. 9.4 that when P' < P cr , these curves intersect only at one 
point, viz., at the origin. The column therefore has only one possible 



Fig. 9.4. 


equilibrium form, i.e. f the equilibrium form in which 8/L — 0, or the 
straight form. When P ' > P cr) there are two points of intersection; one 
point corresponds to 8/L = 0 and the other point with 8/L equal to some 
value different from zero. The column thus has two possible equilibrium 
forms, one straight form and one bent form. 

Now at 8 = 0, let us assume that the column is displaced from the 
equilibrium form by a small disturbance and has now a deflection 5i. 
If P ' < Per, we see immediately from the curve that M > M r . This 
indicates that the bending moment due to P' is insufficient to maintain 
the column in this bent form and the column will return to its original 
straight form when the disturbance is removed. When P' < P cr , the 
straight form of equilibrium is therefore stable. If P' > P cr , then 
M < M'. Thus M' will bend the column still further and cause a larger 
deflection. This indicates that if P ' > P cr , the straight form of equilib¬ 
rium is unstable. The column, after being displaced from the straight 
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form, will continue to bend until h/L reaches the value where M and M' 
intersect again. At this point (point A in Fig. 9.4) if the column is dis¬ 
placed from the equilibrium position so that its maximum deflection will 
have a value greater than 5 2 /L, we see that M > M' and the column will 
come back to the equilibrium position denoted by A. Or if the column is 
disturbed so that its maximum deflection is less than 5 2 /L, M then 
becomes less than M' and the column will bend still further and come 
back to its equilibrium position A. This bent form of equilibrium is 
therefore stable. At P' = P cr) the M' vs. h/L curve is tangent to the M 
vs. h/L curve at the origin. Therefore, if the disturbance is infinitesi¬ 
mally small, the column will remain in equilibrium at the displaced 
position. The column is therefore in neutral equilibrium. 1 

The load-deflection curve of the column is plotted in Fig. 9.5 from the 
values in Table 9.1. It is clearly seen that at a given load P the column 

has one equilibrium form (h/L = 0) when 
P/Pcr < 1 and two equilibrium forms 
when P/Pcr >1. If we assume the de¬ 
flection to be very small, we obtain the 
same critical load which gives the bifur¬ 
cation point of the P/P cr vs. h/L curve. 
It is to be noted that, in the previous dis¬ 
cussion, we have assumed that the mate¬ 
rial remains elastic as the load increases. 
At some point B in Fig. 9.5, the combined 
compressive and bending stress reaches 
the elastic limit at the extreme fiber. 
Beyond this point, the resistance of 
the column decreases rapidly and the load-deflection curve will now 
follow the dotted line BC. Thus the maximum compressive load an 
ideal column will sustain is the load corresponding to that at point 
B and is slightly higher than the buckling, or critical, load P CT • We shall 
show later that the maximum compressive load an actual column can 
carry is also approximately equal to P cr • The actual determination of 
this maximum load requires tedious computation, while the calculation 
of the buckling load can be made relatively simple. Thus, in designing a 
column, we shall take the buckling load as the maximum load a column 
can carry. 

9.4. Buckling Loads for Columns with Constant Cross Sections. In 

the previous section it was shown that if only the buckling load is to be 
determined, the calculation can be greatly simplified by assuming the 
deflection to be small and using the approximate formula for curvature. 

1 Sec F. L. Ryder, A Rational Explanation of Column Behavior, Trans. ASCE t 
Vol. 113, pp. 40-78, 1948. 



Fig. 9.5. 
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We shall now make use of simplification and calculate the buckling loads 
of columns with constant cross section under various end conditions. 
Using the approximate formula for the curvature, 

1 __ d 2 w 
R dx 2 


Eq. (9.22) becomes 



(9.26) 


for a column with both ends hinged. This equation follows from the 
condition that the sum of the bending moments at any section is zero. 
It assumes this simple form because there happen to be in this case no 
moments and shearing forces acting at the end supports. For other end 
conditions, there will be in general an unknown shear and bending 
moment acting at the end support, and the equilibrium equation will be 

of the following form, 

El + Pw = Qx + Mo (9.27) 


where Q is the shear force and M 0 is the bending moment at the end of the 
column. Differentiating Eq. (9.27) with respect to x } we obtain 


A 

dx 





Upon further differentiation, we have 


Ai 

dx 2 





(9.28) 


which is the differential equation of equilibrium for a column with any 
boundary conditions. Equation (9.28) expresses the condition that the 
sum of shear forces on an element of the column is zero. 

For columns with constant cross sections made of homogeneous mate¬ 
rial, El is independent of x and Eq. (9.28) reduces to 


dho 
dx 4 




(9.29) 


where, as defined before, k 2 = P/EI. Equation (9.29) is an ordinary 
differential equation with constant coefficients, and its solution is well 
known. The general solution is 

w = Ci sin kx + C 2 cos kx + C$x + C\ (9.30) 


where C\> C 2 , C 3 , and Ca are constants. 
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Let us now consider columns with various boundary conditions. 

Case 1. Column with Both Ends Hinged. In the case of a column with 
both ends hinged (Fig. 9.6a), the boundary conditions are that the deflec¬ 
tion and the bending moment are zero at both ends. We have, therefore, 




z 



w = 0 and d 2 w/dx 2 = 0 at x = 0 and x = L. Thus, from (9.30), we find 
that 

C 2 Ca = 0 Ci sin kL + C 2 cos kL + C 3 L + C\ = 0 
C 2 = 0 —CJc 2 sin kL — C 2 k 2 cos kL — 0 

Solving, we have 

C 2 = 0 Ca = 0 C 3 = 0 Ci sin kL = 0 

The last condition requires that either Ci = 0 or sin kL = 0. When 
Ci = 0, w is identically zero. This means that the unbent form of the 
column is a possible equilibrium form. If Ci is not zero, we must have 

from which 
or 


kL = 


sin kL = 0 
7i7r n = 1, 2, 3, 


Pn = 


nWEI 

L 2 


(9.31) 


This means that if P n is equal to the value given by (9.31), it is possible 
for the column to have an equilibrium form with deflection other than 
zero. In other words, the bent form of equilibrium is possible only if P n 
is equal to the value given by (9.31). The smallest value of P n occurs at 
n — 1; we have thus 
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The deflection curve is thus 


w = Ci sin 


7 tx 


The magnitude of the deflection depends on the value of C 1 , which cannot 
be determined by the approximate theory and can be calculated only when 
the exact formula of curvature is used. The solution C„ = 0 (n = 1,2,3,4) 
is called a trivial solution. The problem of determining the values of k 
leading to a nontrivial solution, i.e., a solution where C n ^ 0, is sometimes 
called an eigenvalue problem. Thus we see that, by using the approximate 
formula for the curvature, our problem reduces to the determination of 
the smallest load at which a bent form of equilibrium becomes possible. 

Case 2. Column with Both Ends Built In. The boundary conditions 
for such a column (Fig. 9.66) are w = 0 and dw/dx = 0 at x = 0 and L. 
Combining with (9.30), these conditions become 

C 2 + Ci = 0 Ci sin kL + C 2 cos kL + CjL + C\ = 0 
kCi + C 3 = 0 kCi cos kL — kC 2 sin kL + C 3 — 0 
Solving, we obtain 

Ci = — C 2 C 3 = -kCi 

Ci (sin kL — kL) + C 2 (cos kL — 1) = 

Ci(cos kL — 1) — C 2 sin kL - 

Eliminating Ci from the last two equations, we have 


0 

0 


C 2 [(cos kL — l ) 2 + sin kL (sin kL — kL)] = 0 


which, after simplification, gives 

n . kL I . kL 
C 2 sin - 7 r- [ sin 


kL kL 

-zr COS 


f =° 


To find the nontrivial solution, we have either 


. kL 

sm — = 0 


or 


. kL kL kL » 
sm ~2 - ~2 cos ~2 = 0 


If sin (kL/ 2) = 0, we have 


kL 


= 717T 


and 


Pn = 


n = 1 , 2 , 

AnV-EI 

L 2 


The smallest load is, when n — 1, 


Pi = 


4tt 2 P7 

L 2 
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Now, let us examine the equation 


. kL kL kL 

Sm ~2 2" cos T = 

which can be written as 

tan <t> — <f> — 0 


(9.32) 


where 0 = kL/ 2. This equation can be solved by a graphical method as 
follows: First tan 0 is plotted vs. 0 as shown in Fig. 9.7. The solutions of 



(9.32) will then lie on the 45° line where tan 0 = 0. 
found to be 



4.493 


which corresponds to 



80.64 El 
L 2 


The smallest root is 


As this P is larger than P i, we conclude that the critical load in this case 
is equal to Pi, that is, 

4t r*EI 
L 2 

With sin {kL/ 2) = 0, we find that C 1 ! = 0, and the deflection curve is 
therefore 

/ 2t tx\ 

w = C 2 1 1 — cos -j- J 

where C 2 is undetermined. 

Case 3. Columns with One End Built In and the Other End Free. The 
boundary conditions in this case (Fig. 9.6c) are that, at the built-in end, 
x = 0, w = 0, and dw/dx = 0; and, at the free end, x = L, d 2 w/dx 2 = 0, 
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and (d 3 w/dx 3 ) + k 2 (dw/dx) = 0 , where the last equation expresses the 
condition that the shear force at the free end is zero. Combining with 

(9.30), we have 

C 2 + Ca = 0 Cik + C 3 — 0 
Ci sin kL + C 2 cos kL = 0 C 3 = 0 


Solving, we find that 

Cl = c 3 = 0 Ci = -c 2 C 2 cos kL = 0 

The last condition requires either C 2 = 0, which gives the trivial solution, 
or cos kL = 0, which gives 

kL = (2» + 1) \ n = 0, 1, . . . 

(2n + 1) 2 t t 2 EI 

or ** 4£2 


The minimum P occurs at n = 0 and is 



7 r 2 EI 

1u 


The deflection curve of the column is then 



Case 4. Columns with One End Built In and the Other End Hinged. The 
boundary conditions in this case (Fig. 9.6 d) are that, at x = 0, w = 0 and 
dw/dx = 0; and, at x = L, w = 0 and d 2 w/dx 2 = 0. Substituting (9.30) 
into these conditions, we obtain 


C 2 + C 4 = 0 CJo + C 3 = 0 

Ci sin kL + C 2 cos kL -f- C 3 Z/ + C 4 = 0 Ci sin kL 4- C 2 cos kL = 0 


Solving, we have 

C 2 = -CikL C 3 = -Cifc 
Ci = CikL Ci(sin kL — kL cos A;L) = 0 


The last condition gives either the trivial solution Ci = 0 or 

sin kL — kL cos kL = 0 

from which k is to be determined. This equation can again be written 
in the form of (9.32), viz ., 

tan <£ — </> = 0 

where <#> = kL. The smallest root is 

kL = 4.493 
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The deflection curve is then 


20.16 El 
L 2 


w = Ci[sin kx — kL cos kx + k(L — x)] 



9.6. Buckling of Frames. Columns with 
Both Ends Elastically Supported. Consider 
the buckling of a symmetrical frame as 
shown in Fig. 9.8. Let us assume that the 
joints are rigid, i.e., they are capable of resist¬ 
ing bending moments and will preserve the 
angles between various members. Let us 
also assume that the joints are not to move 
laterally. The boundary conditions for the 
column AB are then, at x = 0, w = 0 and 
dw/dx = 6 ; and, at x = L, w = 0 and 
dw/dx = — 0. We have therefore, from 
(9.30), 


C 2 + C 4 = 0 CJc + C 3 = 0 

Ci sin kL + C 2 cos kL + CjL + Ca = 0 
C\k cos kL — C 2 k sin kL + Cz = —6 


Solving, we find that 


n _ 1 + cos kL n 
C 2 — • Tr C1 

sin kL 

n 1 + cos kL n 

C4 —-•— rr Li 


Cs = 0 


Hence 


w 


= Ci sin kx + 


sin kL 

1 + cos kL 


sin kL 


0 = kCi 


(cos kx — 1) 


The moment acting on the end A of the member AB is then 


M 


dx 2 ) z 



! = ^ - El = EIk?C, [sin kL + 1 + cos . kL cos kL 


sin kL 


Let us now consider the deflection of the member AC under the end 
moments M i. Referring to the coordi¬ 
nates as shown in Fig. 9.9, the equilibrium 
equation is 


dhv' ,, 



Fig. 9.9. 
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which gives after integration 


Mi s ' 2 


' - ~ 1 — + C b x' + C 6 


w = 


Eh 2 


From the boundary conditions that w' = 0, dw'/dx' 
w ' == 0, dw'/dx' = - 0 at x' = b, we obtain 


= 0 at x' = 0 and 


C 6 = 0 

j££ + C* + C # -0 


Cb = 0 

Ah 


Eh 


b C b — —0 


Solving, we have 


0 = - 


Mifc 

2£/! 


Substituting the relations 6 = kCi and 

M i = EIk 2 Ci fsin kL + - cos J C — cos kL 

\ sin kL 

into the above equation and simplifying, we obtain 


C tan ^ + 



I\L 2 / 


To find the nontrivial solution, we let 

4 kL , lb kL ^ 

tan T + 7^T = 0 

from which k and P cr can be determined. In the case of a square frame 
with equal members, b = L and / = 7 1 , we have 


. kL kL 

tan T + T = 0 


(9.3C) 


This equation can be solved in a similar manner to Eq. (9.32). If we plot 
tan <f> vs. 0, the values of </> when tan <£ = — <t> are given by the points of 
intersection of the curve tan <£ and a —45° line as shown by the dotted 
line in Fig. 9.7. The smallest root in this case is 



2.029 



16.47E/ 

L 2 


which gives 
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9.6. Buckling of Columns with Variable Cross Sections. It can be 
shown that a column with constant cross section is not the most economi- 



Fig. 9.10. 


cal form of structure to carry compressive loads. To 
obtain a more efficient design, we must use columns with 
variable cross sections. In such cases, however, the solu¬ 
tion of the differential equation often becomes very 
difficult. In this section we shall show how some of the 
problems can be solved. 

As a first example, let us consider the column as shown 
in Fig. 9.10. The column consists of two portions, each 
with a constant cross section. Let I\ and 1 2 be the 
moments of inertia of the cross sections for the thinner 
and thicker portions of the column, respectively. The 
column is assumed to be built in at one end and free at 
the other end. If we take the coordinate axes as shown 
in the figure, the equations of equilibrium are 




Eh. + Pw! = 0 when 0 < x < h 

El 2 + Pw 2 = 0 when U < x < L 

dx 2 

L e t ki 2 = P/Eh and k 2 2 = P/EI 2 . The solutions of these equations are 

wi = Ci sin kix + C 2 cos kix when 0 < x < L x 
w 2 = C 3 sin k 2 x + C 4 cos k 2 x when L x < x < L 

where C h C 2 , C 3 , C 4 are constants of integration. The boundary condi¬ 
tions are that w x = 0 at x = 0 and dw 2 /dx = 0 at x = L. From these 
boundary conditions, we find that 

C 2 = 0 C 3 = C 4 tan kjj 

At x = Lit we mus fc have Wi = w 2 and dwjdx = dw 2 /dx. Thus 

Ci sin k x Li = C 4 (tan kjj sin kiLi + cos kjji) 
and Ci/ci cos k x Li = C 4 /c 2 (tan kjj cos kjj i - sin k<Jji) 


Solving, we have 


! = C,( 


, T sin k-iLi , cos kJL,i\ 

tan K 2 Ju y 7/. 7 / 

sin k\L\ sin k\u\) 


and 


Ck [(tan fcjL tan kjjx + 1) - jy tan fcit,(tan - tan w] = 0 
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The last equation gives us the trivial solution C A = 0, or 

(tan k*L tan k*L ! + 1) - ^ tan fciL^tan k*L - tan fcjLi) 
Noting that 

r x tan K 2 L — tan /C 2 X>i 
tan kzLi = tan fc 2 (L - L,) = l + tan ^ tan / C2 l, 

the above equation may be rewritten in the following form, 

tan k\L\ tan 


231 


= 0 


(9.34) 


from which P cr can be determined. Equation (9.34) can be solved as 
follows. Write the critical load in the form 

_ m 2 EI 2 
^ cr L 2 

where m 2 is a numerical factor depending on the ratios a\ = Li/L and 
a 2 = y/h/h- Substituting into Eq. (9.34), we find 

tan moiia 2 tan ra( 1 — «i) = a 2 (9.35) 

With the values of <*i and a 2 given, for several values of m, the correspond¬ 
ing values of [tan ma i« 2 tan m( 1 - «i)] are computed. The smallest 

value of ra which satisfies Eq. (9.35) 
can be determined by analytical or 
by graphical interpolation. For ex¬ 
ample, with a\ — 0.4 and a 2 2 — 2.5, 
we find m = 1.46, which corre¬ 
sponds to the critical load 

2.12E/2 


T 

a 


I \ 


Per = 


L 2 




As a second example, let us con¬ 
sider the buckling of a built-in 
column consisting of four angles 
connected by diagonals (Fig. 9.11). 

Let us again assume that the lower 

end of the column is built in and the upper end free. The moment of 
inertia of any cross section A A can be represented with sufficient accuracy 
by the formula 


Fui. 9.11. 


- '■ © 


where I\ is the moment of inertia at the top of the column and x is the 
vertical distance down from the vertex of the extended column. 
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Taking the coordinate axes as shown in Fig. 9.116, the differential 
equation of the deflection curve is 



This is a homogeneous linear differential equation which, as shown in 
Sec. 4.4, can be reduced to a differential equation with constant coeffi¬ 
cients by the substitution { = log x. In terms of the variable £, Eq. 
(9.36) becomes 


d 2 w dw Pa 2 n 

d? + ir 1 u, = 0 


(9.37) 


The solution of Eq. (9.37) is of the form 



Substituting into (9.37) and dividing out the factor e 9 *, the result is 


from which we obtain 



Using the notation (3 = y/(Pa 2 /El i) — J4, the general solution of (9.37) 
is 

w = Cie<> 4+ * ) « + 

which can be written in the following form: 



+ C 2 cos 



where C[, C" 2 , C i, and C 2 are constants of integration. The boundary 
conditions are that w = 0 at x = a and dw/dx = 0 at x = a + L. To 
satisfy these conditions, we find 

C 2 = 0 and C\[tan(2/3 log a) — 2/3] = 0 

where a 2 = a/(a + L). The trivial solution is Ci = 0. The buckling 
load can be determined from the equation 

tan (2/3 log a) = 2/3 (9.38) 

With a given, the above equation is of the form 

tan K(f> = (f> 

where K is equal to log a and is a constant. The solution of this equation 
can be obtained in a similar manner to the case of Eqs. (9.32) and (9.33). 
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jr or a 4 = 0.5, p = 4.82, and therefore 



4.046#/i 

L 2 


9.7. The Failure of Actual Columns. In the above 
have assumed that the column is initially straight, 
centrally loaded, and made of material of homogeneous 
composition. An actual column is more or less imper¬ 
fect since it may be initially bent and may not be com¬ 
pletely homogeneous. It is obvious that the effect 
due to nonhomogeneity of the material cannot be 
taken into account in the general theoretical discussion 
and will not be considered here. Let us consider 
the deflection of a centrally loaded column which is 
initially bent. Assume that the column has constant 
cross sections. Let Wo denote the initial deflection of 
the column axis from the line of thrust (Fig. 9.12). 
Then the change of curvature at any section is 
(i d 2 w/dx 2 ) — (d 2 Wo/dx 2 ), and the differential equation 
for the deflection becomes 


discussion, we 



d 2 w 

dx 2 


d 2 w o 
dx 2 


+ k 2 w = 0 


(9.39) 


where, as before, k 2 = P/EL The form of w will now depend upon the 
form of w 0 . Let 

oo 

V 7 • wkx 

Wo = > 8 n sin ~j- 

71 = 1 


where 8 n are given constants. The solution of Eq. (9.39) can be expressed 
in terms of a trigonometric series as follows: 


On substitution, we find 


where 



2 


d n sin 


mrx 

~T7 


vn 

1 - (P/Pn) 

nVEI 


(9.40) 


The deflection of the column at its center can be obtained by substituting 
x = L/2 in the above equation, or 


8 ' — 5 max — 5l — §3 + §5 - • 


(9.41) 
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For an actual column corresponding to the ideal one discussed previously, 
the deflection vs. load curve is shown in Fig. 9.13. The loading of the 
column will follow the curve FG according to Eq. (9.40). However, when 
the deflection is large, the simplified form of curvature is no longer a good 

approximation. If the exact formula for the curva¬ 
ture is used, the loading of the column will follow the 
curve FIH. At some point I or I' on the curve, the 
maximum stress in the column reaches the elastic 
limit, and then the actual curve FIJ of FI'J' will 
drop away from FH. 

It is to be noted that, for an actual column, there 
is only one form of equilibrium, i.e. } the bent form, 
which is stable. Therefore, there is no equilibrium 
load at which an exchange of stabilities occurs. 
However, the curve FG does approach the line AB as 
£ an asymptote. But the loading curve will break 
away from the curve FG before the deflection becomes 
too large. The failing load which corresponds to 
the point I or P in Fig. 9.13 can be either greater or smaller than the 
buckling load for the corresponding ideal column but is usually close to 
it if the buckling stress of the column is in the elastic range. 

Referring to Eq. (9.40) since P n = n 2 P cr , we have 



Fig. 9.13. 


5„ = 


5 n 


1 - (P/n 2 P cr ) 


(9.42) 


As P approaches P cr , we see that 

6i 5 2 4 63 ^ 9 

°° 5 2 3 63 8 


Therefore, 5i^> 5 2 > 5 3 > * * * • 

By substituting Eq. (9.42) into (9.41), it is evident that, if P is a fairly 
large fraction of P cr , the center deflection 6' is approximately equal to 

5i, that is, 


6' = 



5i 

1 - (P/Pcr) 


(9.43) 


and Eq. (9.43) is a close approximation of Eq. (9.41). The P vs. 6' curve 
approximates a rectangular hyperbola having the horizontal line P = Per 

as an asymptote. 

Since the deflections measured in testing are usually referred to the 
initial position, they are 5' — 6 rather than 5'. Also 5i is usually the 
dominating part of 6. If we write 5 = 5' — 5i, Eq. (9.43) can be written 
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5 = 51 — <5i — 


6i 


(P cr /P) - 1 


or' 


cr 


-5 = 6 


(9.44) 


It is seen that if 6/P is plotted against 6, when P is near to P cr , the test 
results will be approximately a straight line and the inverse of the slope 
of this line is a measure of the buckling load P cr . Timoshenko 1 also 
shows that this relationship holds true when there is some eccentricity 
in applying the load. This is the well-known Southwell’s method 2 and 
has been widely used for estimating the elastic buckling load from test 
results. However, because of the happy coincidence that the failing 
load of a column is close to its theoretical elastic buckling load, it is 
rather a common practice to regard the failing load as the buckling load 
and the importance of Southwell’s method has not been properly empha¬ 
sized. This is because, for imperfect columns, the buckling load is not 
defined, and all actual columns are more or less imperfect; thus, in the 
strict sense, actual testing of buckling is impossible. Southwell’s 
method, however, provides a theoretically sound basis for analyzing the 
experimental data, i.e., from the test results of an imperfect column the 
buckling load of the corresponding perfect column can be estimated. 

9.8. Lateral Buckling of Beams with Narrow Cross Sections. A beam 
with a narrow rectangular section, when bent in its plane, may become 
unstable at some critical value of the load and buckle sidewise as shown in 
Figs. 9.14 and 9.15. Let us begin with the case of a simply supported 
beam bent by couples M at the ends. In calculating the critical value of 
M, we shall follow the same method of formulation as in the case of 
columns. We assume that, under the action of the couples M in the 
vertical plane, the beam is disturbed so as to have a small lateral deflection, 
and from the equilibrium equations we determine the smallest value of M 
at which such a lateral bent form is possible. 

Figure 9.14 shows such a beam. We shall represent the moment M 
acting on a positive surface by a vector using the right-hand rule. At 
any section mn which is at a distance x from the origin, we see, from Fig. 
9.14d and c, 


M cos a cos 0 = —El 


d 2 w 

dx 2 


M cos a sin f} = —El 


d 2 v 

dx 2 


M sin a — GJ 


d/3 

dx 


where I x and I v are moments of inertia with respect to the x and y axes, 
respectively, and GJ is the torsional rigidity of the beam. For rectangular 

1 S. Timoshenko, “Theory of Elastic Stability,” p. 178, McGraw-Hill Book Com¬ 
pany, Inc., New York, 1936. 

2 R. V. Southwell, On the Analysis of Experimental Observations in Problems of 
Elastic Stability, Proc. Roy. Soc. {London), A, Yol. 135, pp. 601-616, April, 1932. 
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cross sections, we have 




(b) 


M cos ol sin 
Mcos ^ 

MCOS CL COSP z 

(d) 


Mcos oL-U\ h-Afsin ol 


(c) 


Fig. 9.14, 


Since u , v, w, a, and P are small, we have 


sin a = a = 


dv 

dx 


cos a 


^ 1 


sin P 




COS P 




With these approximate relations, the equilibrium equations become 


EI y 


d 2 W ,, r, T d 2 v 1{ro 

W --M 


GJ t- M % < 9 ' 45) 


The first equation of (9.45) is of no interest because it gives the vertical 
deflection of a beam under end couples M. Differentiating the third 
equation with respect to x and eliminating dh/dx 2 by using the second 
equation, we obtain 


dx 2 


+ k*p = 0 


or 


(9.46) 
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where k 2 = M 2 /GJEI,. For beams with constant cross sections, k 2 is 
independent of x, and the general solution of Eq. (9.4G) is 

0 = Ci sin kx + Ci cos kx 

The boundary conditions are that 0 = 0 at x = 0 and x = L. We have 
therefore 

C 2 = 0 and C i sin kL = 0 

If (7j s 0, we have the trivial solution, which indicates the unbuckled 
form. The buckled form is possible only when 


sin kL = 0 

or Mcr = *Vgje L (9.47) 

Now let us consider the case of a cantilever beam bent by an end load 
P. The force P is assumed to be applied at the centroid of the cross 


03 


✓'I 


t 


m 


X 


(a) 



Cc) 



section and in the xz plane. Assume that the beam is'bent laterally owing 
to a small disturbance (Fig. 9.15). At any cross section mn which is at a 
distance x from the origin, we have a bending moment of P(L — x) and a 
torsional moment P(8 — v). Following the same reasoning as in the 
derivation of Eqs. (9.45), we find the equations of equilibrium in this 
case as follows: 



= P(L - x) 
= P(L - x)0 



P(L - x) ~ + P(8 - tO 


(9.48) 
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Eliminating v from the second and third equations, we have 


d 2 /3 P 2 L 2 
dx 2 + GJEI 




(9.49) 


Let ki 2 = P 2 L A /GJEI Z and £ = 1 — (x/L). Equation (9.49) becomes 


g + ww = o 


(9.50) 


The solution of Eq. (9.50) can be expressed by a power series as 
follows: 

P = ai£ mi + a 2 £ m * + a 3 £ m * + • • • 

Substituting this series into Eq. (9.50), we have 

aimi(rai — l )^ 1-2 + a 2 m 2 (m 2 — l )£ mj “ 2 + a z m 2 (m z - l )£ mr_2 

+ • • • + fc l 2 a 1 {"«+ 2 + fci 2 a 2 £ m,+2 + • • • = 0 


The above equation is satisfied if we let 

mi(mi — 1) = 0 

a 2 m 2 (m 2 — 1) = —k\ 2 ai m 2 

a 3 m 3 (m 3 — 1) = —ki 2 a 2 m 3 


(9.51) 


2 = mi + 2 

2 = m 2 + 2 


etc. 


Or, in general, 


_ _ k 2 aj-\ \ 

a ’ rrijirrij - 1) W = 2, 3, . . 
rtij = m.j-i + 4 I 


(9.52) 


From (9.51), we find 


wii = 0 or +1 


In accordance with these two solutions for m h we obtain two series satis¬ 
fying Eq. (9.50) and find the general solution of this equation as 


P = Ci i - 


Jill ti -L kl 4 _ £8 _ . . 

3-4* 3 • 4 • 7 • 8 5 


+ C 


(«-r 


2 h* 

_ £5 J-111— 

5 * ^4-5-8 


(9.53) 


where Ci and C 2 are constants. 

At x - 0, 0 = 0. At z = L, the torsional moment is zero, and there¬ 
fore dfi/dx — 0. The boundary conditions are therefore that 0 = 0 for 
£ = 1 and d(i/dx = 0 for £ = 0. This last condition requires that 
C 2 = 0. To obtain the nontrivial solution, we must solve the equation 


, W , k / W _ j_ 

1 “F4 + 3-4-n 3 • 4 • 7 • 8 • 11 • 12 ~ 


• • 


= 0 (9.54) 
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A table of numerical values of the left side of Eq. (9.54) as a function of ft, 
has been calculated by Prandtl. 1 The smallest root is 

ki = 4.013 


which gives the buckling load as _ 

4.013 y/GJEl, 

Per - L 2 


(9.55) 


>L. Prandtl, dissertation “Kipperscheinungen,” Nuremberg, 1899. 



CHAPTER 10 


NUMERICAL METHODS IN THE DETERMINATION 

OF BUCKLING LOADS 
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10.1. Finite-difference Approximations. From the examples worked 
out in Chap. 9, it is seen that the determination of the buckling load by 

means of analytical methods can be 
quite tedious and difficult. In fact, in 
many cases where the cross section of 
the column is a variable, analytical 
solutions have not even been possible 
and numerical methods must be em¬ 
ployed. The first method which we 
shall discuss is the method of finite 
differences. 

The application of finite-difference 
approximations to the solutions of 
buckling problems can best be explained 
by working out several examples. 

Example 1. Simply Supported Col¬ 
umn with Constant Cross Section. The 
differential equation in this case is 


o 


2 


w, 


"z 


0 


(c) 


J 

I- 


2 

w. 


/ 


w, 


2 


J 


3 


0 


tv, 


2 


(d) 


l 


2 

-+■ 


J 


4 

K 

0 


tVj tv 2 


(e) 


/ 1 


w, 


w 2 tVj 


4 

H 

0 


d 2 w 

dx 2 


+ k 2 w = 0 


Hi "J 


with the boundary conditions that 
w = 0 at x = 0 and L. As defined 
previously, k 2 = P/EI. The finite- 

difference equation at any point x is then 


(fj 

Fig. 10.1. 


w 


(x + h) - 2w(x) + w{x - h) ^ kiw(x) = Q 

/i 2 


or 


w 


# V 

{x + h) + ( k-h 2 - 2)w{x) +w{x-h) = 0 


( 10 . 1 ) 


where h = L/n,n being the number of intervals into which the column is 
divided. If we take n = 2 or h = L/2 (Fig. 10.1a), the finite-difference 

equation at the point x = L/2 is 

(k 2 L 2 \ 

0 + {kW - 2)w, + 0 = 0 or - 2 j w, = 0 

Solving, we have either the trivial solution 
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W\ = 0 


or 


which gives 


Per = 


k 2 = 


8 El 
L 2 


El 


8_ 

L 2 


The exact analytical solution in this case gives P cr — 7 t 2 EI/L 2 or 
9 86960 El / L 2 . The error in the finite-difference solution is thus —19 pei 

06 For n = 3 or A = L/3, noting that the deflection curve is symmetrical 
with respect to the middle point of the curve (Fig. 10.1 b), and applying 
Eq. (10.1) at x = L/3, we have 

Wx + (7c 2 *. 2 - 2)u>, + 0 = 0 or ( fc2 ^ - l) Wl = 0 
which gives the trivial solution w x = 0 or 

9 El 

error, —9% 


P,r = 


L 2 


For n = 4 or h = L/4, the finite-difference equations at x = L/4, L/2 
are 

Wl + (A; 2 /* 2 - 2)w 2 + 0 = 0 w 2 + {k 2 h 2 - 2)w x + w 2 = 0 
or Wi + ( k 2 h 2 — 2)w 2 = 0 (/c 2 /i 2 — 2)wi + 2w 2 = 0 (10.2) 

From algebra, the solution of the system of simultaneous equations 

dllXi + di 2 X 2 + * * * + CLi n X n = dio 

O21X1 + &22X2 + * ’ * + CL 2 nX n = Cl 20 


dnl^l + Ct n2 X 2 + * * * + CLnnXn = «n0 


can be written as 




dio di 2 * • • din 

d 2 0 d22 * * • «2n 


dnO d n 2 * * ’ drm 

dll di2 * * * din 

d 2 l d 2 2 * * * 0,2n 


d 7 ji d n 2 * * * d n n 

dll «10 * * ' din 

d 2 l d 2 0 * * * «2n 


dnl dnO ••• dnn 

dn «12 * * * Cli n 

d 2 1 d 22 ‘ * d 2n 


dnl dn2 * * * dnn 
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etc. If aio = a 2 o = • • • = a „ 0 = 0, then we have from the above 
formulas the trivial solution aq = x 2 = • • • = x n = 0 unless the deter¬ 
minant in the denominator of these formulas is also zero, viz., 


an 

A12 

‘ * * Ain 



0-21 

• • 

022 

• • • 

* * * 02n 

= 0 

(10.3) 

flnl 

0n2 

Ctnn 




Therefore Eqs. (10.2) will give us the nontrivial solution only when the 
determinant 



1 • [k 2 h 2 - 2) 

( k 2 h 2 - 2) 2 



(k 2 h 2 - 2) 2 - 2 = 0 


Solving, we have 



The value of k 2 is smaller if we take the negative sign before the square 
root which gives 



9.3726E7 

L 2 


error, — 5% 


For n = 5 or h = L/5, Eq. (10.1) at the points L/5, 2L/5 (Fig. 10.Id) 

becomes 


Wi + ( k 2 h 2 — 2)w 2 = 0 (k 2 h 2 — 1 )w x + w 2 = 0 

To obtain the nontrivial solution, we must have 



1 (k 2 h 2 - 2) 

(k 2 h^r 1 ) 1 

{k 2 h 2 2) {krh 2 - 1) - 1 



Solving, we find that the root which makes k 2 smaller is 


k 2 h 2 = 0.380 


Hence 



9.549 El 
L 2 


error, —3.2% 


For n = 6 or h = L/6, Eq. (10.1) at the points x = L/6, L/3, L/2 
becomes 

Wt + (W - 2)w 3 = o 

Wi + (k-h 2 — 2 )u>2 + Wi = 0 

(W - 2)wi + 2w 2 = 0 
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The corresponding determinantal equation is 

0 1 (k 2 h 2 - 2) 

1 (k 2 h 2 - 2) 1 

(k 2 h 2 - 2) 2 0 

or (k 2 h 2 - 2 )[(k 2 h 2 - 2) 2 - 3] = 0 

The root which corresponds to the smallest k 2 is k 2 h 2 = 

„ 9.646 El O oo/ 

Per = - J2 - err0r » “ 23 % 


= 0 


0.27, and therefore 


Per = 


error, —2.3% 


For n = 7 or h = L/7 (Fig. 10.1/), Eq. (10.1) at the points x 
2L/7, 3L/7 becomes 

w 2 + (fc 2 /i 2 - 2)wz = 0 
W\ + (k 2 h 2 — 2) 1^2 + = 0 

( k 2 h 2 - l)wi + w 2 = 0 

The condition for the nontrivial solution is 


= L/ 7, 


0 1 ( k 2 h 2 

1 (k 2 h 2 - 2) 1 

(k 2 h 2 - 1) 1 0 

or (k 2 h 2 - 2) 3 + (k 2 h 2 - 2) 2 - 2(k 2 h 2 

Solving, we find the smallest k 2 occurs at 

k 2 h 2 - 2 = -1.80 

which corresponds to 


- 2 ) 


9.705#/ 

L 2 


error, —1.7% 


In the above example, a large number of approximations has been 
computed. It should be noted that, since the approximations n = 3, 5, 7 
involve determinants of the same order as th^approximations n = 2, 4, 6, 
in practice only the odd approximations would be computed. 

Example 2. Simply Supported Column with Variable Moment of 
Inertia. If in the previous example the moment of inertia I varies 
according to the law 


I(x) = /„ ( 


1 + sin 


7T X 


where I o is a constant, we find that the finite-difference equation at any 
point x is 


EI Q (l + sin «) ”(* + h) ~ y * ” ( * - h) + P,(x) = 0 


w(x + h) + ^ sin ttx/L — 2 J u ^ w(<X ~ ^ = ^ 00.4) 


k 2 h 2 


or 
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where k 2 = P/EI 0 . The boundary conditions are w = 0 at x = 0 and 


x = L. 

If we take n = 2 or h = L/2 (Fig. 10.1a) at x = L/2, Eq. (10.4) becomes 


0 + 



/c 2 L 2 /4 

1 + sin 7r/2 



Wi + 0 = 0 


We have therefore 


k 2 L 2 
8 





lQEIo 

L 2 


We see from the above example that, with variable moment of inertia, 
there is no additional difficulty in solving the problem. The only differ¬ 
ence between the present case and the previous one is that the coefficient 
of w(x) in Eq. (10.4) is now a function of x, and proper values of x should 
be substituted when the equation is applied to various points. The solu¬ 
tion for other values of n can be carried out in the same manner as in the 
previous example. The values of P cr L 2 /EIo for n = 3 and 4 are found to 
be 16.79 and 17.24, respectively. The exact solution is unknown in this 
case. By assuming a sinusoidal deflection curve, the energy method gives 
the buckling load as 18.05 EI 0 /L 2 (see Sec. 10.5). The probable errors 
in the buckling loads computed for n = 2, 3, 4 are —11.4 per cent, —7 per 
cent, and -4.5 per cent, respectively. 

In the above two examples, we see that as n increases, the value of P Cr 
approaches the exact value given by the analytical solution. This is not 
always true when the moment of inertia is a variable. To show this, let 
us assume that the moment of inertia varies according to the following 

formula: 



when 0 < x < - 


when - < x < L 


The finite-difference equation at any point x then becomes 


u*x + « + [ 1 + (2x 7£) 


k 2 h 



w(x) + w(x — h) = 0 


when 0 < x < 


(10.5) 


Table 10.1 gives the results of the computations. The buckling load 
computed by the energy method with an assumed sinusoidal deflection 
curve is 16.53£7 0 /L 2 . Compared with this value the probable errors are 

computed and given in Table 10.1. 



buckling loads by numerical methods 

Table 10.1 
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n 

P cr L*/EI o 

Probable error, 
per cent 

2 

16.000 

-3.23 

3 

15.000 

-9.27 

4 

16.000 

-3.23 

5 

15.892 

-3.83 

6 

16.253 

-1.70 

7 

16.179 

-2.15 


Example 3. Lateral Buckling of a Cantilever Beam of Narrow Cross 
Section. The governing differential equation in this case was derived in 


Sec. 9.8 as 


dffl 

dx 2 



P 2 L 2 
GJEI Z 




and the boundary conditions are 0 = 0 at x = 0, dfi/dx = 0 at x —L. 
The corresponding finite-difference equation at any section x is 


(3(x + h) + 



(3(x) + (3(x - h) = 0 


( 10 . 6 ) 


and 0(0) = 0 0m+i = 0m -1 

where kp = P 2 L 2 /GJEI Z and m is the point at x = L. is an imagi¬ 
nary point. Referring to Fig. 10.2a, t __,_, 

we find the finite-difference equations 0 0/ 02 0r0' 

at x — L/2 and L to be (a) 


02 + [ kPh 2 { 1 - y 2 y - 2]/3 x = 0 

[k! 2 h 2 ( 1 - l) 2 - 2]/3 2 + 2/3 x = 0 

The determinantal equation for com¬ 
puting the nontrivial solution is 
therefore 



-2 2 


or 2 (W_ 2 ) + 2 

which gives 


= 0 

= 0 



4 Vgjei z 
L 2 





0 


0/ 


0? 07 


0? 0T ~0J 


0 A 02 A 04 0f 0^=04 

(d) 

Fig. 10.2. 


error, —0.32% 


For n = 3, 4, 5, computations can be carried out in the same manner, 
and we find the values of P cr L 2 / s/GJEI z to be 3.933, 3.959, and 3.976, 
respectively. The exact value is 4.013 [Eq. (9.55)], and the errors are 
therefore —1.9 per cent, —1.3 per cent, and —0.92 per cent, respectively. 
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10.2. Relaxation Method. As can be seen from the examples worked 
out in the previous section, by reducing the mesh size or h, the accuracy in 
the buckling load is usually improved. As the number of mesh points 
increases, two difficulties arise. First, the labor in expanding the deter¬ 
minant increases rapidly. Second, the degree of the resultant equation 
will be high, and the solution of this equation becomes difficult. In prob¬ 
lems of elastic stability, only the root which corresponds to the lowest 
buckling load is of interest. Many relaxation procedures have been 
proposed , 1 and in what follows we shall describe a method which appears 
to be best adapted to elastic-stability problems. 

We shall take as an example the buckling problem of a simply supported 
column with constant cross section. Let us consider the case with n = 7. 
The relaxation method can be carried out in the following steps: 

Step 1. Assume Wi = 1, w 2 = 0.8, and w z = 0.4. Note that in the 
buckling problems the exact yalue of the amplitude of the deflection curve 
cannot be determined and only the ratios of the deflections at various 
points along the column are of interest. For example, all the deflection 
curves obtained in Sec. 9.4 are determined except the maximum ampli¬ 
tude Ci. The values of the assumed w h w 2 , w 3 are actually the relative 
ratios. These values are recorded in the first column at the right of nodal 

points. 

Rewrite the finite-difference equation (10.1) in the following form: 

w(x + h) — 2w(x) + w(x — h) = — k 2 li 2 w(x) 
or A 2 w(x) = — k 2 h 2 w(x) (10.7) 

Compute, from the assumed values of the w , the values of A 2 w at each 
nodal point, and record these values in the second column. For example, 

we have (Fig. 10.1/) 

At point 1: A 2 W\ = w\ — 2w\ + w 2 — 1-0 — 2 X 1.0 + 0.8 = —0.2 

At point 2: A 2 w 2 = wi — 2w 2 + wz = —0.2 

At point 3: A 2 w 3 = w 2 — 2wz + 0 = 0 

Next, we shall compute the values of k 2 h 2 from the three difference 
equations at the three nodal points. That is, 




A 2 W\ 

0.2 

= 0.2 

At 1: 

k 2 h 2 = 

W\ 

1.0 



A 2 w 2 

0.2 

= 0.25 

At 2: 

k 2 h 2 = 

W 2 

0.8 



A 2 w 2 

0 

= 0 

At 3: 

k 2 h 2 = 

Wz 

0.4 


1 See, for example, R. V. Southwell, “Relaxation Methods in Engineering Science,” 
OxfordUniversity Press, New York, 1940; A. Vazsonyi, A Numerical Method in the 
Theory of Vibrating Bodies, J. Applied Phys., Vol. 15, No. 8, pp. 598-606, August, 

1944. 



BUCKLING LOADS BY NUMERICAL METHODS 


247 


These values are recorded in the third column. The results are shown in 

Fie:. 10.3 as step 1. , 

Step 2. If the ratios between w h w 2} w 3 are assumed correctly, the 

values of k 2 h 2 computed by all these three equations will be the same. 

They are obviously not in our case. From the previous computations, 

say, with » = 3, we found MJ = 9. Therefore the lowest root in the 





Fig. 10.3. 


present case should give the value of k 2 L 2 somewhere near the value of 9. 
The value of k 2 h 2 will be approximately 

kW = ^ = 0.18 

n 2 49 

With this in mind, let us change the values of Wi, w 2 , w 3 . We observe that 
the largest error in k 2 h 2 is at point 3. Let us increase w 3 to 0.444 without 
changing the values of w 2 and w\. We have thus 

A 2 w z = -0.088 (k 2 h 2 )z = 0.198 

and A 2 w 2 = —0.156 ( k 2 h 2 ) 2 = 0.195 

This is recorded as step 2 in Fig. 10.3. 

Step 3. Now let us reduce W\ to 0.9975 without changing w 2 and w 3 . 
Then 

A 2 W\ = -0.1975 (k 2 h 2 ) i = 0.198 

A 2 w 2 = -0.1585 (k 2 h 2 ) 2 = 0.198 

These values are recorded as step 3 in Fig. 10.3. 
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Since the values of k 2 h 2 at all the nodal points are the same now, we 
have found the correct solution. The critical load is therefore 



9.70 El 
L 2 


It may again be emphasized that the recorded values of w\, w 2} Wz are 
only relative ratios. There can be many sets of values w i, w 2 , Wz which 
will satisfy these finite-difference equations. But if we divide them 
through by a common factor, we shall find that the relative ratios are 
the same and hence the buckling load is the same. 

10.3. Higher-order Finite-difference Approximations. In solving the 
buckling problems, we can again improve our results by using higher-order 
finite-difference approximation formulas which we derived in Sec. 6.6. 
Let us illustrate this method by again taking as an example the buckling 
problem of a simply supported column with constant cross section. 
From formula (6.33), we have 


d 2 w 

dx 2 



1 

12 


A*w + 




Using this formula, the finite-difference equation corresponding to the 
differential equation 


d 2 w 

dx 2 


+ k 2 w = 0 


A 2 w — Y\<iA*w + ^ 0 A«u> — * * * + k 2 h 2 w = 0 (10.8) 


If we neglect the sixth- and higher-order differences, at any point x, 
Eq. (10.8) becomes 

w{x + h) — 2w(x) + w(x — h) — M2MX + 2 h) — 4 w(x + h) 

+ 6w(x) — 4 w(x — h) + w(x — 2h)\ + k 2 h 2 w(x) = 0 

or 


-w{x + 2 h) + 16 w(x + h) + (12 k 2 h 2 - 30)w(x) 

+ 16w(x — h) — w(x — 2h) = 0 (10.9) 

Since this difference equation involves the values of w two points to the 
left and two points to the right of x, w m +1 must be used when the equation 
is applied to the points m — 1, where m denotes the boundary points. 
Introducing an imaginary mesh point outside each of the boundary points, 
and remembering that, for a simply supported end, 



at the boundary 
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then by expressing dho/dx 2 by first-order differences, we find 

Wm+ 1 — 2 W m + Wm- 1 = 0 

or I0m+1 = — Wm-1 

since w m is zero. 

Proceeding as in Sec. 10.1, the following results are obtained: 
Approximation n = 2. By applying Eq. (10.9) at x = L/2 (Fig. 10.4a), 


we 


find 


101 + 


° + ( 


12 k 2 


L 2 


- 30^ 


-tV, 


a 


(a) 




a>i 4 0 + 101 — 0 






(9 


which gives 

k 2 L 2 = 9.33 
9.33 El 


1 ~0 -tv, 

(b) 




+ 


i — f 




fty Kfc 0 ~W Z 


or Per — 


L 2 


error, —5.5% 


rc; 

Fig. 10.4. 


Approximation n = 3. By applying Eq. (10.9) at x = L/3 (Fig. 10.45), 
we find 

L 2 


w i + 


° + ( 


12A: 2 


9 


- 30^ 


Wi + 16101 + 0 = 0 


and 


Per = 


9.75 El 
L 2 


error, —1.21% 


Approximation n = 4. By applying Eq. (10.9) at x = L/4, L/2 (Fig. 
10.4c), we have 

w 2 + 0 + ^12/c 2 ^ — 30^ i0 2 + 16i0i — i0 2 = 0 

L 2 


0 + 16i0 2 + 1 12/c 2 — 30 ) w i + 16 i0 2 + 0 = 0 

lb 


from which we obtain the determinantal equation 


(0.75 k 2 L 2 - 30) 16 

32 (0.75A; 2 L 2 - 30) 


= 0 


Solving, we find 


Per = 


9.83L7 

L 2 


error, —0.40% 


The improvement in the solution is readily seen. 

10.4. Methods of Extrapolation. In solving the buckling problem, 
only one quantity is to be determined, viz., the buckling load. In such a 
case, the method of extrapolation 1 appears to be very useful. In order to 

1 M. G. Salvadori, Numerical Computation of Buckling Loads by Finite Differences, 
Trans. ASCE, Vol. 116, pp. 590-636, 1951. 
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apply the method of extrapolation, we shall first prove that the error in 
the buckling load due to the finite-difference approximation is of the h 2 type 
if the governing differential equation is one with constant coefficients. 

Let w be the solution of the differential equation and w that of the 
corresponding finite-difference equation. Let k 2 be the value obtained by 
solving the differential equation and k 2 the corresponding value given by 
the solution of the finite-difference equation. Consider the case of a 
simply supported column with constant cross section. The differential 
equation is 

^ + fcw = 0 


for which the boundary conditions are w = 0 at x = 0 and L. The 
corresponding difference equation is 


w(x + h) — 2w(x) + w{x — h) + k 2 h 2 w(x) = 0 (10.10) 


with the boundary conditions that w = 0 at x = 0 and x = L. 

The finite-difference equation (10.10) may be solved by assuming the 
solution to be the form 

w = ce mz (10.11) 

where c is a constant. Substituting in (10.10), we have 


or 

which requires 



ce mx+m/, _ 2 ce mz + ce mx ~ mh + ck 2 h 2 e mx = 0 
[(e mh + e ~ mh ) + (k 2 h 2 - 2)]ce mi = 0 


(e mh + e~ mh ) + (k 2 h 2 - 2) = 0 
cosh mh + ' ^ ^ 



( 10 . 12 ) 


Three forms of the solution for m may be obtained according to whether 
\(k 2 h 2 /2) — 1| > 1, \(k 2 h 2 /2) — 1| = 1, or \(k 2 h 2 /2) — 1| < 1- In the 
first two cases, it can be shown that the resulting solution for w cannot 
satisfy the boundary conditions, and therefore these cases will not be 
considered. When \{k 2 h 2 /2) - 1| < 1, we have cosh mh < 1, which is 
impossible unless m is a pure imaginary number. Writing m = ik, 
Eq. (10.12) becomes 


cos X/i = 1 — 



(10.13) 


which gives 



Substituting these values of X in (10.11), the values of k 2 can then be 
determined from the boundary conditions. As this procedure proves 
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rather laborious, we may carry out the solution by first determining 
the value of X from the boundary conditions and then solving k from 
Eq (10.13)- Since X can be either positive or negative, the general solu¬ 
tion of w is 

w = Ci sin \x + C 2 cos \x 
To satisfy the boundary conditions, we must have 


X = 


mr 


(10.15) 


where n is any integer and n = 1 at buckling. Since 1 - cos 26 - 2 sin 2 6, 
rewriting Eq. (10.14) and substituting the value of X obtained from 

(10.15), we obtain 



But sin 6 = 6- (0 3 /3!) + (6 b /5 !) • • • . By expanding the sine func¬ 
tion in (10.16), we find 



Dividing this through by (h/ 2) 2 , 




+ •••=& 2 — aih 2 — a 2 h 4 + • • • 


where a h a 2 are independent of h. This results from the fact that 
£2 = 7 T2/L 2 . Thus we have proved that in this case the error e is of the 

h 2 type, viz., 

e = k 2 — k 2 = aih 2 + a 2 h 4 + • • • (10.17) 


If the column is not simply supported at both ends, we must use the 
differential equation (9.29) and, in a similar manner, we can again prove 
that the error is of the h 2 type. 

If we neglect a 2) <* 3 , e ^ c *> m Eq. (10.17), we have 



Let rii and nj represent the number of subintervals in which L is divided. 
Then for hi = L/n t - and hj = L/rij, we have 



(10.18) 
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where k { 2 and k? are the values of k 2 obtained corresponding to n = rii 
and rij f respectively. Eliminating «iL 2 between these two equations, we 
find 


f 2 rij 2 kj 2 — 7ii 2 ki 2 7 . 7 0 

— n 2 _ a njkj — dnj^t (10.19) 

where tc imj 2 is the extrapolated value of k 2 . Table 10.2 gives the coeffi¬ 
cients a n/ , a ni of the h 2 extrapolation formula (10.19) for the most commonly 
used values of n { and nj. 


Table 10.2. h} Extrapolation 


rtj/ni 

O'fij 

a n< 

2/1 

% = 1.33333 

H = 0.33333 

3/2 

H = 1.8 

% = 0.8 

4/3 

= 2.28571 

^ = 1.28571 

5/4 

2% = 2.77778 

= 1.77778 

5/3 

2 Ke = 1.5625 

% 6 = 0.5625 

6/5 

3 ^i = 3.272727 

2 Hi = 2.272727 

7/5 

4 % 4 « 2.041667 

2 % 4 = 1 041667 

7/6 

49^3 = 3.769234 

s %3 = 2.769234 


Since Eq. (10.19) is homogeneous in n, the h 2 extrapolation coefficients 
of Table 10.2 are only functions of the ratios ny/n,-; for instance, the 
(2,1) extrapolation formula holds also for (4,2). 

If in Eq. (10.17) we take into consideration the first two terms of the 
series and apply the formula to three approximations kf, kj 2 , k k 2 y obtained 
by subdividing the characteristic length L into n t - < nj < Uk parts, we 
have 


k 2 - 

- fc. 2 

aiL 2 

o 

+ 

a^ 4 



nr 

ft,- 4 

k 2 - 

- V 

ot\L 2 

o 

+ 

«2L 4 



V 


V 

k 2 - 

- h 2 

ct\L 2 

+ 

CX 2 L 4 



n k 2 


n k 4 


By elimination of a x L 2 and between these three equations, we obtain 
the ( h 2 ,h 4 ) extrapolation formula: 



nk 4 (rij 2 — rii 2 )k k 2 — nf(n u 2 - n, 2 )fc y 2 + nj A (n k 2 - n,- 2 )fc t 2 
n k A (rij 2 — n { 2 ) — nj 4 (n k 2 — n* 2 ) + n, 4 (n * 2 — n> 2 ) 
a nk k k 2 — a ni kj 2 + a n% ki 2 (10.20) 


where 2 is the extrapolated value of k 2 . 
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nk/nj/rii 

dn k 

a„y 

dfli 

3/2/1 

4/3/2 

5/4/3 

6/5/4 

7/6/5 

5/3/1 

7/5/3 

243/120 = 2.025 

1,280/420 = 3.04762 

4,375/1,008 = 4.34028 
11,664/1,980 = 5.89091 

26,411/3,432 = 7.69551 
5,000/3,072 = 1.62760 

38,416/15,360 = 2.50104 

128/120 = 1.06667 

972/420 = 2.31429 

4,096/1,008 = 4.06349 
12,500/1,980 = 6.31313 
31,104/3,432 = 9.06294 

1,944/3,072 = 0.63281 

25,000/15,360 = 1.62760 

5/120 = 0.04167 

112/420 = 0.26667 

729/1,008 = 0.72321 
2,816/1,980 = 1.42222 

8,125/3,432 = 2.36742 

16/3,072 = 0.00521 

1,944/15,360 = 0.12656 


Table 10.3 gives the ( h 2 ,h 4 ) extrapolation coefficients for the most com¬ 
monly used values of n„ n jy n k . Here again the values of n may be 
multiplied by a common factor without changing the formulas. 

Let us now apply the method of extrapolation to the examples com¬ 
puted in Sec. 10.1. In the case of the first example, the h 2 extrapolation 
formula [Eq. (10.19) and Table 10.2] applied to the first few values of 
k 2 L 2 gives the following results with the errors indicated in parentheses: 

k 2Z 2 L 2 =18X9-0.8X8 = 9.8 (-0.71%) 

k iA 2 L 2 = 2.28571 X 9.37264 - 1.2857 X 9 = 9.852 (-0.18%) 

k Atb 2 L 2 = 2.77778 X 9.549 - 1.77778 X 9.373 = 9.862 (-0.08%) 

The ( h 2 ,h 4 ) extrapolation [Eq. (10.20) and Table 10.3] gives 

£ 2 3 4 *L 2 = 3.04762 X 9.37264 - 2.31429 X 9 + 0.26667 X 8 = 9.8690 

(-0.006%) 

£ J57 *L* = 2.50104 X 9.7054 - 1.62760 X 9.549 + 0.12656 X 9 = 9.8696 

( 0 %) 

It is seen that the extrapolated values are so near the true value that in 
practice two approximations and an h 2 extrapolation would give a result 
more than sufficiently accurate. 

The proof of formula (10.17) cannot be extended to the cases where 
the governing differential equation has variable coefficients. However, 
by studying the results of many problems worked out, it appears that the 
method of extrapolation can still be used as an empirical method. We 
shall observe in these cases the following points: 

1. The extrapolation formulas assume that the successive approxima¬ 
tions k 2 approach k 2 from the same side. When the approach to k 2 is of 
the oscillating type, the formulas may be used separately in connection 
with the approximations from above or from below. The two extrapolated 
values thus obtained may be usefully compared. It is unsafe to use 
extrapolation without having at least three approximate values of k 2 . 
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2. Even if the approximate values of k 2 approach the true value 
monotonically (either from above or from below), it is not known offhand 
whether the extrapolated value is above or below the true value. 

3. It is true that, in general, the (h 2 ,h A ) extrapolation gives better 
results than the h 2 extrapolation, but it is impossible to determine offhand 
whether an h 2 extrapolation based on larger n» will give better results than 
an (h 2 ,h A ) extrapolation based on smaller n» or even on three n» the largest 
of which is the same as the largest n t of the h 2 extrapolation. 

In the second example solved in Sec. 10.1, when I{x) = 7 0 [1 + sin 
(ttx/L)], we observe that the approach of k 2 to k 2 is monotonic. 1 The 
extrapolation method gives the following results, with errors in 
parentheses: 

£ 2 .3 2 L 2 = 1.8 X 16.79 - 0.8 X 16 = 17.42 (-3.5%) 

k ZA 2 L 2 = 2.286 X 17.24 - 1.286 X 16.79 = 17.81 (-1.3%) 

£ 2 . 3 . 4 2 L 2 = 3.0476 X 17.24 - 2.3143 X 16.79 + 0.2667 X 16 = 17.95 

(-0.55%) 

If I(x) = 7o[l + (2 x/L)] when 0 < x < L/2 and I(x) = 7 0 [3 - (2 x/L)] 
when L/2 < x < L, we see that the approach of k 2 to k 2 is one-sided, 
but not monotonic, while the separate sequences of even and odd n ; - are 
both monotonic. The extrapolations of Table 10.4 are obtained by using 
these sequences. 

Table 10.4 


n 

k*L* 

Error, 
per cent 

h 2 extrapolations 

(/i 2 ,/i 4 ) extrapolations 

n 

k 2 L 2 

Error, 
per cent 

n 

k 2 L 2 

Error, 
per cent 

2 

16.0000 

-3.23 

2,4 

16.0000 

-3.23 

2, 4,6 

16.5114 

-0.13 

3 

15.0000 

-9.27 

3, 5 

16.3933 

-0.85 

3, 5,7 

16.4964 

-0.22 

4 

16.0000 

-3.23 

4,6 

16.4546 

-0.48 




5 

15.8917 

-3.83 

5,7 

16.4774 

-0.34 




6 

16.2526 

-1.70 







7 

16.1786 

-2.15 








In the case of the lateral buckling of a cantilever beam with narrow 
cross section, we observe that the convergence of k 2 to £ 2 is monotonic 
after n = 3. The h 2 extrapolation may be applied for n = 3, 4 and 
n = 4, 5, while the (h 2 ,h A ) extrapolation may be applied to any sequence, 
and in particular for n = 2, 3, 4 and n = 3, 4, 5. Table 10.5 gives the 
results of the computations. 

1 A monotonically increasing function is one in which for every sequence of increas¬ 
ing values of the argument the corresponding values of the function always increase; 
similarly, a function is monotonically decreasing if its values decrease as the argument 

increases. 
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Table 10.5 


■-- 


Error, 
per cent \ 

h 2 extrapolations 

(h 7 ,h A ) extrapolations 

n 

k*L z 

n 

k*L* 

Error, 
per cent 

n 

k 2 L 2 

Error, 
per cent 

o 

4 000 

-0.32 

3, 4 

3.992 

-0.52 

2, 3, 4 

4.030 

+0.42 

Z 

3 

4 

3.933 

3.959 

-1.9 

-1.3 

4,5 

4.006 

-0.17 

3, 4,5 

4.014 

-j“0.025 

5 

3.976 

-0.92 
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Fig. 10.5. 
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when the compressive load on the column is equal to the buckling load. 
From our discussion in Sec. 9.3, we saw that there were two possible 
equilibrium forms: the straight form and the bent form. 

Assume that the column is now in the straight form, which, 
being unstable, will jump to the bent form because of any 
small disturbance. During this exchange of equilibrium 
forms, the strain energy in the column is increased, since 
to the energy of compression some energy of bending of the 
column will be added. At the same time the potential 
energy of the load diminishes, owing to the approach of 
its points of application. This decrease in potential energy 
is equal to the work done by the loads at the ends of the 
column. Since the straight and bent forms of the column 
are both" possible equilibrium forms under the same load , there will be no 
energy lost or gained during this exchange of equilibrium forms. The 
additional amount of bending energy stored in the column must therefore 
be equal to the work done by the loads. 

The bending energy stored in the column with deflection w is given in 

Sec. 7.3 as 

i r 2 

dx 

The shortening of the column due to bending can be found as follows: 

Consider an element AB of the axis of the col¬ 
umn with length dx before bending (Fig. 10.6). 
We note that this element has already been 
under compression. After bending, AB will 
displace to the position A'B'. Since the com¬ 
pressive load is not changed, the column will be 
under the same axial stress as that before bend¬ 
ing and there will be no change in the length 
along the neutral axis, A'B ', that is, the arc length of A'B' is equal to dx. 




dx 

Fig. 10.6. 
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The shortening of the element AB in the x direction is therefore 



where in the last step the higher-order terms have been neglected. The 
approach of the ends of the column is therefore 



As the ends of the column approach each other, P remains constant. 
The work done by the load P is consequently 



The condition of conservation of energy requires 


U = Pu 


or 

if vj (d 2 w\ j P f (dw\ j 

o / El ( -t-j ) dx = - / l -j- 1 dx 

2 Jo \dx 2 ) 2 Jo \dx) 

(10.21) 

from which 

f L EI (d 2 w/dx 2 ydx 

p _ 7o 

1 rr. 

(10.22) 


q (dw/dx) 2 dx 


This is the so-called Rayleigh's formula. To obtain the lowest value which 
is the buckling load, we have 



(10.23) 


The notation min P in (10.23) really indicates the least value of a dis¬ 
crete sequence of eigenvalues. It can be shown, however, that of all the 
deflections w satisfying the boundary conditions the actual deflection 
corresponding to the first mode will mak?. P a minimum in the sense of 
calculus of variation. 

To show this, let 

fl = U - Pu 
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Carrying out the variation in w, we have 


«II 


L 


L riT d 2 wd 2 Sw A 

, * 


L 


-(»s* 


(dw\ 
\dx) . 


dx \ dx 2 

+ 


dw dSw 
dx dx 

d 2 w\ , 


dx 


, „ dw 
+ P dx &W 


0 


«L(El ^ 

dx* \ dx 2 


+ P 


d 2 w 

dx 2 


Sw dx 


where the last step was obtained by integration by parts. On the 
boundary, x = 0 and L, the boundary conditions are combinations of the 

cases where M = EI{d 2 w/dx 2 ) = 0, 


Q = shear 


-CSC 


El 


d 2 w 
dx 2 


)] 




dw/dx is given, and w is given. The terms in the brackets therefore 
become zero. In the interior of the column, the equilibrium condition is 


d2 /pr* 

dx 2 V 1 dx 2 
Sfl = 0 or 


5U - P 5u = 0 


Therefore «n = 0 or bU - P Su 

Substituting into the above equation the identity 


we 


find the condition 611 = 0 leads to 


SU - U Su = 0 


which is exactly the condition requiring that 

u SU — U Su 

SP = -j- = 0 

u 2 

This means that of all the deflections satisfying the boundary conditions, 
the actual deflection is the one which makes P a minimum. 

Having established the above statement, we shall now show by the 
following examples the calculation of buckling loads by the Rayleigh-Ritz 

method. 

Example 1. Simply Supported Column with Constant Cross Section. 
The boundary conditions in this case are w = 0 and d 2 w/dx 2 = Oatx = 0 
and x = L. To satisfy these conditions, we may assume 


CO 

= ^ C n sin 


TIttX 


n = 1 


W 
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and 



tt*EI 

4L 3 


oo 

n — 1 




00 

l ^ 

n = l 


y n'CS 

P = V = _ 

u L 2 “ 

X 

n = 1 

_ T*SI cs + 16 CJ + 81C 3 2 + • ■ • 

L 2 GY + 4 C 2 2 + 9C , 2 + • • • 

= tEI 1 + 16 (cyco 2 + 81((7 3 /Ci) 2 + • • • 

v 1 + 4(c 2 /c 1 ) 2 + %c 3 /c l y + • • • 


To find the buckling load, we must adjust the parameters C 2 /C h C 3 /C h 
etc., in such a way that P is a minimum which can be obtained by letting 
dP/d(Ct/Ci) = 0, dP/d(C 3 /Ci) = 0, etc. Carrying out the calculation, 
we find that these conditions require that C 2 /Ci = C 3 /C 1 = • • • = 0. 
Hence, 



min P = 


7 r 2 EI 
L 2 


which is the value given by the exact solution. This result was obtained 
because the assumed form of the deflection curve happened to include the 

exact solution. 

Example 2. Column with One End Built In and the 
Other End Free . The boundary conditions in this case 
are w = 0 and dw/dx = 0 at x = 0. To satisfy the 
boundary conditions, let us assume 



P7TJT7TytT7TTT7Ti 

Fig. 10.7. 


W 


co 

i 


n 


Since this form of the deflection curve will not result 
in a general expression for all values of n after the 
integration, let us take only the first two terms in the series and write 



If the cross section of the column is constant, substituting the above 
expression for w into formula ( 10 . 22 ) and integrating, we have 
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AEI Co 2 + 3CoCi + 3 CV 

P ~ U % Co 2 + 3C'oC! + (9C!*/5) 

4®/ 1 + HC,/Co) + 3(C,/C 0 ) 2 

~ T r Vz + 3(eye.) + %(C,c„) 2 
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(10.24) 


If we take only one parameter in the series, Ci = 0 and we have 



which is the minimum P. The error in this case is +21.6 per cent. 
With two parameters we can find the minimum value of P by differ¬ 
entiating (10.24) with respect to CJCo and setting the resulting expression 

level to zero. Then 


dP _ = 0 

d(Ci/Co) 

= {[% + 3(C,/C.) + %(CyC 0 ) 2 ][3 + 6(C 1 /C 0 )] 

- [1 + 3(cyc 0 ) + 3(C r i/C„) J ][3 + '%(Ci/Co)]}m +3(C 1 /C„) 

+ %(cyc „) 2 ] 2 



which gives 

= -0.301 or -0.92 
Co 


Substituting these values into (10.24), we find that the root 


C 1 = -0.301 

Co 


gives a smaller value of P and therefore 



2.492?/ 

L 2 


The error becomes in this case +0.92 per cent. 

Note that the magnitude of C i is again undetermined in the present 
case, as we have found previously. If more than two parameters are 
retained, the ratios of these parameters can be determined from the 
conditions 


dP 

d(C 1 /C 0 ) 



dP 

d(C 2 /Co) 



etc. 


There is no mathematical difficulty in this case, but the calculation may 
become quite lengthy. An alternative method of calculation, which 
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appears to be simpler, can be carried out as follows: We have proved that 
the condition 


is equivalent to 

From Eq. (10.24), we find that 




n' = (Co 2 + 3C 0 C 1 + 3Ci 2 ) 




Co 2 + 3CoCx 



where II' is II times a constant and P' = PL 2 /AEI. The conditions 
dll'/dCo = 0 and dll' dCi = 0 become 


2(1 - %P')C<> + 3(1 - P f )C 1 = 0 
3(1 - P')C 0 + 2(3 - %P')C l = 0 

The determinantal equation for the nontrivial solution is 


2(1 - y 3 p f ) 3(1 - n 

3(1 - P') 2(3 - %P') 


from which we obtain 

3P' 2 - 26P' + 15 = 
26 ± V(26) 2 - 3 X 4 X 15 


or 


Hence 


P' = 


6 


0 


= 0.6217 or 8.045 


P cr = 4 X 0.6217 ~ = 2.487 ^ 


With P' determined, we may compute the ratio Ci/C 0 from the equation 
dU'/dCo = 0 if so desired. 

Example 3. Simply Supported Columns with Variable Cross Sections. 
Let the moment of inertia of the cross-sectional area of the column vary 
according to the formula 



Since the only conditions that the assumed expression for w has to satisfy 
are the boundary conditions, we may again take 



QO 



n = 1 


mrx 

~T 


Since the deflection curve must be symmetrical with respect to the middle 
point of the column, all the even parameters must be zero. If we retain 
two parameters in the series, we have 



+ C 3 sin 


3tx 

~r 
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Integrating, we find that 

U = \jo ^(S) dX 


EI o ( 1 + sin 


- i »• (?)’ [(I + i) w - ¥ e ‘ c> + 

/VO / _ 



(£)’ si 



sin 


916 + 


TTJ 







©‘ C 


+ bc 


(*A + *)Ct* - 4 %C»C, + [(5,832 /35) + 8l7r]C 3 2 
and P = -jj -Ci 2 + 9CV 

The conditions an'/aCi = 0 and an'/aC, = 0 are 

2{(% + x) - P'lC, - 4 «C, = 0 
832 


48 r 

"T c 


1 + 2 [(-It + 81,r ) _ 9P ] Cs = 0 


where P' = PL 2 /Eloir. The determinantal equation for the nontrivial, 
solution gives 

_ (5fi? + 81 , + 24 + 9.) P' + (| + .) ( 5i832 

- (¥)’ - » 


9 P' 2 


35 


+ 81tt 


Solving, we find that 

P' = 5.746 


or 


P cr = 18.05 


EL 

L 2 


(10.25) 


The corresponding value of C 3 /C 1 is 0.01297. 

For columns with both endsjsimply supported and columns with one end 
built in and the other end free, if the origin of coordinate axis is taken 
at the free end in the latter case, the equilibrium equation may be 

written as 

(10.2G) 


EI S + Pw = 0 


Timoshenko has observed that, if we substitute -Pw/EI for d 2 w/dx 2 in 
the expression for U, we have 



0 


EI 


ix _ 1 r (*») . 0 


or 


Per = min P = 


dx) 

r J q L (i dw/dx) 2 dx 

[ j/ (w 2 /EI) dx J 


(10.27) 


min 
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This is called Timoshenko's formula, and it can be shown (Sec. 10.7) that 
the approximate buckling load calculated by using Timoshenko’s formula 
is always closer to the exact value than that computed by using Rayleigh’s 
formula. 

As an example, we shall now recalculate the buckling load in Example 
3 by using Timoshenko’s formula. Let us take only one parameter C x . 
In this case, we have 



Therefore P cr 



Ci 2 sin 2 (7 rx/L) dx 
o El o[l + sin (7 rx/L)] 

Cl 2 [ L ( . 7T x 



dx 


El 

C 
El 



sin 


- 1 + 


1 


1 + sin ( 7 rx/L) 


£ e - 0 

(CVL/2X7T/L) 2 
(CSL/EIom/Tr) - 1 ] 


= 18.06 


El 


0 


L 2 



which is only 0.05 per cent different from the value computed by taking 
two parameters in Example 3. 

Since Eq. (10.26) is not a general differential equation for all boundary 
conditions, (10.27) is not a general formula. For example, in the case of a 
column with one end built in and one end free, if the coordinates are taken 
as shown in Fig. 10.7, the differential equation is 



P(5 — w) = 0 


where 6 is the deflection at the free end of the column. Timoshenko’s 
formula in this case becomes 

( dw/dx ) 2 dx 
[/ o L [(5 - wY/EI)dx 

Problem 1. The moment of inertia of a simply supported column varies according 
‘o the formula 

°<X<^ 

\<*< L 

Assume w = C\ sin (ttx/L) + C 3 sin (3ttx/L). Find the buckling loads by Rayleigh’s 
formula. Using one parameter, calculate the buckling load by Timoshenko’s formula. 

Problem 2. Recalculate the buckling load in Example 2 by using Timoshenko’s 
formula (10.28). 



(10.28) 

min 
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problem 3. The moment of inertia of a column with one end built in and the 
other end free varies according to the formula 

/ = /„ (l + sin 2 g 


Assuming the deflection curve as w = C i sin (ttx/ 2L), calculate the buckling loads 
bv Rayleigh’s formula and Timoshenko’s formula. 

, „ 4.32£7 0 

Ans. Rayleigh’s formula: P cr = — jy- 


Timoshenko’s formula: P. r 


4.22£7 0 

L 2 


10.6. Derivation of Rayleigh’s Formula from Principle of Potential 
Energy. In Sec. 3.5, we proved the uniqueness theorem of Kirchhoff 
which states: An elastic body can assume one and only one equilibrium 
configuration under a given external loading. From the energy point of 
view, this means that the potential energy II of the internal and external 
forces (see Sec. 7.1) has one and only one extremal and the extremal is a 
minimum. The uniqueness theorem holds as long as the stress compo¬ 
nents are linear functions of the strain components and the strain com¬ 
ponents are linear functions of the displacements. Then the potential 
energy II is of, at most, the second degree in the displacements, and 
geometrical considerations show directly that a “parabola” of the second 
degree can have one and only one minimum. The situation changes, 
however, when some of the displacements become large so that the 
linearized strain-displacement formulas can no longer be used with suffi¬ 
cient accuracy. This happens particularly to bodies for which one 
dimension is small compared with 
the others, structures in the form of 
columns, thin plates, and thin shells. 

For example, a column can, without 
exceeding the proportional limit, 
undergo bending deflections several 
times greater than its thickness, 
and under these circumstances the 
quadratic term of the transverse dis¬ 
placements in the strain-displacement formula is no longer small com¬ 
pared with the linear term. The strain energy, and therefore the 
potential energy II, contains terms of higher than the second degree in the 
displacements, and a parabola of higher order can naturally have several 
extremals and therefore several equilibrium positions. 

Now let us find the relation between strain and displacement. Con¬ 
sider an element AB of the column before deformation. After deforma¬ 
tion, AB is displaced to A'B' (Fig. 10.8). Note that Fig. 10.8 is not the 
same as Fig. 10.6. In Fig. 10.6, the element AB is already under the 
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compressive load P„ and then bent, with P„ remaining constant, while, 
in Fig. 10.8, AB is the element before the load is applied. Therefore 



where, as explained in the preceding paragraph, (< dw/dx) 2 is now of the 
same magnitude as du/dx , while terms such as (du/dx) 2 and (dw/dx) 3 can 
still be neglected. From Hooke’s law, the corresponding stress is 



and therefore the energy of compression is 



where A is the cross-sectional area of the column, 
energy is 



The bending-strain 


The approach of the ends of the column is given by — \u(L) — w(0)], and 
the compressive load on the column is P = —g x A. The potential of the 
external forces W, from formula (7.11), is 


W = — P[u(L ) - u( 0)] 


The potential energy of the system is then 

1 /dw\ 2 ] 

2 \dx J J 


n = ih + Ut - w 

L 

EA 


= i f 

2 Jo 


du ^ 
dx 2 


1 


dx + H f El 

4 i 0 



dhv\ 2 


Now let us calculate the variations. 


w) dx 

+ P[u(L) - u(0 )] 


(10.29) 


n(w + 8u, w + 5w) — n (u,w) = an + %s 2 n + • • • 

L j? a \d u I dS-u 1 (dw d6uA 2 ] 2 , 

0 EA ^ + d^ + 2U + -^J dx 


1 

2 



+ 



L / d 2 w . d 2 5it>\ 


El 


2 / o 

; “ f s+ 


dx ,+- 1 =)d I + n» + ut 



L 


d 2 w\ 2 , 

A') dx 


PM . 1 
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+ 


+ 


+ 


+ 


>[*+*(£)]£ 
' [S + \ (s 

L 




dx 


dw dbw , ^ r d 2 U> d 2 5u>] , 

Si +E, SJiTirr* 



e ,1 (an * 



P.A 


dx / 
dw dbu dbw 


dx + 



dx dx dx 
L, EA \du + l(dw 



1 “ (sy * 


dx 2 \dx 


)]( 


d5w\ 

dx / 


+ El 


dx ) 

d 2 bw 
dx 2 



dx + P[bu]ft 


From this we find that 


$n 


+ 




‘ ■“ [s + 

“'S+! 



dry d5i/ 



dx 

dw 
dx 



dx 



dx 

dw dbw 
dx dx 


. T1T d 2 wd 2 bw\ , . nrt 1r 

+ EI — J dx + 


dx 




.if 

2 Jo 


(10.30) 


/ dSiA 


^ \&) dx + 



+ 


+ 


u:i 



EA 


EA 


„ . dw dbu dbw , 

EA -7-7-7— dx 

dx dx dx 

dw\ 2 (dbw \ 2 , 

-&) dx 

( d 2 bw 



dx 

1 (dwVl (dbw\ 


du 1 / dw\ 2 ^ ^ 

dx 2 \dx / \ dx / \ dx 2 



dx (10.31) 


Integrating by parts, the condition 511 = 0 yields 



Since on the boundary EA[(du/dx) + 3^(dw/dx) 2 ] = a x A = —P, and the 
boundary conditions require either 



or bw = 0, and either EI(d 2 w/dx 2 ) = 0 or b(dw/dx) = 0, the terms in the 
first brackets are zero on the boundary. Since bu and bw are arbitrary in 
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the interior, the coefficients of bu and bw in the integrands must be zero. 
Thus 



(10.32) 

(10.33) 


From (10.32), we obtain 


EA 




= constant 


and from the boundary conditions we find that this constant is equal to 
—P. Hence 




= ~P (10.34) 


With Eq. (10.34), (10.33) becomes 


d*_ 

dx 2 





(10.35) 


which is the governing differential equation of column buckling. 

An elastic body is in equilibrium when the first variation of the poten¬ 
tial energy is zero, or 

m = o 


which indicates that n is an extremum or a stationary point. In the 
determination of the stability of the equilibrium states, we must examine 
the second variation of the potential energy. It can be shown that an 
equilibrium state is stable if the potential energy of every neighboring 
state has a larger value. In other words, we have a stable equilibrium 
state if II is a minimum, i.e., if we have 511 = 0 and 5 2 n > 0. Similarly, 
if II is a maximum, that is 511 = 0 and 5 2 n < 0, the equilibrium state is 
an unstable one. In the case of the buckling of a column, the straight 
form of equilibrium is stable when P < P CT , unstable when P > P cr , and 
in neutral equilibrium when P = P cr . Therefore as P increases for some 
value less than P cr to some value greater than P cr , 5 2 II changes from a 
positive value to a negative value. At P = P cr , we must have 5 2 n = 0. 
Therefore the condition 5 2 II = 0 determines the stability limit. 

Now let us examine 5 2 n as given by Eq. (10.31). When 511 = 0, we 
have 

« [= +* (£)'] - 

dbu dw dbw 

dx dx dx 


or 


(10.36) 
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The first three integrals in (10.31) can be combined and written as 

(dhu , dw dhw\ dhu . „ . (dhu dw dhw\ dw dSw 
EA \dx + dx dx ) dx + A \dx + dxdx) 
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1 

2 io 


dx dx 


dx 


Which vanishes because of Eq. (10.36). With (10.34), we have 


6 2 n 


/:h 


dx ) 


+ El 


/ d 2 8w 
\ dx 2 



dx 


and the condition 5 2 n = 0 becomes 



(10.37) 


where hw is any small variation of w from the straight form of the column. 
Since for the straight form, w = 0, then hw represents the actual deflec¬ 
tion of the buckled column. Formula (10.37) is therefore the same as 
Rayleigh’s formula. The above derivation is essentially the one given by 

Marguerre. 1 

10.7. Errors in the Buckling Loads Calculated by the Energy Method. 

In Sec. 10.5, we have shown that approximate values of buckling loads 
can be calculated by the Rayleigh-Ritz method, from Rayleigh’s or 
Timoshenko’s formula. We shall now show that the buckling loads calcu¬ 
lated in this way are always larger than the exact value, and the value 
calculated by Rayleigh’s formula is always larger than that calculated by 

Timoshenko’s formula. 

The general differential equation is 



where I may be a function of x. Let w i, w 2 , . . . , w n be the deflection 
functions corresponding, respectively, to Pi, P 2 , . • and P n . That is, 
w n satisfies the boundary conditions and the equation 


B + ‘ W - 38 > 

where P n is the nth critical load as defined in Sec. 9.4. For example, for 
simply supported columns with constant cross section P n = nVEI/L 2 


1 K. Marguerre, tlber die Anwendung der Energetischen Methode auf Stablitiit- 
probleme, Jahrb. 1938 DVL, pp. 252-262. Also NACA Tech. Mem . 1138. 
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and Pi —Per. Now suppose that we assume an approximate function 
for w. This assumed function w can be represented by the infinite series 

co 

w = C\Wi + C 2 w 2 + • • • = ^ C n w n 

n = 1 


00 


where C\, C 2 • . . are constants so determined that ^ C n w n will repre¬ 


sent w to any degree of accuracy desired. 
Let 


n = 1 


Then 




00 


-2 


In + 


n 


at 1 

Jyi X n = 1 m = l 


c n c m 


dw n dw 


m 


dx dx 


dx 


(10.39) 


where m n. To prove that the cross product integrals in (10.39) 
vanish, let us multiply both terms in (10.38) by w m dx and integrate 
them by parts. We obtain 




dw n 
n ~dx 

d 2 w n d~w m 
dx 2 dx 2 






dw m dW n 
dx dx 



(10.40) 


Now, let us examine the boundary conditions. If an end is simply sup¬ 
ported, the boundary conditions are 

w n — 0 and El ~ = 0 


If the end is built in, we have 

w n = 0 and 
and if the end is free, then 



_ r d~w n ~ i d (jpj d 2 iVn\ . p dw n 

E 1 ±s=° and Tx\ EI ^) +K W = 0 

V 

Therefore, no matter whether the ends are simply supported, built in, 
or free, the boundary terms in (10.40) vanish and we have 

[ L EI ^ dx - P n [ L %Z±dx-0 (10.41) 

Jo dx 2 dx- Jo dx dx 

Similarly, if we multiply the equation 


d*_ 

dx 2 




+ Pm 
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by w n dx and integrate, we obtain 



o 


L 7,7 d 2 w m d*w n 

EI Hx^^ dx 


- Pm 



dW n dWm 


dx dx 


dx = 0 


Subtracting the above equation from (10.41), we find 


(Pm 


~ p -> /. 


dw n dw 


m 


dx dx 


dx = 0 


When n j* m, P n 5* Pm) therefore 



dw n dw m 


o dx dx 


dx = 0 



o 


7, r d 2 W m 

EI ±^^ dX 


= 0 


if n 5 ^ w. Hence 


f L (p\dx- l I, 

Jo \dxJ 

L 


N< ” L EI 


n = 1 


El 


(2 C - 

X n= 1 


d 2 U> 

da: 2 



da: 


- j,/;«(s)' *+11 /:» 


d 2 u>„ d 2 tx m 


dx 2 dx 2 


dx 


If we let m = n in (10.41), we obtain 


f ^ (S=)’ * - p - Z. 1 (S 5 )’ * 


= Pn/n/C 2 


Therefore 



oo 


0 


" (£)■ * - 1 w. 

N 7 n = 1 


The approximate buckling load calculated by Rayleigh's formula, P R) is 


oo 


2 


Pn = 


n = 1 


00 


2 
n = 1 


P h + i*{Pt/Pi) + i 3 (p 3 /p i) + • 
1 /!+/* + /.+ • • • 


n 


Since P n /P\ > 1 when n > 1, 


• • 


> 1 


or 


Pr >P i 


A + -^2 + ^3 + * * * 
where Pi is the exact critical load. P R = P x when / 2 , J 3 , . . . are zero 
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If the boundary conditions of the column are such that the differential 
equation is 



+ Pw = 0 


(10.42) 


from (10.27) we find that the buckling load calculated from Timoshenko’s 
formula, P T , is 



J 0 (dw/dx ) 2 dx 
f o L (w*/EI) dx 




where n ^ m. With (10.42), we have 



because in this case the boundary conditions are that w n (dw n /dx) = 0 
at x = 0 and x = L. Therefore 


oo 




Pr = 


n = 1 


£ (In/Pn) 


= Pi 


A + A + A ~b 


A + Il(Pl/Pl) + Iz(Pi/Pz) + 


n = 1 


Since (Pi/P„) < 1 for n > 1, we have 

_ A ~f~ A ~f~ A + • • • 

A + / 2 (Pi/P 2 ) + / 3 (Pi/P 3 ) + r; ~ 

To prove P R > P T , we must show that 


> 1 


or 


PJ 1 + P212 -f- 


• • • 


Or (Pi A + P2A + * 


> 


A + A + 


• • 


) 


(h + L 

\Pi p 


P T > Pi 


(h/Pi) + {it/Pt) + 


+ 


• • 


> (A + 1 2 + 


) 
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Carrying out the multiplication, we have now to show 


oo oo 

n 

n m 
( n>m ) 


n 


+ 


OO ao 

ft) ^ H 


m 


or 


P P 

p“ + p“ - Z 
a to 1 n 


n m 
(n>m) 


But ^n 2 + Pm 2 > 2 PnP m 


or 


TV - 2PnP m + Pm 2 > 0 


since (P n — ^m) 2 > 0. We have therefore proved that P R > P T - 

10 8. Determination of Lower Bounds of the Buckling Loads for 
Columns with Variable Cross Section. In the previous section, we 
have proved that the energy methods always give a buckling load which is 
higher than or equal to the value given by the solution of the differential 
equation. We shall call this value an upper bound of the buckling load. 
Since the buckling load is to be taken as the allowable load in the design 
of columns, a higher value will lead to an unsafe design and it is important 
to ascertain the maximum possible error in such a case. This can be 
accomplished by formulating a method which will always give a lower 

bound of the buckling load. 

Let us define 



f o L [. EI(d 2 w/dx*)Kd*/dx*)[EI(d*w/dx 2 )] dx 

f o L El^w/dx 2 ) 2 dx 


(10.43) 


As in the previous section, we shall let w be represented by the infinite 
series 

oo 

W = ^ CnW n 

n = 1 

where the functions w n are as defined before. Thus 
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where n ^ m. From Sec. 10.7, we have 



El 


( d 2 w n 
\ dx 2 


) dx = U>JC\ 



jpy d 2 w n d 2 w m 

EI i&iw dx 


= 0 


Substitution of these relations into (10.43) results in 


oo 


l t-r* 


Pc = 


n = 1 


00 


2 T » p » 


_ rj IlPl + / 2 P 2 (P,/P 1 ) + ■ • •.. 

~ Pl ~ hPr + + • • • ^ Pl ( 10 ' 44 ) 


Now, 


Pr ~ 


n = 1 


Pc - P« „ P 2 - Pc 


(P 2 /P«) -1 


= p* 


p 2 -p« 


n = l n = 1 n = 1 


00 


00 


t = l n = 1 n = 1 


n = 1 
00 


oo 


P 2 ^ InPn~ J /„P 


n = 1 


n = 1 


00 


00 


= Pl 
<P1 


p 2 £ /. - 2 /„p» 

n = 1 n = 1 

/l(P 2 - Pl) ~ / 3 (P 3 - P 2 )(P 3 /Pl) - / 4 (P 4 ~ P 2 )(P 4 /Pl) - 


/l(P 2 “ Pl) ~ / 3 (P 3 ~ P 2 ) ~ / 4 (P 4 ~ P 2 ) ~ 


Thus, we arrive at a formula which gives the upper and lower bounds of 
the buckling load, viz., 


(r- 


Pc - 

(P 2 /P 


irh) s p - s p - 


Since the exact value of P 2 for a column with a variable cross section is 
unknown, we shall use the value of P 2 for a column with the same bound¬ 
ary conditions but with constant cross section which is equal to the 
minimum cross section of the actual column. We see by such a substitu¬ 
tion that the above inequality is still valid. Therefore 1 we obtain 

1 This formula was originally given, in a different form, for a special case by G. 
Temple and W. Bickley in “Rayleigh’s Principle and Its Applications,” p. 173, 
Oxford University Press, New York, 1933. The method was generalized in “Eigen- 
wertprobleme und ihre numerische Behandlung” by L. Collatz, Akademische Ver- 
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P R - ,,„ PC ~f* T <Pcr<Pn 


(10.45) 


[(PjWP*] ~ 1 

as long as (Pi) „i« > Pr, where the values of (P 2 )=..« for columns with var¬ 
ious boundary conditions are as follows: 

/ Yt \ 47T 2 (£'/)min 

Both ends simply supported: 


Both ends built in: 


(P 2 ) min j^2 

16t r 2 (EI) 


(P 2 ) min jjl 

9t t\EI) 


min 


min 


One end built in, other end free: (P 2 ) min 4Zy 2 

, / n \ 59.68 (El) 

One end built in, other end hinged: (P 2 ;min = 


min 


L 2 

We shall now illustrate this method by working out a few examples. 
Example 1. Columns with Both Ends Hinged. Assume that the 
moment of inertia of the cross section of the column varies according to 

the formula 


= /»( 


1 + sin 


7 TX 


If we assume, as in Sec. 10.5, that 


w — C\ sin 


7 tx 


and substitute this expression into (10.45) and integrate, we have 


Pc — — 


J o L [EI(d 2 w/dx 2 )](d 2 /dx 2 )[El(d 2 w/dx 2 )] dx 

EI(d 2 w/dx 2 ) 2 dx 


2ir * EI °- = 19.74 EI ° 


L 2 


L 2 


As we have worked out in Sec. 10.5, 


p R = l-^97r 2 P/o = lg>25 El 0 


L 2 


Since (EI ) min in this case is El 0 , we have 


L 2 


(P 2 ) min — 


47 r 2 EI 
L 2 


lagsgesellschaft, Becker and Erler Kom-Ges., Leipzig, 1945. See also C. C. Miesse, 
Determination of the Buckling Load for Columns of Variable Stiffness, J. Applied 
Mech.y Trans. ASME, Vol. 71, pp. 406-410. The proof given here is much simpler 
than those given by the preceding references. 


274 


APPLIED ELASTICITY 


Substituting into formula (10.45), we find that 

17.50#Jo <p K 18.25#/ 0 


L 2 • - cr - 


L 2 


This shows that P R has a maximum error of +4.5 per cent 
better approximation, we may take 


To get a 


... ri • ~ . SttX 

w = Ci sin -j- + C 3 sin -j— 


where C 3 was determined in Sec. 10.5 to be 0.01297C,. The computation 

can be carried out in the same manner, and we shall leave this as a problem 
for the reader. 

Example 2. Column with One End Built In and the Other End Hinged. 
Let El be given by the formula 


El = El 


0 


['-■©'] 


The boundary conditions in this case are w = 0 and dw/dx = 0 at 

x = 0, w = 0 and d 2 w/dx 2 = 0 at x = L. To satisfy these conditions, 
we may assume 


w 




Substituting this expression into formula (10.44) and integrating, we find 
that 

EIo 


Pc = 17.98 


L 2 


From formula (10.23), we find that 


P R = 17.88 


El o 
L 2 


Now, (£7) min = %EI q . Hence 


{P 2)min — 39.79 


Eh 

L 2 


Substituting these values into formula (10.45), we find that 

17.79 ^r° < P C r < 17.88 Eh 


L 2 


L 2 


which gives P cr to within 0.3 per cent. 

If the boundary conditions of the column are such that the differential 
equation can be written in the form 

ei ~£ + Pw = 0 
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we can find the buckling load by Timoshenko’s formula. In such cases, 
may derive another formula which gives closer bounds than formu a 
(10 45)- By u sin g the resu l ts obtained in Sec. 10.7, we obtain 

„ P r ~ Pt _ P P* ~P* 

PT (p ip \ T T P„ — P T 

t ZdCP./Pi) - 1)] - /i[l - ( Pt/P*)KP*/Pi) - • • 

_ Pl ii[(P t /Pi) - i] - /sU - (Pi/Pi)] - ■ ■ ■ 

< Pl 


Therefore, we have 


Pr - 


Pb - P 


[(P*WPr] - 1 

as long as (Pi) min > Pt- 

In Example 1, if we again assume that 


< Per < Pt 


y-y • TfX 

w = C i sm 


(10.46) 


we find that 


P T = 18.06 


EL 

L 2 


Using (10.46), we obtain 


17.90 ^r° < Per < 18.06 EI ° 


L 2 


L 2 


Thus we have P cr to within 0.5 per cent. 

Problem 1. Assuming that 

to = C, (sin ^ + 0.01297 sin 

find the upper and lower bounds of the buckling load of the column given in Example 1 
by using formula (10.45). 

Problem 2. Determine the buckling load for a column which is built in at one 
end and free at the other, with length L and stiffness 

EI(x) = EI Q ^1 -f cos f^) 



CHAPTER 11 

BENDING AND BUCKLING OF THIN PLATES 


H I; Differential Equation for the Bending of Thin Plates. When 
the thickness of an elastic body is small compared with the other dimen¬ 
sions, we call it a thin plate. Let h be the thickness of the plate. The 
plane parallel to the faces of the plate and bisecting the thickness of the 
plate, in the undeformed state, is called the middle plane of the plate. 
We choose the coordinate axes so that the x and y axes are in the middle 
plane of the plate and the z axis is perpendicular to the middle plane. 

If a thin plate is bent with small deflection, i.e., when the deflection of 
the middle plane is small compared with the thickness h, the following 
assumptions can be made. 

1. The normals of the middle plane before bending are deformed into 
the normals of the middle plane after bending. 

2. The stress a z is small compared with the other stress components and 
may be neglected in the stress-strain relations. 

3. The middle plane remains unstrained after bending. 

Consider a section of the plate parallel to the xz plane as shown in Fig. 

11.1. After bending, a point A on 
the middle plane is deflected to A' 
with a deflection w. According to 
the first assumption, a point on the 
normal to the undeformed middle 
plane, such as B , which is at a dis¬ 
tance z from A y is now displaced to 
B'y which is on the normal to the 
middle plane after bending. From 
displacement of the point B' in the x 

= —za 

tan a = dw/dx and 



?z 


Fig. 11.1. 

Fig. 11.1, it is observed that the 
direction is 

u 

Since the deflection is small, a = 



(H.l) 


Similarly, the displacement of the point B' in the y direction is 
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( 11 . 2 ) 
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ThP assumption that the normals of the middle plane before bending are deformed 
■ /normals of the middle plane after bending is equivalent to assuming that the 
’hiring strains y„ and y», are zero. This follows directly from the definitions of the 
bearing strains. For example, consider the shearing strain y XI , which is defined as 
the change in the right angle subtended by the line elements parallel to the x and « 
VPS during deformation. In the present case, the normal is in the z direction. The 
» fln2 le between the normal and the x axis will, according to the assumption, 

remain a right angle after bending, and consequently y,. = 0. Following a similar 
reasoning we find that y v , is also zero. The assumption of zero y xx and y v , will lead 
several inconsistencies later in the development of the theory. Therefore, instead 
of assuming these shearing strains to be zero, we shall assume that they are not zero 
r fl i n r p smflll enough to be neglected. 

Instead of the geometrical considerations used in deriving Eqs. (11.1) and (11.2), 
these equations can also he obtained directly from the assumption that y x . and y v . 

are negligible. For example, 


Jt 


du 

dz 


dz 


Since z is small, we may write 


u 


= . 

\dz ) z -o 


But, at z = 0, 


(Tx.Or-0 


or 


_ (du 

~ \az 

- - 

\dz/ z-o 


+ 


dw 

Ox 




0 


dw 

dx 


where w is the deflection of the middle plane. Thus 


u = — z 


dW 

dx 


Equation (11.2) can also be derived in a similar manner. This alternative method of 
derivation will be useful in deriving the strain components for thin shells. 


From the definition of strain, we have 



By making use of the relations (11.1) and (11.2) we obtain 



(11.3) 


According to assumption 2, the stress-strain relations for a thin plate 
in bending are 




(11.4) 
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from which we obtain 


O’ r. = 


E 


= fZ „2 ( 6 * + V *v) 


a„ = 


^xy Gy zy — 


E 

l — v 2 ( 6 » “ 1 “ V€ *) 

E 


2(1 + v) 


y*v 


Substituting Eq. (11.3) into the above formulas, we find 




Ez / d 2 w d 2 nA 

1 — v 2 \dx 2 V dy 2 ) 

Ez / d 2 w d 2 w\ 

1 ~ p 2 W ^ V dx 2 ) 

Ez d 2 w 
1 + v dx dy 


(H.5) 


( 11 . 6 ) 


With these relations, the bending and twisting moments per unit length 
acting on any section of the plate parallel to the xz and yz planes (Fig. 




11.2) can be obtained by integration. Thus 





z dz 


Since w is the deflection of the middle plane, it does not depend upon z. 
Hence 



(11.7) 
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where D denotes Eh 3 /I2(l - r 2 ) and is called the flexural rigidity of the 
'plate. Similarly, we have 


f h ' 2 . d 2 w 

Mv = J-k/ 2 aUZdZ = ~ \W + 

rh /2 d 2 w 

M xy = M VI = - ] r «>* dz = D V ~ v > W&y 



( 11 . 8 ) 


where the negative sign before the integral for M n is due to the fact that, 

for positive r xy and positive 2 , dM xu is negative. 

Let us now consider the equilibrium of an element dx dy of the plate 
as shown in Fig. 11.2. The plate is assumed to be under the action of a 
normal, distributed load with intensity p. In addition to the bending 
and twisting moments, there will be vertical shearing forces acting on the 
sides of the element due to the shearing stresses r« and t„ z . Let Q x and 
Q y be the shearing forces per unit length parallel to the y and x axes, 

respectively. Then 

e.-AV-* «>-/">■•* <u - 9) 


Earlier in this section, we have pointed out that the assumption 1 is 
equivalent to assuming that y zx = t zx /G and y vz = r yz /G are negligible. 
Now, in the derivation of the equilibrium equations, we have to include 
the resultant forces due to these shearing-stress components. This can be 
explained as follows: We first observe that p is equal to a z at the outer 
surface of the plate and is therefore of the same order of magnitude as <r z . 
According to assumption 2, <7, is also negligible. The assumption here 
is that although the terms t zx /G and r yz /G are negligible in comparison 
with the other terms in the expressions 


du _ dw . r zx dv ^ dw t vz 

dz ~~ dx G dz dy G 


the shearing forces Q x and Q v are of the same order of magnitude as the 

applied load p and the moments M x , M y , and M xy . 

The equihbrium of the element of the plate requires the summations of 
the forces in the x, y, and 2 directions as well as the moments about these 
axes to be zero. Since the stress components vary from point to point in 
the plate, the resulting moments and shearing forces must also be func¬ 
tions of x and y. Let us neglect the body forces, which are usually small 
compared with the lateral load p. Since the middle plane is assumed 
unstrained, the summations of forces in the x and y directions are identi¬ 
cally zero. The condition that the sum of the 2 components of the forces 
be zero becomes 
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dQx j j , dQ v T , 

dx d V + ~fydydx + pdxdy = 0 


or 


dQz dQ y 


+ V = o 


( 11 . 10 ) 


d:r ' dy 

Taking moments of all the forces acting on the element with respect 

to the x axis and neglecting higher-order terms, we obtain the equation of 
equilibrium 


dMty , , m 


dx 


dx dy — 


dy 


dy dx + Q y dx dy = 0 


or 


dM xu dM, 


+ Qv = 0 


( 11 . 11 ) 


dx dy 

Similarly, the equation of equilibrium for the moments with respect to 


the y axis gives 


dM 


VX 




dM x 

dx 


+ Qx = 0 


( 11 . 12 ) 


From Eqs. (11.7), (11.8), (11.11), and (11.12), we find that 


Qx = 


dM x _ dM_ 

dx dy 


VX 


n __ dMy dMxy 
Vi/ — 


dy 


dx 


--±[ 
dx [ 

= --[■ 
dy I 


KS + ’30] 

_ d 

dy 

[z)(i- v) ;M 

y dx dy J 

[ fl (?+■£?)] 

d 

dx 

Da - v ) 1 

dxdy J 


For a plate with constant thickness, D is a constant, and we have 




d 2 W d 2 U) 

dx 2 + 


Q 


-°h( 


d 2 w d 2 w 
dx 2 + 


(11.13) 


dx 4 


+ 2 


dx 2 dy 2 + dy 4 


dy z / ~ dy \dx 2 ' dy 2 

Substituting (11.13) into (11.10), we obtain the differential equation which 
governs the small deflection of a thin plate with constant thickness under 
bending, viz., 

dho . „ d A w . d l w p 

p d 1 - 14 ) 

or vhv = 

11.2. Boundary Conditions. We shall first formulate the boundary 

conditions for a rectangular plate with edges 
parallel to the x and y axes. 

Simply Supported Edge. When a supported 
edge of a plate is free to rotate, it is called a 
simply supported edge (Fig. 11.3). Thus, if 
the edge x = a is simply supported, the deflec¬ 
tion as well as the bending moment along the edge must be zero. That is, 



Fig. 11.3. 


(w).-. = 0 (M s ) 


= -d(^ 

\dx 2 


d 2 w d 2 W 
+ v — 

dy 


) - 


0 
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But the condition w = 0 along the edge x = a means also that 
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dw 

dy 


d 2 W 

df/ 2 


= 0 


along this edge. The boundary conditions for a simply supported edge 
can therefore be written as 

<■»- - ° (£)_ * 0 <II15 > 

Built-in or Clamped Edge. If the edge x = a is built in or clamped, 
along this edge the deflection as well as the slope of the middle plane 

must be zero. That is, 


(w) 


— (s)_-° 


(11.16) 


Free Edge. If the edge x = a is free, there must be no bending and 
twisting moments as well as no vertical shearing forces along the edge; 


= 0 (!,)« = 0 (Q*)*-a = 0 

It was shown, however, by Kirchhoff 1 that only two boundary conditions 
are sufficient for the complete determination of the deflection w satisfying 
Eq. (11.14) and the three conditions derived from physical reasoning are 
too many. This inconsistency is due to the assumption that the normals 
of the middle plane before bending are deformed into the normals of the 
middle plane after bending. Without using such an assumption, a sixth- 
order differential equation can be obtained for which all the three bound¬ 
ary conditions can be satisfied. 2 It can be shown, however, that, except 
in the immediate region of the boundary, the stress distribution given by 
this new equation is substantially the same as that given by Eq. (11.14). 
If the plate is thin , the sixth-order terms can be neglected and this new 
equation reduces to Eq. (11.14). This justifies the use of Eq. (11.14) in 
the study of the bending of thin plates. In order to avoid the incon¬ 
sistency in the boundary conditions, Kirchhoff pointed out that the two 
conditions prescribing and Q x can be replaced by a single one. The 
reason is that the twisting moment acting on an element of the edge of the 
plate may be replaced by two statically equivalent vertical forces, which 
can then be combined with the vertical shearing forces. Owing to such a 
replacement, the stress distribution in the immediate neighborhood of the 


1 G. Kirchhoff, Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe, 
J. reine u. angew. Math., Vol. 40, pp. 51-88, 1850. 

2 See E. Reissner, The Effect of Transverse Shear Deformation on the Bending of 
Elastic Plates, J. Applied Meek., Vol. 67, pp. A69-77, 1945; K. 0. Friedrichs, “The 
Edge Effect in the Bending of Plates,” Reissner Anniversary Volume, pp. 197-210, 
Edwards Bros., Inc., Ann Arbor, Mich., 1949. 
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edge will naturally be affected, but the stress distribution in the rest of the 
plate will remain essentially the same. 

Consider the edge x = a. On an element of length dy we have the 
twisting moment dy, which may be replaced by two vertical forces of 

the magnitude Mgy at a distance of dy apart, as shown by the solid arrows 
in Fig. 11.4. At the next element of length dy, the twisting moment will 
be of the magnitude [Mxy + (dMxy/dy) dy] dy , which may be replaced by 
the vertical forces of magnitude Mxy + ( dM xv /dy ) dy as shown by the 

dotted lines in Fig. 11.4. At point 
A, because of the foregoing replace¬ 
ments of statically equivalent sys¬ 
tems we find that there is a net verti¬ 
cal force of the magnitude ( dM xy /dy) 
dy or a vertical force per unit length 
of the magnitude dM x Jdy. For 
positive M^, the statically equivalent 
vertical forces are directed upward and are therefore negative according 
to our sign convention. Thus, for a free edge, instead of requiring both 
and Q x to be zero along the edge, we may require that the statically 
equivalent vertical force be zero. That is 




Using (11.8) and (11.13), we may express this condition in terms of w as 
follows: 



+ (2 - v) 




The condition that M x = 0 requires that 


(11.17) 



(11.18) 


Equations (11.17) and (11.18) may be 
taken as the boundary conditions for a 
free edge. 

11.3. Bending of Simply Supported 
Rectangular Plates. Consider a simply 
supported rectangular plate under a 
lateral loading given by the equation 

V = p(*,y) 



Fig. 11.5. 




Let us take the coordinate axes as shown in Fig. 11.5. As we have shown 
in Sec. 11.1, the deflection of the plate must satisfy the differential 
equation 
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d*w , „ d*w L dHu = p(x,y) 
fo* + Z dx 2 dy 2 + 3t/ 4 -D 
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(11.19) 


with the boundary conditions 


w = °’ ~ 0 


at x = 0 and x = a 


( 11 . 20 ) 


w = 0 ’aP 


^ = 0 at y = 0 and y = b 


We observe that the above boundary conditions are satisfied if the 
deflection is expressed by the following Fourier senes, 


v v' , . m^x • niz y 

= 22 Amn Sin sin ~b 


( 11 . 21 ) 


1 n = l 


where the A mn are undetermined coefficients. These coefficients can be 

determined so that Eq. (11.19) is satisfied. 

Let us first expand p(x,y) in terms of a Fourier series, viz., 


v v . rn ' irx • nT y 
p(x,y ) =2 2 sin ~cT sin b 


( 11 . 22 ) 


m = 1 n — 1 


To calculate any particular Fourier coefficient a»v, we multiply both 
sides of (11 22) by sin ( rn'irx/a ) sin ( n'lty/b) dx dy and carry out the 
integration with respect to x from 0 to a and with respect to y from 0 to b. 

That is, 


f sin 2^5 sin "If ix dy 


- i 1 /: /: 


. ra-n-x . m 7rx • ri7r?/ • n iry , j . 
a m „ sin-sm-sin — sin ax u</ 

a a o o 


Noting that 


a . rrtTX . m ttX , 

sm-sin-ax 

a a 


/•“ 


. n7r?/ . n Try , 
sm -r^ sin 
6 o 


when m m' 


when m = m’ 


when n n' 


when n = n! 


and 
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we find after integration 


V V [° f b n «? n mirx • w't 

rhinal J o JO a a 


t? x ■ mry . n icy , . 

' sin ~TT sin —dx dy 


ab 


— — dm'n' 


It follows therefore that 


dm 'n' — 


a fb , 

ab I o Jo p( *' y) Sln — Sln —jT^ dy 


a 


(11.23) 


To determine the coefficient A mn in the expression for w, we substitute 
(11.21) and (11.22) into Ecj. (11.19). This gives 


oo co 


jy.iMiv)' 


+ 2 


(")'(t ) 


+ 


(t)1 


CLmn I . TTiTrX . mrlJ 

sin-sm ~ = 0 

a b 


D 


Since the above equation must be valid for all values of x and y, it follows 
that 


mn 


7T 


f“ ! + -Y-- = o 


or 


A mn — 


a 


mn 


oo oo 


tt 4 D [(m 2 /a 2 ) + (n 2 /b 2 )] 2 


Hence 


w 


-42 I 


a 


mn 


i [(m 2 /a 2 ) + (« 2 /6 2 )] 


sin V™. sin m. 
a b 


(11.24) 


where a mn is given by formula (11.23). The expression w given by (11.24) 
is the general solution for a thin rectangular plate under the lateral loading 
P(x,y). 

In the particular case of a rectangular plate under a uniformly dis¬ 
tributed load of intensity p(x,y ) = p 0 , we find, from formula (11.23), that 



where m and n are odd integers. a„„ = 0 if m or n is even. Hence 



00 00 

I I 

m= 1,3,5 n = l,3,5 


sin ( rmrx/a) sin ( mry/b ) 
mn[{m 2 /a 2 ) + (n 2 /6 2 )] 2 


(11.25) 


The vanishing of all terms with even m or n in series (11.25) may be 
observed from the following physical reasoning: Under a uniform load, 
the deflection surface of the plate must be symmetrical. With the 
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coordinate axes shown in Fig. 11.5, the terms with even m or n give 
unsvmmetrical deflections and naturally should be zero. The maximum 
deflection of the plate occurs at the center of the plate and is 


(w) z*=a/2 f y==l>/2 



(11.26) 


This series converges very rapidly, and the first few terms will in general 
„ive a satisfactory answer. For example, in the case of a square plate, 
by taking v = 0.3, we find that the deflection given by the first four terms 

in the series is 

a 4 

(w) x =a/ 2 ,v=b /2 — 0.0443^0 


which is accurate to the third significant figure. 

With the expression for the deflection of the plate determined, we can 

find the bending moments in the plate by substituting (11.25) into 
formulas (11.7) and (11.8). Hence 




16p 


oo 


00 


0 


1 I 


/ m 2 , n 2 \ 

u-+-p) „ 


rmrx . mry 
—„ sin-sin -r- 


7r 4 Li ('in 2 . 7i 2 

m - 1,3,5 n = 1,3,5 mn ( — -f 

a 2 0 2 


a 


16p 


00 


CO 


I 2 


77T n 

’T* +T ' 


0 . 


(11.27) 


T m =Y,3,5 7i — 1,3,5 mn ( 7 IL ™ 

a 2 0 “ 


7HTX . mry 

sin -sin 

a b 


The maximum bending moments occur also at the center of the plate. 
For a square plate, a = b, we find that the first five terms of the series give 

(M x ) x=a/2,y=b/2 = (Mv)x—a/2,y=b/2 = 0.0479puU 2 

Comparing formulas (11.6) with (11.7) and (11.8), we find that the 
bending stresses can be expressed in terms of the bending moments as 
follows: 

!2MxZ 12 M y z 

° x ~ h 3 ^ /i 3 


The maximum bending stresses occur at z = ±h/ 2. For a uniformly 
loaded square plate, we have 


a 


max 


= 0.287p 0 p 
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Problem 1. A simply supported rectangular plate is under the action of hydro¬ 
static pressure. In this case, the load is distributed according to the formula 


p(x,y) = ^ 

a 


Find the deflection, moments, and stresses in the plate. 


oo 


oo 


Ans - *=% 2 2 


(-D 


m + l 


m ~ 1 n = 1,3.5 mn 


3 


+ —V 

2 ^ by 


. m-rrX . mry 

sin-sin —~ 

a b 



Fig. 11.6. 


Problem 2. A simply supported square plate is under a uniformly distributed 
load. Find the maximum deflection by the finite-difference approximation and the 
relaxation method. Hint: For a simply supported plate, the boundary conditions 

can be written as w = 0 and V 2 w = ^ = 0 along the edges. With the 

boundary conditions so written, the differential equation can be put into the follow¬ 
ing form: 

VW = 

VHv = M 


Thus, the problem can be solved in two steps. First, solve for M so that 

VW = and M = 0 along the edges 

Then, solve for w so that 


V 2 u> = M id — 0 along the edges 

By such a transformation, instead of working with the biharmonic operator V 4 , we 
need deal only with the much simpler Laplace operator V 2 . 

11.4. Bending of Rectangular Plates with Clamped Edges. Ray- 
leigh-Ritz Method. In Chap. 7, we discussed the solution of elasticity 
problems by means of Rayleigh-Ritz methods. Let us now apply the 
Rayleigh-Ritz method to the solution of plate problems. The general 
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expression for strain energy stored in an elastic body is given by formula 

(3.49), viz., 



Ill ^ 

v 


+ <r v € v + + T xy y xu + r vz y yz 


+ r zx y zx ) dx dy dz 


In the case of thin plates, according to the assumptions made in Sec. 11.1, 
7xzi y u2 are small quantities and can therefore be neglected. By 
neglecting terms containing <r 2 , y xz , y yz in the above expression and elimi¬ 
nating the strain components by using (11.4), we have 




(<r* 2 + o-y 2 — 2wr*or„) + T *u 2 


dx dy dz 


where the relation G = E/ 2(1 + v) has been used. Substituting into the 
above formula Eqs. (11.6), which express a x , <r Ui and r xy in terms of w , we 

obtain 




2 

~|“ 2v 


d 2 w d 2 w 
dx 2 dy 2 


+ 2(1 - v) 



2(1 - u) 


d 2 w d 2 w 
dx 2 dy 2 



dx dy 


(11.28) 


where A is the area of the plate. 

The above formula can be put in a much simpler form for plates of 
any shape with all their edges built in and for rectangular plates with 
w = 0 along the edges. Integrating by parts, we find 



d 2 w d 2 w y 7 _ £ d 2 w dw 
dxd~y dx&y dX dy ~ J* dx dyte 



dw d 3 W 
dx dx dy 2 


dx dy 



d 2 w dw 
s dx dy dx 



dw d 2 w 
Sfody 2 





d 2 W d 2 W 

dx 2 dy 2 


dx dy 


For plates with built-in edges, dw/dn = dw/ds = 0 and conse¬ 
quently dw/dx = dw/dy = 0 along the edges; for rectangular plates with 
w = 0 along the edges, dw/dx = 0 along the edges y = constant and 
dw/dy = d 2 w/dy 2 = 0 along the edges x = constant. Hence, the first 
two integrals in the above expression become identically zero, and we have 



d 2 w d 2 w 
dx 2 dy 2 



dx dy = 0 


(11.29) 
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The bending-strain energy becomes then 


TT _ D [[ (d 2 w , d 2 w\ 2 , _ /f , 0 x 

U 2 JJ \0x 2 + dy 2 ) dxdy (11.30) 

A 

To illustrate the use of the Rayleigh-Ritz method, let us consider the 
bending of a rectangular plate with clamped edges. Take the coordinate 
axes as shown in Fig. 11.5. The boundary conditions are 


w = 0, 
w = 0, 


dw 

dx 

dw 

dy 



at x = 0 and a 
at y = 0 and b 


These boundary conditions are satisfied if we assume w in the following 
form: 




2rmrx 

a 



1 — cos 



(11.31) 


where the parameters A mn are to be determined from the condition that 
the potential energy of the system 

n = U - W 


is a minimum with respect to these parameters. 

Substituting (11.31) into (11.30) and integrating, we find that 


U 


1 1. 


cos 


* 

2mcy 


m = 1 n = 1 


cos 25^(1 ^vn 


= 2Div A ab 


UK?) 


cos ^ - cos ——yjj dx dy 


+ 3 


m= 1 n = 1 



+ 2 


@)G9] 


00 CO 00 / \ co co CO / V 

« « 1 ' / _1_t _ _ 1 ' * 


A 2 


an 


m = 1 r — 1 a = 1 
(r^s) 


r = l s =1 n = 1 
(r^a) 


If the plate is under the action of a uniformly distributed load of intensity 
p 0 , the potential energy of the external force is 


W = 


p 0 w dx dy 


- /; /: 

-nm 


00 00 

-poab £ £ A 


mn 


1 — cos 


2m J^j ^1 - cos ] dx dy 


mn 


m «=» 1 n — 1 
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The condition dU/dA mn = 0 therefore gives 


£Dir A ab 


IKS) 


+ 3 



+ 2 


(30 GO] - 4 - + 1 2 (30 


mr 


(except r =» n) 


+ ^ 2 = 0 (11.32) 

r = 1 

(except r = m) 

For various values of m and n, the above condition gives the same number 
of equations for A mn as the number of parameters taken. Solving these 
equations simultaneously, we can find these parameters and therefore the 
deflections, moments, and stresses everywhere in the plate. For example, 
if we take only one parameter A u , then we have 

. _ poa 4 _1__ 

All ~ 4Z)tt 4 3 + 3(a/6) 4 + 2(a/6) 2 


For a square plate, An = poa 4 /32.Dii+ Substituting this value into 
(11 31) and taking v = 0.3, we find the maximum deflection of the plate 

which occurs at x = a/2, y = 6/2 = a/2 as 


max 


0.0140p 0 a 4 
Eh 3 


which is only 1.5 per cent greater than the value computed by a much 
longer method. 1 Now let us take a few more parameters, say An, A 12 , 
A 21 , An, Au, An, An. Then the condition (11.32) becomes 



An + £ 


3 + 48 


2 (?) ' 411 + [ 48 + 3 (?) + 8 (?) ] A 



A 31 — 


(s)‘ - 8 G) 


a 22 = 


Pod 4 

4Dtt 4 

Pod 4 

4Dir 4 



-f~ 32A 22 — 


A 22 + 32 ( ) A12 

A 13 + 162 (|) A33 


Pod 4 

4Dtt 4 

Pod 4 

4 Dir 4 

pod 4 

4Dtt 4 


1 T. H. Evans, Tables of Moments and Deflections for a Rectangular Plate Fixed 
on All Edges and Carrying a Uniformly Distributed Load, J. Applied Mech., Vol. 6, 
pp. A-7-A-10, 1939; see also S. Timoshenko, “Theory of Plates and Shells,” p. 228, 
McGraw-Hill Book Company, Inc., New York, 1940. 
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An + 2 (?) Ail + [ 243 + 3 (?) + 18 (?) ] A 31 

+ 162A 3 3 

162 (j) A» + 162^31 + 81 [3 + 3 Q 4 + 2 (jjj A 33 


Pofl 4 

ADir 4 

Pod 4 

4 Dtt 4 


For a square plate, a = 6. The solution of the above equations gives the 
following values for the parameters, 


An = 0.11774?/ A i2 = A 2 i = 0.01184?/ 

A 22 = 0.00189?/ A13 = A 31 = 0.00268?/ 

A 33 = 0.00020?/ 


where ?/ = p^/ADir 4 . Substituting these values into (11.31), we find 
that the maximum deflection is 


w 


max 


0.0138p 0 a 4 
Eh 3 


which is exactly the value obtained by Evans. 

As a second example let us consider the bending of a rectangular plate 
by a concentrated load P perpendicular to the plate and applied at a point 
x = Xiy y = y 1. The potential energy of the external force in this case is 

--p£ £ ,..(1- cos S=fi) (1 - c„ s ip) 

m = 1 n = 1 

The condition dII/dA mn = 0 becomes then 


4 C ..«6 ([. (£) + 3 (£) + 2 ($) ($] A.. + t 2 (*) A., 

(except r = n) 

+ i 2 fe) x ~) - p 0 - - ^ (> -- 2 j p) - ° < ii 33 > 

r =» 1 

(except r — m) 

from which the parameters A mn can be solved. 

In the particular case of a square plate with a concentrated load acting 
at its center, by taking seven parameters An, Au, An, A 22 , Ai 3) A 31, A 33 , 
we find that 


A n = 0.12662P' 

A 22 = 0.00301P' 
A 33 = 0.00015P' 


An = An = -0.0060IP' 
A u = A 31 = 0.00278P' 
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where P' = Pa*/Dw 4 . 
plate is then 


The maximum deflection at the center of the 


w 


max 


0.0593Pa 2 
Eh 3 


which is 3 per cent smaller than the value obtained by Timoshenko. 1 

Problem 1. A rectangular plate is under a uniformly distributed load with inten¬ 
sity po (Fig- 11.5). II the edges are simply supported, we may assume that 


00 


oo 


w 


-l l 

m =1 n = 1 


, . mi tx . niry 

A mn sin-sin —=— 


a 


Determine the parameters A mn by the Rayleigh-Ritz method. 

16po 1 _ 


AUS. Amn — 


for odd m and n 


ir*D mn[(mV« 2 ) + (n 2 /& 2 )] 2 

Amn — 0 for even morn 

Problem 2. In the above problem, if the plate is under the action of a concen¬ 
trated load P at x = xy and y = y i, determine the parameters A mn . Find the maxi¬ 
mum deflection of a centrally loaded square plate. 

4 P sin ( mirxi/a) sin ( nir yi/b ) 

Ans. A mn = [(m ! /o ! ) + (n 2 /b 2 )] 2 


(Wmsx) h 


0.0115Fa 2 
D 


Problem 3. For a rectangular plate with two sides clamped and the other sides 
simply supported, we may assume that 


oo 


oo 


w 


-l l 

m = 1 n = 1 


mn 


o- 


2m7rx\ . niry 

cos- ) sin — 

a / o 


Determine A mn by the Rayleigh-Ritz method if the 
plate is under a uniformly distributed load of 
intensity p o. 

Problem 4. Solve the preceding problem if the 
plate is under the action of a concentrated load P 
at x = xi and y = y i. 

11.5. Bending of Circular Plates. In the 

discussion of bending of circular plates, it will 
be convenient to use polar coordinates. Let 
us take the coordinates as shown in Fig. 11.7. 

The relation between the polar and cartesian coordinates is given by the 
equations 

V 



r 2 = x 2 + y 


6 = arctan - 

x 


1 S. Timoshenko, “Theory of Plates and Shells," p. 231, McGraw-Hill Book Com¬ 
pany, Inc., New York, 1940. 
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from which we find 


dr 

dx 

dd 

dx 


x 

r 


= - = cos 9 


= _ V_ = _ 


sin 9 


dr 

d9 


= - = sin 9 
r 


x cos 9 


Using these expressions, and considering w as a function of r and 9, we 
obtain 


dw 

dx 


dw dr dw dd 
dr dx dd dx 


dw 1 dw . . 

cos 9 -— sin 9 


dr 
d 


r d9 


dw 

dy 


a d 1 . * 

cos 9 — -- sin 9 

dr r dd 

dw ... 1 dw 

sin 9 H— — cos 9 


w 


dr 


r d9 


= (sin e l 


, 1 a d 
. + - cos 9 — I W 
dr r d9 


To get the second derivatives, it is necessary only to repeat the above 
operation. Hence, 


d 2 w 

dx 2 


= I cos 9 — - 


dr 


1 . a d 

~r sin 6 38 



dw . 1 9w 

— cos 9 -— sin 

dr r dd 



d 2 w 

dr 2 


cos 2 9 — 2 


d 2 w sin 9 cos 9 .dw sin 2 9 
dd dr r dr r 


, 0 dw sin 9 cos 9 , d 2 w sin 2 9 

I ^ "^wT "i 


dd 


dd 2 


Similarly, 


d 2 w 

dp 


d 2 w • o d 2 w sin 9 cos 9 . dw cos 2 9 

3^ Sln 6 + 2 dedr -7-+ Tr-f- 


0 dw sin 9 cos 9 , d 2 w cos 2 9 

£ - - o I " 


dd 


d 2 w d 2 W 


dx dy dr 2 


sin 9 cos 9 + 


d 2 w cos 2 9 — sin 2 9 


dr d9 


dd 2 

dw cos 2 9 — sin 2 9 
~d9 r 2 


dw sin 9 cos 9 d 2 w sin 9 cos 9 


dr 


d9 2 


With this transformation of coordinates, we get 


v w dx 2 ^ dy 2 


d 2 W 1 dw 1 d 2 W 
~r~dr^ r 2 ~d9 2 


(11.34) 


Noting that 


V 2 = 


d 2 i a , i ^ 

dr 2 r dr r 2 dd 2 


V A w = 


d 2 d 2 
dx 2 dy 



d 2 w . d 2 w 
dx 2 dy 


and 
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we obtain the differential equation for the deflection surface of a laterally 
loaded thin plate in polar coordinates as 


^ + -- + 
dr 2 r dr 


iiIV 

r 2 dd 2 ) \ 


d 2 w 1 dw 
dr 2 r dr 


1 d 2 w\ _ p 

7 2 d¥) ~ D 


(11.35) 


To derive the expressions for the 
moments and shearing forces in 
polar coordinates, let us consider 
an element of the plate bounded 
by two adjacent axial planes form¬ 
ing an angle dd and by two cylin¬ 
drical surfaces of radii r and r + dr, 
respectively (Fig. 11.8). Assume 
that the x axis coincides with the 
radius r. The moments M r , M t , 

Mrt and the shears Q r , Qt then have 
the same values as the moments 
Mm, My, Mmy and the shears Q x , 

Q y at the same point. By substituting 0 = 0 in the expressions 

d 2 w d 2 w d 2 w 
for 



Fig. 11.8. 


dx 2 dy 2 dx dy 


M 


we obtain 


,--d( 


d 2 w 

dx 2 

d 2 w 


+ 


+ * 


dlU 


M t = 


dr 2 
n (d*W 

U? + ’ 


d 2 w\ 

V dy 2 )t , = o 

(i 

\r dr 

d 2 w\ 
dx 2 / 


+ 


1 d 2 iy\l 

r 2 Jd 2 )] 


0=0 




dw 

dr 


1 d 2 w 

T" O n nO I 

r z 


dd 2 


d 2 W 

dr 2 


M rt = M tr = (1 - v)D 


d 2 w 


= (1 - v)D 



dx dy/ e =o 

d 2 w 1 dw\ 
“ ~ 2 'd~d) 


(11.36) 


Qr = -D 


= -D 


Qt = -D 


d_ 

dx 

d_ 

dr 

d 


dr dd r 

d 2 w d 2 w\ 
dx 2 + 

d 2 w 1 dw 

dr 2 r dr r 


dy 2 ) 0= 


o 


1 d 2 w\ 
r 2 dd 2 ) 


d 2 W ^ d 2 w 


-D- 


dy \dx 2 

d (d 2 W 



r dd \ dr 2 


dy 


+ 


1 d 2 w\ 
r 2 ~dd 2 ) 
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The boundary conditions at the edge of a circular plate of radius a are 
as follows: If a part of the edge r = a is simply supported, we have for 
that part of edge, 61 < 6 < 0 2 , 


= 0 M r = 0 


In the case of a clamped edge, 


w = 0 


dw 

dr 


= 0 


In the case of a free edge, 


M r = 0 V = Q r - 


dM rt 

r 66 


= 0 


(11.37) 

(11.38) 

(11.39) 


If the load acting on a circular plate is symmetrically distributed about 
the axis perpendicular to the plate through its center and the boundary 
conditions are also symmetrical, the deflection surface of the plate will 
also be symmetrical. In such cases, w will be independent of 6 and is a 
function of r only. Equation (11.35) becomes then 


Observing that 



we may rewrite Eq. (11.40) into the following form: 


l_d 

r dr 




(11.40) 


(11.41) 


This equation can easily be integrated when p(r) is given. 

Consider the particular case of a circular plate with radius a under a 
uniformly distributed load po. Multiplying both sides of (11.41) by r and 
carrying out the integration, we obtain 

S£*('£)] - IS+T <“*> 

where C\ is a constant of integration. Successive integrations can be 
carried out without any difficulty, and we obtain 



p or z 

4 D 

Por 4 


+ Ci log r + C 2 


w = 


16D + T 1 ' < 2 '»« ' - !) + ¥ + c ‘ 

g^ + ^f’flogr-D + ^ + C.logr + C. 


(11.43) 


where C 2 , C 3 , C 4 are constants of integration. 
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From (11.36), we have, in the ease of a symmetrically loaded plate, 


d_ 

dr 



d ( dw 
dr V dr 


)]- 


d_ f dhv 
dr \ dr 2 


+ 


1 dw\ __ 
r dr/ 


Q 

D 


For a circular plate without a central hole, we find from (11.42) that Q 
becomes infinite at r = 0. As this is not possible, we must have C, - Ch 
Also, we observe from (11.43) that w becomes infinite at r - 0. To 

exclude this possibility, we must have C 3 = 0. 

If the plate has its edge clamped, we have 


w — 0 


dw 

dr 


= 0 


at r = a 


Hence, 


pod 

64 D 


+ 


Cid 


4- C\ — 0 


Pod 6 

16D 


+ 


C 2 d 


= 0 


Solving, we find that 


C 2 = - 


p 0d i 

8 D 


C 4 = 


poa 4 

64D 


The deflection of such a plate is then 


w = 


P o 


64 D 


(a 2 - r 2 ) 


(11.44) 


The maximum deflection occurs at the center of the plate and is 

Pod 4 


(W)r= 0 = 


64D 


Substituting (11.44) into (11.36), we obtain 

Mr = ^ [o 2 (l + v)~ r 2 (3 + *j] M t = fg [a 2 (l + ») - r 2 d + 3d] 

1 (11.45) 

The maximum bending moment occurs at the edge of the plate and is 

Pod 2 


(M r ) r =a = “ 


8 


The maximum bending stress is therefore 

6il/ r Spod 2 


(o”r) max 


h 2 


4/i 2 


Problem 1. A uniformly loaded circular plate with radius a has its edge simply 
supported. Assume that there is no hole in the plate. Find the maximum deflection, 

moment, and bending stress. 

Vo (a 2 - r 2 ) /5 + y 2 _ 2 ^ 

Am. -gjo b + v a ; 
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Problem 2. A circular plate with radius a is bent by a moment M uniformly dis¬ 
tributed along the edge of the plate. Find the expression for the deflection w if the 
edge is assumed to be supported. 

M (a* - r«) 


Ans. w = 







7/ Wxy . 
N xy J r—~dx. 

*y 0 X 


-►X 


2D(1 + v) 

Problem 3. Assume that the circular plate in Prob. 2 has a hole with radius b in 
the middle of the plate. Find the expression for the deflection of the plate. 

Ans v) = _ b 2 M _ a 2 b 2 M r 

2(1 + v)D{a 2 — b 2 ) r ) + (l - v )D(a 2 - b 2 ) 0g a 

Problem 4. A circular plate with radius a has a hole with radius b at the middle 
of the plate. The plate is assumed to be under uniformly distributed load and has 
its inner edge clamped and external edge free. Find the maximum deflection, 
moment, and bending stress if 6 = a/4. 

11.6. Combined Bending and Stretching of Rectangular Plates. In 

the previous discussion the plate is assumed to be bent with small deflec¬ 
tion by lateral loads only. If there are 
forces acting in the middle plane of the 
plate in addition to the lateral loads, 
the governing differential equation must 
be modified to take into account the 
effects of these in-plane forces. Let us 
denote the in-plane stresses by a x0 , a v0 , 
and Txyo. Then the in-plane forces per 
unit length of plane are N x = ha xQ , 
Ny h<TyOj and JV xy — Ny X — hTxy o. ^Ve 
shall assume that the deflection w of the 
plate is small enough so that the first 
two assumptions in Sec. 11.1 still hold, 
and yet large enough so that the prod¬ 
ucts of the in-plane forces or their 
derivatives and the derivatives of w 
are of the same order of magnitude 
as the derivatives of the shear forces Q x 
and Q y . With this assumption, we find that the bending stresses in the 
plate will be again given by Eqs. (11.6) as derived in Sec. 11.1 and the 
moments and shear forces by Eqs. (11.8) and (11.13). 

Consider the equilibrium of an element of the plate with sides dx and 
dy . In addition to the forces shown in Fig. 11.2, we have now the in-plane 
forces N x , N v and Nxy = N yx . Since there are no resultant forces in the 
x or y directions in the group of forces shown in Fig. 11.2, when taking the 
summation of forces in the x and y directions, we need consider only the 
in-plane forces shown in Fig. 11.9. Considering the sum of x projections 
of the forces N x dy and [/V* + (dN x /dx) dx] dy, we have 

+ ^- z dx) dy cos a' — N x dy cos a 




\z 



Fig. 11.9. 



(11.46) 
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where a' 


a + ( da/dx ) dx. But 

cos a = (1 - sin 2 a) s4 = 1 sin 2 « + 1 * ‘ 



For small a, a 2 /2 is much smaller than 1, and we have cos a £ 1. Simi- 
1 ,-lv cos a' = 1 . Expression ( 11 . 46 ) therefore becomes (dN x /dx) dx dy. 
likewise we can show that the sum of the x components of the forces 
N , dx and + {dNJdy) dy] dx is (d NJdy) dx dy. Summing up 

these components, we find that the condition XF t = 0 gives 


dN x , dN xv _ 0 

dx dy 


(11.47) 


Similarly, the condition 2F y = 0 leads to 

dNxy | dTVy __ q 

dx dy 


(11.48) 


Now, let us find the equation of equilibrium in the 2 direction. In 
addition to the 2 components of the forces shown in Fig. 11.9, we have to 
consider also the 2 components of forces as shown in Fig. 11.2. The 
2 components of the forces N x dy and [N x + {dN x /dx) dx) dy give a 

resultant 


— N x dy sin a + 



+ 


dN x 

dx 


dxj dy sin a 


For small a and a', we find sin a ^ a = die /dx and 


sin a' = a' 




Thus, the above expression becomes 


— N z dy 


dw 

dx 


+ 



+ 







d-W 

dx 2 


dx dy + 


dN z 

dx 


dw 

dx 


dx dy 


where higher-order terms are neglected. In a similar manner, the result¬ 
ant of the 2 components of the forces N y dx , [N y + ( dN y /dy) dy] dx can 
be shown to be 



dx dy + 


dN y dw 
dy dy 


dx dy 


To find the 2 components of the forces N ly dy and [N ry + {dN Iy /dx) dx] dy , 
let us refer to Fig. 11.10. After bending, the deflection of O' is w and the 
deflection of B' is w + {dw/dy) dy. The line O'B' is therefore inclined 
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downward at an angle dw/dy with the y axis. Similarly, we can show that 
the Ime A C is inclined downward at an angle (dw/dy) + [d*w/(dx dy)] dx 



with the y axis. The shearing forces N xv dy and [N^ + (dN x Jdx) dx] dy 
will therefore have a resultant force in the z direction equal to 


\ T j dw . 

~ Nx * dy Ty + 


Nxy + —|r~ dx ) dy 


dx 


dw d 2 w 
dy dx dy 


dx 


= N 


IV 


d 2 W 

dx dy 


dx dy + 


dN x „ dw 


dx 


Ty ~~ dx dy 
dy 


An analogous expression can be obtained for the z projection of the forces 
N vx dx and [N vx + ( dN yx /dy) dy] dx and is 


N 


yz 


d 2 w 
dx dy 


dx dy + 


dN vx dw 


dy dx 


dx dy 


Adding these forces to the z component of forces shown in Fig. 11.2 and 
dividing by dx dy, we have 


dQz 

dx 




+ P + N X 


d 2 w 

dx 2 



+ 2 Nxy 


d 2 w 
dx dy 



dAA dw 
^ ) dy 


From Eqs. (11.47) and (11.48), we find that the terms inside the parenthe¬ 
ses in the above equation are zero. Since the in-plane forces do not pro¬ 
duce any moment along the edges of the element, the moment equations 
(11.11) and (11.12) and, consequently, formulas (11.13) will remain the 
same. Using these relations, we find that the equilibrium equation in the 
z direction becomes 


d A w 0 d'w 
~dx* ■*" 1 dx 2 dy 2 + 


d*w 

dy A 




4-2 N X y 


d 2 w \ 
dx dy) 


(11.49) 




BENDING AND BUCKLING OF THIN PLATES 

Equations (11.47) to (11.49) are the governing differential equations for a 
thin plate under the combined action of bending and m-plane forces 
Let us now consider a rectangular plate with simply supported edges 
under the combined uniform lateral load and uniform tension N , m the x 

direction. In such a case, we have 

N x = constant N v = N zy = 0 

Equations (11.47) and (11.48) are satisfied identically, and we need con¬ 
sider only Eq. (11.49). It was shown in Sec. 11.3 that the uniform lateral 
load po can be represented by the Fourier's series 


V 


= ie po y y _l sin !^ s in 

^ Li Li mn a 


mry 


m = 1,3,5 n = 1,3,5 


Equation (11.49) thus becomes 

d 4 w ^ 0 d 4 w d 4 w _ Nx d 2 U) 

'dx 4 + 2 dx 2 dy 2 dy 4 D dx 2 


16 p 

Dw' 


0 


00 00 

V' v 1 mirx . 

> > — sin-sin 

Li Li mn a 


mry 


(11.50) 


m = 1,3,5 n — 1,3,5 

The boundary conditions are that at x = 0 and a, w = d 2 w/dx 2 = 0, and 
at y = 0 and b, w — d 2 w/dy 2 = 0 . 

The boundary conditions will be satisfied if we assume w in the following 
double series: 


00 oo 


w 


V V • mirx . 

= ) > A mn sin sin 


mry 


m = 1 m = 1 


Substituting into Eq. (11.50), we find that 


A mn 


16 p 


0 


Dir 6 mn 


/ m 2 n 2 V N x m 2 
Xa 2 + V 2 ) t r 2 Da 2 _ 


for odd m and n 


A mn = 0 


for even morn 


Therefore, 


w = 


16p 0 

t r 6 D 


00 


00 


2 I 

to = 1,3,5 n = 1,3,5 


1 


mn 



+ 


N x m 2 ~\ 

ir 2 Da 2 \ 


. mirx . mry 

sin-sin — 7 — 

a b 


(11.51) 


Comparing (11.51) with (11.25), we find that the presence of a tensile 
force will decrease the deflection of the plate. On the other hand, if the 
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in-plane force N x is compressive, the deflection of the plate will be 
increased. 

Problem 1. A simply supported rectangular plate is under the action of hydro¬ 
static pressure given by formula 

p ( x , y ) = ^ 

a 

If the plate is also under a uniform tensile force N z along the sides x = 0 and x = a, 
find the deflection, moments, and stresses in the plate. 

Problem 2. A simply supported rectangular plate is under the combined action 
of uniform lateral pressure p 0 and uniform in-plane forces N along the four edges. 
Find the deflection, moments, and stresses in the plate. 

11.7. Buckling of Simply Supported Rectangular Plates Uniformly 

Compressed in One Direction. When 
a flat plate is compressed in its middle 
plane, just as in the case of columns, 
the flat form of equilibrium becomes 
/V ¥ _| ' h K unstable and the plate begins to buckle 

at a certain critical value of the in¬ 
plane force. Let us consider a simply 
0 ” supported rectangular plate (Fig. 

11.11) compressed in its middle plane 
by a uniformly distributed force N x 
along the sides x = 0 and x = a. In such a case, we have 

N x = —constant N v = N xy = p = 0 

Equations (11.47) and (11.48) are satisfied identically, and Eq. (11.49) is 
the only one yet to be satisfied. By substituting —N x for N x in (11.49), 
we have 


a 




Fig. 11.11. 


£>V% + Wx S’ = o 

dx 2 


(11.52) 


The boundary conditions are satisfied if we take 


oo 


oo 


w 


X V . . nnrx . niry 

l sin sm ~T 


m= 1 n = 1 


Substituting the above expression into Eq. (11.52), we find that 


oo _ 


11 
m = 1 n = 1 


Dtt 4 


/wi 2 n 2 V 
+ ¥) 


5-1 


Amn sin 


Ttnrx . niry n 

-sin —r 2 - = 0 

a b 


The trivial solution is that A mn = 0 or w = 0. ; To find the nontrivial 
solution, we let 
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(11.53) 


This means that when N z reaches the value given by the right-hand side of 
the above formula, A mn and consequently w may be different from zero, 
which indicates the buckling of the plate. The same conclusion can be 
reached by examining Eq. (11.51). We observe that, in the case of com¬ 
pressive force, N x in (11.51) must be replaced by -N x . When N x reaches 
the value given by (11.53), the denominator in (11.51) becomes zero and 



Fig. 11.12. 


if p 0 is different from zero, w becomes infinity. The physical meaning of 
this is that no matter how small the lateral load is, the plate will have 
excessive deflections. In other words, the plate will buckle. 

From Eq. (11.53), we find that the value of N x is smallest if n is equal to 
1 . This indicates that, when such a plate buckles, there can be several 
half waves in the direction of compression but only one half wave in the 
perpendicular direction. The critical load is therefore 



tt 2 D /mb 
\a + 




(11.54) 


where k = [{mb/a) + (a/mb)] 2 is a numerical factor the magnitude of 
which depends on m and the ratio a/b. The minimum value of ( N x ) cr 
occurs when 


or 


d(N x ) cr 

d(mb/a) 



a 
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This gives the minimum value of ( N z ) cr as 47 r 2 D/b 2 . For various values 
of the integer m , the magnitude of k depends on the ratio a/6 only. The 
values of k for m = 1, 2, 3, 4, 5 are plotted in Fig. 11.12 against a/b ratios. 
Having these curves, the magnitude of the critical load and the number of 
half waves for any value of a/b ratio can be determined by taking the 
ordinate of the curve which gives smallest k for the given ratio of a/b. 
For example, for a/b = 2.5, we find from Fig. 11.12 that k = 4.133 and 
m — 3. This indicates that the plate will buckle into three half waves in 
the direction of load under a buckling load of ( N z ) cr = 4.133t r 2 D/b 2 . 

Problem. A simply supported rectangular plate is under uniform compression 
in both directions. Find the buckling load. 


I 1 l 


r 

\ i i 


i 


N 


N 


11.8. Buckling of a Simply Supported 
Square Plate Compressed in Two Perpen¬ 
dicular Directions. Finite-difference Ap¬ 
proximation. The buckling load can also 
be calculated by the finite-difference ap¬ 
proximation as was previously carried out 
in the case of columns. The application of 
the method can be most easily demonstrated 
by working out a numerical example. 

Consider the buckling of a simply sup¬ 
ported square plate under uniform com¬ 
pression. Let a be the length of the sides. Taking the coordinates 
as shown in Fig. 11.13, and noting that N x = N v = —N,p = N zy = 0, 
the buckling equation (11.49) becomes 
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Fig. 11.13. 


N 

V 4 1C + Yy V 2 W 



with the boundary conditions 


w = 

w = 



a 


along x = ± ^ 


a 


along y = ±- 


Since d 2 w/dy 2 is identically zero along the edges x = ±a/2 and d 2 w/dx 2 is 
identically zero along the edges y = ±6/2, the boundary conditions may 
be written as 

V 2 w = 0 along the edges 


Therefore we can rewrite the differential equation as follows: 


V>M + ^ M = 0 


( 11 . 55 ) 
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with M - 0 oil the boundary, and 

V 2 w = M (11.56) 

with w = 0 on the boundary. From Eq. (11.56) together with the 
boundary condition on w , we observe that for the 
trivial solution M = 0 we also obtain the trivial 
solution w = 0. Consequently, to solve the buckling 
problem we only have to find the nontrivial solution 

of Eq. (11.55). 

Referring to Fig. 11.14, we find that the corre¬ 
sponding difference equation at any point 0 becomes 

Mi + AU + M 3 + Mi + C n M o = 0 (11.57) Fig. 11.14. 

and, on the boundary, Mi = 0. In the above expressions, the subscript i 
indicates the boundary points and 



where k n = N n a 2 /D. N n denotes the approximate buckling load calcu¬ 
lated when the sides of the plate are divided into n subdivisions. 

Approximation n = 2. Because of symmetry, the nodal points are 
numbered as shown in Fig. 11.15. Apply Eq. (11.57) at x = y = a/2. 


Fig. 11.15. Fig. 11.16. 

From the boundary condition, M 2 = A/ 3 = 0, we have therefore, from 
Eq. (11.57), 

C n M ! = 0 

which gives C n = 0 or k n = 4 n 2 = 16.00 (error, —19 per cent). 

Approximation n — 4. Because of symmetry we need to consider only 
one-eighth of the plate (Fig. 11.16). Applying Eq. (11.57) at the nodal 
points 1, 2, 3 and noting that Mi = il/ 5 = Mq = 0 because of the bound¬ 
ary condition, we have 





CiM x + 4 M 2 = 0 Mi + C a M 2 + 2Ms = 0 2M 2 + C 4 M 3 = 0 
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This equation admits a nonzero solution for M only if 

C 4 4 0 

1 C 4 2 = 0 

0 2 C 4 

Therefore C 4 = —2.8284, and k\ = 18.75 (error, —5.1 per cent). By 

extrapolation, fc 2>4 = 19.67 (error, —0.35 per cent). The exact value of k 
is 19.739. 1 

Problem 1. A simply supported rectangular plate with a = 26/3 is under uniform 
compression along the edges. Calculate the buckling load by the finite-difference 
approximation. 

Problem 2. A square plate with clamped edges is under uniform compression 

along two opposite edges. Calculate the buckling load by the finite-difference 
approximation. 

Problem 3. A square plate has two opposite sides simply supported and the other 

two sides clamped. The plate is assumed to be under uniform compression along 

the two simply supported edges. Calculate the buckling load by the finite-difference 
approximation. 


11.9. Buckling of Simply Supported Rectangular Plates under Shear, 
Energy Method. As in the case of columns, the buckling load of a plate 

can also be calculated by the energy 
method. The plate is assumed to be 
under the action of constant in-plane 
forces just before the plate buckles, i.e., 
the magnitudes of these in-plane forces 
are just equal to the critical values. 
Then, the plate is assumed to be sub¬ 
jected to some small disturbances, and 
buckling occurs. During this exchange 
of equilibrium forms, no energy is gained 
or lost, and the work done by these in¬ 
plane forces must be equal to the bending- 
strain energy stored in the plate. 

Let us consider the element dx dy as 
shown in Fig. 11.17. When the plate bends, the element AB is now dis¬ 
placed to the position A'B'. Since there is no change in the in-plane 
stresses or strains, the length of A'B' will still be dx } but its horizontal 
projection will now be 




1 S. Timoshenko, “Theory of Elastic Stability,” pp. 333-337, McGraw-Hill Book 
Company, Inc., New York, 1936. 
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By neglecting small-order terms, the work done by the force N x dy is 
therefore 

3 U N * (£) dx dy 

A 


Similarly, the work done by the force N y dx is 

I ff "•(!?) dxdy 

A 


where A is the area of the plate. 

To calculate the work done by the 
shearing forces Nxv dy and N yx dx, 
let us find the change in the shear¬ 
ing strain due to the bending of the 
plate. Referring to Fig. 11.18, we 
find the direction cosines h, mi, n x 
and l 2 , m 2j n 2 , of the elements OiA i 


o A 



and OiBi, respectively, are as follows: 





(dw/dx) dx 
dx 


dw 

dx 



m 2 



d,> - (|f dy) ]“ 
dy 

{dw/dy) dy _ dw 
dy dy 




The shearing strain y xy is therefore 


Ixy = | — /.AiOiBi = sin - AAyOxB 

= cos ZAiOiBi = lil 2 + mim 2 + ri\n 2 
_ dw dw 
dx dy 



The work done by the shearing forces N xy = N yx is therefore equal to 




dw dw 


dx dy 


dx dy 
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The total work done by these in-plane forces is thus 




+ 2N 


XV 


dw dw 
dx dy 


dx dy 


(11.58) 


and the strain energy stored in the plate due to bending, from Sec. 11.4, is 




- 2(1 - „) 


d 2 w d 2 w 
dx 2 dy 2 



At buckling, we have 
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Fig. 11.19. 



n = U - W = 0 (11.59) 

To illustrate the energy method, let us 
take as an example the buckling of simply 
supported rectangular plates under the 
action of shearing forces Nxy uniformly 
distributed along the edges (Fig. 11.19). 
To assume an expression for w satisfying 
the boundary conditions, we may take 



oo 


V V 4 . rmrx . 

> > Amn sin sin 


7171-2/ 


m — 1 n = 1 


Since N x = N v = 0, the work done by the external forces during buckling 
of the plate is 




rb dw dw 
o dx dy 


dx dy 


Let us now substitute into the above expression the assumed series for w 
and integrate over the whole plate. Observing that 



. rri'KX pirx , 

sin-cos -— dx 

0 CL CL 


. rm^x rnrx , 

sin-cos -— dx 

o a a 



= 0 

_ 2 a m 

7 r m 2 p 2 


if m ± p is an even number 
if m ± p is an odd number 


we obtain 

w = 4Ar A __ 

w xu LLLL (m 2 - p 2 )(q 2 - n 2 ) 

m n p q 

in which m, n , p , q are such integers that m ± p and n ± q are odd 
numbers. 

The bending-strain energy of the buckled plate, after integration, is 


D 7 r 4 a6 

2~T 
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Substituting into Eq. (11.59), we obtain 
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n = 


Dir 4 ab 

8 


i t (s+S )'-nn 

m-1 n=l X mnp 5 


m n p g 

A A mn n _ 

mn (m 2 - p 2 )(q 2 - n 2 ) 


= 0 


To determine the critical value of the shearing forces, it is necessary to 
determine the parameters A mn so that N xy is a minimum. Itwas shown 
in Sec. 10.5 that this condition is equivalent to requiring that II be a mini¬ 
mum. Carrying out differentiation with respect to A mn , we find the 

condition dU/dA mn = 0 leads to 


Div 4 ab 


ab (m 
~~ Amn \a 


m* , 

2 + b 2 



P 9 


mnpq 


(m 2 — p 2 )(q 2 — n 2 ) 


= 0 (11.60) 


where p and must be such that m ± p, n ± q are odd numbers 
Introducing the notation that 


a 


a = 


0 = 


Dir 4 


32ab 2 N xv 


Eq. (11.60) becomes 


-in 

P Q 


mnpq 


p<i 


{m 2 - p 2 )(q 2 - n 2 ) 


= 0 (11.61) 


We obtain thus a system of homogeneous linear equations in A mn . The 
equation for calculating ( N xy ) cr is obtained by equating the determinant 
of these equations to zero. Since these equations are infinite in number, 
the exact solution will be obtained if we expand a determinant with an 
infinite number of rows and columns. As this is impossible, we shall 
obtain an approximate solution by taking a finite number of the parameters 

Amn • 

Let us begin with two parameters An and A 22 and assume that all the 
other parameters are zero. In this case, Eq. (11.61) becomes 

* (1 + *V A li + U» = 0 


a 


9 




a 


9 


The determinantal equation for <£ is 


0(1 + <* 2 ) 2 

a 2 

4 

9 


4 

9 


160(1 + a 2 ) 2 


a 


= 0 
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Expanding and solving, we find that 


or 


0 = 


±1 


a 


(N xu ) cr = ± 


9 (1 + a 2 ) 2 
9 t r 4 Z> (1 + a 2 ) 2 
326 2 a 3 


(11.62) 


The plus or minus signs indicate that the critical value of the shearing 
forces does not depend on the direction of the forces. The approximate 
value of (A^xv)cr given by Eq. (11.62) has an error of about 15 per cent for 
square plates and a larger value for larger a/b ratios. 

To get a more satisfactory approximation, a larger number of these 
parameters must be taken. Let us now take six parameters An , A 2 2 , 
A 13, A 31, A 33 , A 42 . Equation (11.62) thus becomes 


-dll 

A 22 

A 13 

d-31 

d .33 

A 42 


<K 1 + a 2 ) 2 

a 2 

4 

9 

0 

0 

0 

8 

45 

= 0 

4 

16</>(1 + 

a 2 ) 2 4 

4 

36 

n 

_n 

9 

a 2 

5 

5 

25 

u 

— u 

0 

4 

5 

0(1 + 9a 2 ) 

a 2 

2 

0 

0 

24 

75 

= 0 

0 

_ 4 

0 

0(9 + a 2 ) 2 

0 

24 

= 0 

5 

a 2 

21 

0 

36 

0 

0 

0(9 + 9a 2 ) 

2 _ 72 

= 0 

25 

a 2 

35 

8 

n 

24 

24 

72 

0(16 +4a 2 ) 2 

— n 

45 

u 

75 

21 

35 

a 2 

— \J 


Setting the determinant of the coefficients of the above equations to zero 
and solving, we obtain 




7 r 2 D 

b 2 


where k is a constant depending on the ratio a/b and is given in Table 11.1 
for various values of a/b ratios. 


Table 11.1 


a/b 

1.0 

1.2 

1.4 

1.5 

1.6 

1.8 

2.0 

2.5 

3 

k 

9.4 

8.0 

7.3 

7.1 

7.0 

6.8 

6.6 

6.3 

6.1 


Problem 1. A simply supported rectangular plate is under uniform compression 
along two opposite sides. Calculate the buckling load by the energy method. 
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Problem 2. A simply supported rectangular plate is under uniform compression 
in two directions. Calculate the buckling load by the energy method. 

Problem 3. A rectangular plate with all edges clamped is under uniform com¬ 
pression along two opposite sides. Calculate the buckling load by the energy 

method. 

Problem 4. A rectangular plate has two opposite sides simply supported and the 
other two sides clamped. The plate is assumed to be under uniform compression 
along the two simply supported edges. Calculate the buckling load by the energy 

method. 



CHAPTER 12 


THEORY OF THIN SHELLS AND CURVED PLATES 


12.1. Some Differential Geometry of a Surface. In the last chapter 
we have developed the theory of thin flat plates. Let us now extend our 
discussion to the case of thin shells. Since a curved plate can be regarded 
as 'part of a shell, the general equations for thin shells are also applicable 
to curved plates. Denote the thickness of the shell by h. For thin shells, 
h is small compared with the other dimensions of the shell and its radii of 
curvature. The surface that bisects the thickness of the shell is called the 
middle surface. The geometry of a shell is entirely defined by specifying 
the form of the middle surface and the thickness of the shell at each point. 

Before we proceed to the discussion of the theory of thin shells, let us 
study some important geometrical properties of a surface. In the follow¬ 
ing discussion the notations of vector analysis are used. A surface is 
defined as the locus of a point whose position vector r, relative to some 
fixed origin 0, is a function of two independent parameters £x, £ 2 . Thus, 
the cartesian coordinates ( x,y,z ) of a point on a surface are known func¬ 
tions of £i, £ 2 and can be written as 


X — /l({l,{2) V = Z — (12.1) 

Equations (12.1) are actually the parametric equations of a surface. If 
we eliminate £1 and £ 2 in these equations, then we obtain the familiar form 
of the equation of a surface, viz., 


F(x,y,z) = 0 


Any relation between the parameters, say < 7 (£i,£ 2 ) = 0, represents a 
curve on the surface. In this case, r becomes a function of only one inde¬ 
pendent parameter, and the locus is a curve. In particular, the curves on 
a surface along which one parameter remains constant are called parametric 
curves. The surface can be defined completely by a doubly infinite set 
of parametric curves. The parameters £ 1 , £ 2 thus constitute a system 
of curvilinear coordinates for points on the surface, the position of any 
point on the surface being determined by the values of £1 and £ 2 at that 
point. This is illustrated in Fig. 12.1. As an example for this method of 
description, let us consider the surface of a sphere in terms of the usual 
spherical coordinates (r,^>,0) as shown in Fig. 12.2. If R is the radius of 
the sphere, the cartesian coordinates of a point on the sphere are 

x = R sin <p cos 6 y — R sin <p sin 6 z = R cos <p 
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In this case, <p and 0 may be taken as parameters which define the surface 
and may be identified with the general parameters £1 and £ 2 . 



Consider, now, two neighboring points P, Q on the surface, with position 
vector r r + dr, respectively, corresponding to parametric coordinate 
values (( 1 ,( 2 ) and (fc + d£i, £2 + d£ 2 ) (Fig. 12.3). Then, since r is a func¬ 
tion of £1 and £ 2 , we have 

dr = £ d£i + £ d£ 2 (12-2) 

ok 2 

Since the two points are adjacent points on a curve passing through them, 
the length ds of the elements of arc joining PQ is equal to the magnitude of 
dr or |dr| as Q approaches P as a limit. 




Let us define the scalar 'product of two vectors A and B as the product of 
the magnitudes of A and B, viz., |A| and |B|, and the cosine of the angle 0 
between these vectors. Thus 

A • B = |A|]B| cos 9 
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where the dot between two vectors indicates a scalar product. If i, j, k 
are unit vectors in the x, y, z directions and A x , A v , A z , B x , B y , B z are 
x , y, z components of A and B, respectively, then 

A = AJ + A v ] + A z k 
B = BJl + jy + B z k 

& n d A • B = A X B X -j- A y By -f- A Z B Z 

The scalar product of two vectors is a scalar quantity. The scalar product 
obeys the distributive law , viz., 

(A + B) • (C + D) = A*C + A- D-j-B*C + B- D 

With these definitions, we have then 


( ds ) 2 = |dr| 2 = dr • dr 


We define 


■ (wi dii 




)' Or, dfi 


ar ar (rf fl ) 2 + 2 ar 


dfi 


d{ 2 


+ £/ (2 
dr , , , dr 


ar 


£7 = 


F = 


G = 


dr ar 

3*1'afa 

ar ar 
a^i a ^ 2 
ar < ar 

a{ 2 3£ 2 


- (a)' + te) 


+ 


d £ 2 ei - 2 


(I) 


(«i) 


ax ax ay ay dz az 

1 l- ^ 1 - I 


3{i a { 2 


-(S) 


+ 


a*i at 

3y 

3*2 


+ 


a^a^ 2 

dz 
.3*2, 


Using this notation, we have then 


(ds) 2 = F(d£0 2 + 2F dfc d£ 2 + C(tf£ 2 ) 2 (12.3) 

We call E, F, (j the first fundamental magnitudes for the surface, and we 
call (12.3) the quadratic differential form for arc length. From the above 
definitions, we find that the magnitudes of the vectors dr/d£i and dr/d£ 2 
are equal to y/E and y/G, respectively. Thus, if 6 is the angle between 
these two vectors, from the definition of a scalar product, we have 


F = JJ- • = y/E VG COS e 

3{l af 2 


(12.4) 


Since 0 < cos 0 < 1, we find 

F < y/EG 

which means that the quantity EG — F 2 cannot be negative and we may 
use the notation 


H 2 = EG - F 2 
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Along the parametric curve £1 = constant, d£i 0 
we find that the vector PP' (Fig. 12.3) is equal to 

(dr) 2 = Tr d£ 2 

0^2 

From (12.3) the length of the element PP' is then 

(ds) 2 = y/G d %2 

Similarly, along the parametric curve £ 2 = constant, d£ 2 
tor PQ' is then given by 


From Eq. (12.2) 


0. The vec 


and the length of PQ' is 


(dr) 1 = Wi d!il 


VE 


If the parametric curves form an orthogonal curvilinear coordinate system 
on a surface, the vectors PP' and PQ' must be perpendicular to each other. 
This means that the cosine of the angle between these two vectors must 
vanish. In other words, the scalar product of these two vectors must 

vanish; viz., 

(dr)i • (dr) 2 = = F dkidh = 0 

Thus, if F = 0, the parametric curves form an orthogonal curvilinear 
coordinate system on a surface; and (12.3) becomes in this case 

(ds) 2 = ar(d£ i) 2 + <* 2 2 (d{ 2 ) 2 


and 


«2 


= y/G 


where <*i — y/E 

Let C and C' be two curves on a surface intersecting at P, and let s and <r 
be the arc length of C and C'. Then 


dr 

ds 

dr 

da 


dr dji d£j 

ail Is ^ d% 2 ds 
dr d|i dr d£ 2 

d£i da d%2 da 


and if 0 is the angle between C and C', 


cos 


_ dr _ dr = „d|id|i, F /d|id |2 + d|i d^\ + G d $2 d & 

~ ds da ds da \ds 


da da ds 


ds da 


The necessary and sufficient condition that C and C are oithogonal is 


E 


dh dh , n/dfi d { 2 , d£id £ 2 


ds da 


j.p 

ds da da ds 


+ G d -p = 0 

ds da 


( 12 . 6 ) 
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To eliminate s and a from (12.6), let us write 



where, for example, (d£i/d£ 2 )c indicates that d£i/d£ 2 is to be computed 
along C. If we substitute these relations in (12.6) and then divide by 

d£ 2 d£ 2 

ds d<T 


we find that C and C are orthogonal if 




+ G = 0 (12.7) 


The plane containing three consecutive points, i.e., two consecutive 
tangents, on a space curve is known as the osculating plane at P. The 
normal perpendicular to the tangent at P and lying in the osculating plane 
is called the principal normal to the curve at P. 

A normal section of a surface at a given point P is defined as the section 
defined by a plane containing the normal to the surface at that point. 

Such a section is a plane curve, whose 
principal normal is in the direction of the 
normal to the surface at that one point P 
but not necessary at any other point. 
Referring to Fig. 12.4, if ni is the normal 
to the surface at P, Si is the plane con¬ 
taining ni, and AB is the intersection 
curve, then ni is also the principal normal 
of the curve AB at P. On the other hand, 
if the section made by the intersection 
of a plane such as *S 2 in Fig. 12.4 and 
the surface is not a normal section, the resulting curve traced on the sur¬ 
face is still a plane curve but its principal normal is now in the direction of 
n 2 , which lies in' the plane of the curve. The curvature of a normal sec¬ 
tion such as A B in Fig. 12.4 is called the normal curvature of the surface at 
P in the direction of AB. 

The normals at consecutive points on a surface do not, in general, 
intersect. However, we shall prove that at any point P there exist two 
directions on the surface such that the normal at a consecutive point in 
either of these directions cuts the normal from P. To show this, let r be 
the position vector of a point P on a surface, and let n be the unit normal 
there. Let r + dr be a consecutive, or adjacent, point in a direction 
d£i, d{ 2 from P, and let n + dn be the unit normal at this point. A neces¬ 
sary condition for these two adjacent normals to intersect is that the 
vectors n, dn, and dr are coplanar. 
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The vector product of two vectors A and B, that is, A X B, is defined as 
ther vector C which is perpendicular to the plane determined by A 
a d B and whose magnitude is equal to the area of 
the parallelogram formed by A and B, that is, equal to 
IAIIBI sin 0 where 6 is the angle between these vectors. 

The sign, or sense, of C is determined by the right-hand 
rule i e sighting along C, the shortest rotation from A 
(the’ first vector), toward B (the second vector), is clock- 

wise (Fif5* 12*5)* 

A normal to a surface S at a point r is perpendicular 
to ar/afi and dt/d and hence is parallel to (dr/d£i) X (dt/dh). We 
define the unit normal n to S at r by the relation 

Qr/agi) X (di/dh) 

|(dr/d£0 X (ar/af 2 )| 

where the quantity in the denominator indicates the magnitude of the 
vector product. But 

~ i i r\— i l I 

sin 9 


C=Ax& 

Fig. 12 . 5 . 


n = 


dr , 

ar 


ar 


ar 

d£i 

a { 2 


d£i 


at* 


Since Iflr/flM = V®, l*M*l = V G - and from (12 ' 4) 

kg - f 2 ) 


we have 


ar ar 

as 1 dfc 


- n {K( 

- COS- 0 - yj EG 

= y/EG~^V 2 = H 


and 


(ar/a^) x (ar/a$ 2 ) 

n = - S 


( 12 . 8 ) 


The condition that n, dn, dr, are coplanar, in vector notation can be 
written as . 

n-dn X dr = 0 ( 12 - 9 ) 


But 


an . dn , 

dn = — d£i + rr d| 2 


dr = dji + d £ 2 
aji a £2 


( 12 . 10 ) 


Note that the distributive law holds for vector products, z.c., 

(A + B) X (C + D) = A X (C + D) + B X (C + D) 

=AXC+AXD+BXC+BXD 


Substituting (12.10) into (12.9) and expanding, we have 


/ an 

Y dfi 


ar 

dll 


) {dki 


) 2 + 


an ar , , 

n 'aT. >< 5t l + 



■>" x ,lr 


at* at,/j 


d£i d£ 


-Lin 511 V ar 

+ 1 n ' af 2 x a? 


I) <*•>■ - 


0 ( 12 . 11 ) 
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This is a quadratic equation in d£i/d£ 2 or d£ 2 /d£i, and two roots to this 
equation give the two directions on the surface for which the required 
property holds. These two directions are known as the principal direc¬ 
tions at P. 

To prove that the two principal directions are orthogonal, we shall 
write (12.11) in a more convenient form. Since the vector dr/d£i is 
tangent to the parametric curve £ 2 = constant at the point r, it is perpen¬ 
dicular to the normal n. Hence 



If we differentiate this relation with respect to £ 1 , we obtain 


( 12 . 12 ) 


or 


dn dr , d 2 r 
‘ dfc + n ‘ dtf ~ ° 

dn dr _ ^ d 2 r 

afi' ah ~ ~ n ' at? 



(12.13) 


Similarly, if we differentiate Eq. (12.12) with respect to £2 and differ¬ 
entiate the relation n • (dr/d£ 2 ) = 0 with respect to £1 and £ 2 , we obtain, 
respectively, 


dn 

dr 

— n 

d 2 r 

d£ 2 


d£i d£ 2 

dn 

dr 

— n 

d 2 r 

3£i 

d£ 2 


dn 

dr 

— n 

d 2 r 

dh 

d£ 2 

1 

II 

Cl 

Cl 

• 

M, 

N are 

the 

projection 


= —M 


= -M 


(12.14) 


- w — w 

d 2 r/(d£i d£ 2 ), d 2 r/d£ 2 2 in the direction of the normal to the surface and are 
called the fundamental magnitudes of the second order. Since n is the 
unit normal or a vector of constant length, its first derivatives must be 
perpendicular to n and so parallel to the plane containing dr/d£i and 
dr/d£ 2 . It is therefore possible to express dn/d£i and dn/d£ 2 in terms of 
dr/d£i and dr/d£ 2 . Let us write, then, 


dn 

d£i 



(12.15) 


where a and h are unknowns to be determined. If we perform the 
scalar product of the above vector equation with the vector dr/d£i, there 
results 

dn dr _ dr dr , dr dr 

dll' dti ~ a dll ' aFi ' all 
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From (12.13) and the definitions of E and F , we have 

-L = aE + bF (12.16) 

Similarly, if we perform the scalar product of the vector equation (12.15) 
with the vector dr/d£ 2 , we obtain 

-M = aF + bG (12.17) 


Solving Eqs. (12.16) and (12.17) simultaneously, we have 

FM - LG __ FM - LG 

a = EG - F 2 H 2 

, FL - EM 
b - H i 

an FM - LG ar FL - EM dr 

Hence, ^ - H 2 d + H 2 dh 


In a similar manner, we find 

an FN - GM dr ^ FM - FA r ar 
df 2 _ tf 2 dfi + # 2 ^ 

With these relations and (12.8) it is easy to show that 



an 


ar 

_ EM 

— 

FL 

n ■ 


X 

Hi 

■ 

F 



an 


ar 

_ FM 

— 

GL 

n - 

d£i 

X 

a £ 2 

■ 

H 


n 

dn 

v 

ar 

__ FN 

— 

FM 





H 



an 


ar 

_ FW 

— 

GM 

n 

a | 2 

X 

a * 2 

" 

7/ 



(12.18) 


(12.19) 


( 12 . 20 ) 


Equation (12.11) can then be written as 

(EM - FL) (g) 2 + (EN - GL ) (g) + (FAT - GM) = 0 (12.21) 

Let the two roots of Eq. (12.21) be (d^i/d^c and (d£i/d£ 2 )c'. Fiom 
algebra, we find 

(diA , MA = _ EN -GL 
\dtjc + \di 2 )c EM - FL 

(dhA (djA FN - GM 

\d%2/ c \d^2/ c r FM FL 


Substituting these values into Eq. (12.7), we find that 

E(FN - GM) - F(EN - GL) + G{EM — FL) = 0 
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This means that the two directions on the surface as determined by the 
two roots of (12.11) or (12.21) are orthogonal. In other words, the two 
principal directions are orthogonal. 

A curve C on a surface S, which possesses the property that normals 
to the surface at consecutive points on the curve intersect, is called a line 
of curvature. It follows that there are two families of lines of curvature 
on a surface, one curve of each family going through any given point P. 
As we shall see later in developing the shell theory, it is convenient to 
refer a surface to its lines of curvature as parametric curves. Along the 
parametric curves, we must have 

dti/dh = 0 and d£ 2 /d£ i = 0 

In order that they be the solutions of the following differential equation 
for the lines of curvature, (12.21), 

(EM - FL)(df0 2 + (EN - GL) d£i d& + (FN - GM)(d £ 2 ) 2 = 0 
we must have 

EM - FL = 0 FN — GM = 0 EN - GL ^ 0 (12.22) 

Now if we multiply the first equation of (12.22) by N, the second by L, 
and add, we have 

(EN - GL)M = 0 

Similarly, if we multiply the first equation of (12.22) by G, the second by 
E and add, then 

(EN - GL)F = 0 

In view of the third equation of (12.22), we must have 

M = 0 F = 0 (12.23) 

These are the conditions that the parametric curves are also lines of 
curvature. 

The point of intersection of consecutive normals along a line of curva¬ 
ture at any point P on a surface S is called a center of curvature of the sur¬ 
face at P. Its distance from P, measured in the direction of the unit 
normal n, is called a principal radius of curvature of S at P. The reciprocal 
of a principal radius of curvature is called a principal curvature of S at P. 
Thus, at each point on a surface there exist two principal curvatures, and 
these are the normal curvature of the surface in the direction of the lines 
of curvature. It can be proved that the principal directions at P are 
the directions of the maximum and minimum normal curvatures. It 
may be emphasized at this point that the principal normal of a line of 
curvature is in general not the normal to the surface, i.e., the osculating 
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plane of a line of curvature is not, as a rule, a normal section of the sur- 
Thus the normal curvature of the surface in the direction of a line 

ofcurvature’ is not in general the curvature of the ‘line of curvat ^ re ' 
To determine the principal curvatures, let r be the position vector o 
the surface at P, n be the unit normal there, and R a principal radius o 



Fig. 12 . 6 . 


curvature at P. Then the corresponding center of curvature is given by 

p, Fig. 12.6a. 

e = r + Rn 

Let Q be a point adjacent to P along a line of curvature of the surface, 
Fig. 12.66; then 

dg = dr + d(Rn) = (dr + R dn) + n dR 

But the vector dr + R dn is tangential to the surface, whereas the con¬ 
dition that dr lie on a line of curvature is that dg be in the direction of n. 

Hence, we must have 

dr + R dn = 0 

or, if k is the corresponding principal curvature, 

k dr + dn = 0 (12.24) 

This is the vector form of Rodreques’ formula. But 


= I + & ^ 


dn = dfi + di 2 

d?i 


Substituting these relations into (12.24) and rearranging terms, we have 
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Forming the scalar products of this equation with dr/d£i and dr/d£ 2 , 
respectively, we obtain 


(kE - L ) dh + (kF - M) d£ 2 = 0 
(kF — J\I) d£ i -|- ( kG — N) dfa = 0 


(12.25) 


These two equations determine the principal curvatures of a surface and 
also the directions of the lines of curvature. Eliminating d£i/d£ 2 and 
simplifying, we obtain 


HV - (EN - 2 FM + GL)k + (LN - M 2 ) = 0 (12.26) 

which is a quadratic equation in k and the two roots are the required 
values. 



In the engineering application of thin shells, a shell whose medium sur¬ 
face is in the form of a surface of revolution has extensive usage. Let us 
therefore now consider some differential geometry of a surface of revo¬ 
lution. A surface of revolution is obtained by rotation of a plane curve 
about an axis lying in the plane of the curve. This curve is called the 
meridian , and its plane is a meridian plane . Referring to Fig. 12.7a and b, 
we take the axis of rotation as the z axis and let Rq be the distance per¬ 
pendicular to it to a point P on the surface. The position of a meridian is 
defined by the angle 0, measured from the xz plane. The equation of the 
meridian is R 0 = R 0 (z). The intersections of the surface with planes per¬ 
pendicular to the z axis are parallel circles and are called parallels. The 
position of a parallel is defined by the equation z = constant. 

With these notations, we find that the cartesian coordinates of P are 

x = Ro(z) cos 9 y — Ro(z) sin 9 z — z 
Or the position vector r of P is 

r = iRo(z) cos 9 + j R 0 (z) sin 9 + kz 
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Now let us take the meridians and the parallels as our parametnc curves 
and identify + with 0 and $2 with 2 . dhen 

j* = HE = -i R 0 sin 0 + jRo cos 0 + kO 

dh 90 

HL = — = iR 0 ' cos 0 + jRo' sin 0 + k 
R ’ = dRo/dz. The first fundamental magnitudes are 


where Ho 


E 


HE. . HE. = Ko 2 sin 2 6 + Ro 2 cos 2 0 = 




G = 
H = 


a?i d(i 

dr ill 

a£i 

ar 

a£2 ’ <3£ 2 


— _ RqR 0 ' sin 0 cos 0 + RqRo sin 0 cos 0 0 

= K 0 ' 2 cos 2 0 + #o' 2 sill 2 0+1 = 1 + Ro' 2 


Since F = 0, the parallels and the meridians are orthogonal 

To find the second fundamental magnitudes, let us calculate the seco 

derivatives of r and the vector n. 


dh 


ifto cos 0 - jRo sin 0 + kO 


dii* 

d 2f ■ = -ifto' sin 0 + jRo' COS 0 + kO 

d£i a{2 

— = ift 0 " COS 0 + ifio" sin 0 + kO 

a?2 2 


n = 


v — 
dti at 2 

H 


1 


M = n 


1 3 k 

— 7?o sin 0 Ro cos 0 0 

| ft 0 ' cos 0 ft o' sin0 1| 

i- (ifto cos 0 + j«o sin 0 ~ kftoftc/) 

H 

Bo 2 

d 2f - = i (-R 0 R 0 ' cos 0 sin 0 + B 0 Bo' cos 0 si 


ice L = n .|^ 2 = i(-B o 2 cos 2 0-B„ 2 sin 2 0) 


sin 0) = 0 


at = n • = 4 f«o«o" COS* p -r »o'n ~ h 

e F and M are both zero, the parametric curves are lines of curvature. 
.Instituting these values into Eq. (12.26), we find that the equation for 
principal curvature becomes in this case 

Ro(l + Ro' 2 )«k 2 - (i + R 0 '*) ~ 1 


( RqRq 


RoRo" 

" cos 2 0 + RqRo" sin - 0) — h 


no 

(1 + Bo' 2 )* 
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1 _ R o" 

Kl R 0 { 1 + Ro'*)* K2 (1 + Ko' 2 )* 4 

We see immediately that k 2 is the curvature of the plane generating curve 

Ro = Ro(z). 

To interpret #ci, let us consider the triangle APB , Fig. 12.76. With an 
angle a. defined as shown, we have 


tan a = R o' 

But AB = AP tan a = R 0 Ro' 

Hence BP = V(AP) 2 + (AB)* = \/l + Ro 2 

so that ki is the reciprocal of the length of the normal intercepted between 
the curve and the axis of rotation. The negative sign indicates that the 
radius of curvature and n are in opposite directions. It may be noted 
that for the generating curve as shown in Fig. 12.7, Ro" is negative and k 2 
is therefore also negative, as it should be. 

12.2. The Equilibrium Equations. Following our discussion in the 
previous section, we find that the location of any point on a shell can be 
determined by three parameters, two of which vary on the middle surface 
of the shell while the third varies along the normal to the middle surface. 
If we choose the lines of curvature at a point on the middle surface as the 
parametric curves, then we have a three-dimensional orthogonal coordi¬ 
nate system. Let us denote these parametric curves on the middle sur¬ 
face by £i = constant and £ 2 = constant. Let z be the distance of the 
point from the middle surface. A point on the shell will then have the 

orthogonal curvilinear coordinates £i, £ 2 , and z. 

To analyze the internal forces, let us consider an element of the shell 
bounded by surfaces £i = constant, £i + d£i = constant, £ 2 = constant, 
£ 2 + d% 2 = constant, and 2 = ±h/2. The sides of the element will have 
the lengths a 1 d£ 1 and a 2 d£ 2 , where as defined before ou and a 2 are factors 
so that the square of a line element ds on the middle surface of the shell 

has the form 

ds 2 = af 1 2 + «2 2 d£ 2 2 

Take, for instance, polar coordinates. In this case, the curvilinear coordi¬ 
nates are r and 6. Let £1 = r and £•» = Q. Then the square of a line 

element ds is 

ds* = (dry + r'-(doy 


We have therefore in this case 

a\ = 1 and a 2 = r 

Let us denote by x and y the directions of the tangents to the curvilinear 
coordinates £1 and £ 2 at the point 0 (Fig. 12.8). Let R\ and R 2 be the 
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nf tore at 0 which lie in the xz and yz planes, respec- 

?”Tv P The angle subtended by the arc length „ df, is then (« 

,"d the ate length of the element which is at a distance a from the mtddle 

surface in the yz plane is 


(R 2 - z)a 2 d& = (i _ * \ « 2 dt 

— Rt \ R *J 


t PVlp Stresses acting on the plane faces of the element are a u cr t , r„ = r,i, r u . 
If we denote the resultant normal force acting on the plane face yz 



(a.dua-fr 


fat 


Qr 


otjdS, 


a 

M:t 




Fig. 12.8. 


Fig. 12.9. 


per unit length by N h we have 


or 


N i«2 d £2 = 


Nt = 


'+></ 2 

— h/2 
*+h /2 

— h/2 


a 2 


d £ 2 dz 


\ 

0 - 




In the same manner we obtain the expressions for the other resultant 
forces and moments per unit length of the normal sections shown in Figs. 

12.8 and 12.9. Summing up, we have 




(12.27) 
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From the above definitions, we find that, although t\ 2 = r 2 i, Nu is not 


0 



Fig. 12.10. 


generally equal to N 2 1 because Ri is 
not generally equal to R 2 . For the 
same reason, Mu is not in general 
equal to M 2 1 . However, for thin 
shells, h is small in comparison with 
Ri and R 2} and the terms z/Ri and 
z/R 2 in the expressions (12.27) can 
be neglected compared with 1. In 
such cases, Nu = N 2l , Mu = ilf 2 1 , 
and the resultant forces and moments 
are given by the same expressions as 
in the case of thin plates. 

To derive the equilibrium equa¬ 
tions, let us consider first the x com¬ 
ponents of forces acting on the 
element shown in Fig. 12.10. The a; 



component of the forces N i and N\ + (dA/\/d£i) d £i is 


— A r itt2 d% 2 + 



+ 


d£ 


: d €i ) (" 

(dN, 

= 02 


+ 


+ N 


r dZ2) 

;i / 

d« 2 \ , 


d£ 2 — 


da 2 N 1 


dt; 1 di; 2 


Similarly, the x component of the forces N 21 and A r 2 i + (dA r 2 i/d£ 2 ) d£ 2 is 


(dN 2 1 , A r da A , , _ da iA r 2 1 

v air ai + Nii wJ ?2 ~ 

Since a 2 varies from point to point, the force N 2 + (dA r 2 /d£ 2 ) d£ 2 , which 
is normal to the surface BC , is inclined to the y direction by a small angle 
/3. The change in direction can most easily be seen in Fig. 12.10c, where 
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^ curvature of the side. i. neglected. Since D is small, >.e have 

l (da 2 /d{ i) ^£1 ^£2 
^ ~ \ai d£i + (don/ ££2) d£ 1 d% 2 

Thus, the s component of this force is 
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dN 2 lu 

Wr + ^dJ 



+ 


da\ 

d%2 


— d£ 1 ^£2 

o£i 


Similarly, the x component of the force N„ + {dNit/dl 1 ) 18 



+ 


dN 12 



Ot2 d%2 + 


3^2 

a«i 


■)($**■)/ 


«2 ^^2 + 


d«: 

a? 


IV,■ jg dt, d| 


From Fig. >2.11 , w, find that the shearing force «, + W,/«,) df, ha. an 
x component equal to 


+§« 



Of 2 ^£2 + 


00!2 

d£ 


B, 




„ the lateral pres.ure ha. a component p, in the . direction, the total 
force is , 

'p\OL\OL2 (IK 1 

Summing up these forces and dividing through by dfc we find that the 
condition 2F* = 0 requires that 

dctiN, . douNn ■ - 3ou .v a« 2 


_ Ql ^ + ai «, pi = 0 (12.28) 


zgi +2sg“+*»sg - ***§ - ^ + “ ia2?i _ 

In a similar manner, we find that the condition SF„ = 0 leads to 


dcgNi + daiNu + da * 


0^2 


a£ 


__ _ at, - Q 2 ^ + «1« 2 J>2 - 0 (12.29) 

d£i d£ 2 -^2 


and the condition 2 F z = 0 leads to 


dt 


+ 


ai 


+ AT, ^ + N t ^ + «i«2P3 = 0 (12.30) 


da*Qi , da&t . - " ai " 2 


1 Ri 


R 


where ?1 , p„ and p 3 are, respectively, the x, y, and 3 components of the 

la ^fiS^S>^ equations for the moments let us represent the 
moments by vectors according to the right-hand rule as shown m Fig. 
12 12 . The components of the moments about the x axis can no 
found by projecting these moment vectors on the x axis. us, we 
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M\2<X2 d %2 + ^Mi2 4- d% 


4“ M2 a i d% 


4- 


(m 1 


-( 


m 2 + 


■)( 

■)( 


dot 

~di 

da 


x di ) 

l d?2 ) 


d% 


d£i 


+ 


dM 

dfi 


+ ( M 2i+ 


r‘ <,£l ) (° 

? *■) ( 


w, d v 


«i4- 


_ / da2M 

~ \~dTi 


d{i "7 

£«■)*! 

il/l2 dciiMz 


d%2 ~^zr d%2 d£ 

OS 2 


i / 4“ 


“ ^$2^ d£i -j—' d£i d& j ^«i4- 


*iM 2 , da 1 5a 

_ + M 1 —4-M 21 - 


£*) d?2 
tfs d 5*) d «i 

fi) d{ld£ * 


4 

«,d£, \/ M » 


0, * 




Q,+?ikdC 


dCz 


, - d Mi 1 « a 

M ^~df 2 dt z 


M >+ d ir< 

iM " + it d£ ' 


J „ dM, 

Mz *~di; dC 2 
Fig. 12.12. 


The shearing force Q 2 has a moment about the x axis of the magnitude 

(«■+f: *) <*i d£i a 2 d£ 2 = Q 20 t\a 2 d£ 1 d£ 2 

Hence, the condition 2il/ z = 0 gives 

da 2 M 12 dct\M* . , , dan . dao . _ .. _ _ 


f 2 ^/i 2 da Y M 2 . dai ,, 5a 2 , ~ ~ /irt01N 

^ 7 — — —jz-1” Ml -JT- + il /21 T-r- 4" Q 2 «ia 2 = 0 (12.31) 

d ?2 0^2 o£i 


Similarly, the condition SJlf y = 0 gives 

~~ - + AT, + AT 12 ^ + Qio'io '2 = 0 (12.32) 

o( 2 d£l d{l df 2 

12.3. Membrane Theory of Shells in the Form of Surface of Revolu¬ 
tion. In many problems of thin shells, the deformations are such that 
the stresses in the shell are mainly due to the middle surface forces N h N 2 , 
N \2 and the stresses due to bending are very small. In such cases, good 
approximations can be obtained by neglecting the bending stresses com¬ 
pletely. By letting the moments and shearing forces go to zero, we find 
that there are three equilibrium equations with three unknown quantities 
Ni, N 2 , and N 12 . If the external forces acting on the shell are given, the 
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problem becomes statically determinate, and these unknown forces can 
be determined without using the strain relations. The problem of stress 
analysis is therefore greatly simplified. The forces N h N 2 , N i2 obtained 
in this manner are sometimes called membrane forces. The theory of thin 
shells based on the assumption of no bending stresses is called membrane 

theory. 

Let us first consider the membrane theory of shells in the form of sur¬ 
faces of revolution. Such thin shells are used extensively in various kinds 
of containers, tanks, and domes. As explained in Sec. 12.1, a surface of 
revolution is obtained by the rotation of a meridian curve about an 
axis lying in the plane of the curve. We take in this case the curves 
^ _ constant along the meridians and £ 2 = constant along the circles in 


/ 

/ 

/ 

/ 
t 

Fig. 12.13. 

the planes perpendicular to the axis of revolution. From the notation as 
shown in Fig. 12.13, we have £i = 6 and £ 2 = <p . The tangents of the 
curvilinear coordinates 6 and <p passing through the point A are denoted 
by x and y, respectively. 

In the case of a surface of revolution, we have already shown that the 
meridian plane contains one of the principal radii of curvature, and the 
other principal radius of curvature will be that of the curve AL, which is 
the intersection of the plane xz and the middle surface of the shell. 
These two radii of curvature lie on the same line but have different 
lengths. We denote the radius of curvature of the curve AD at A, which 
is AH , by R 2 and the radius of curvature of the curve AL at A, which is 
AI, by R\. Let R 0 be the radius of the intersecting circle at A, which is 
shown in Fig. 12.13 as JK. Thus, a line element ds on the middle surface 
of the shell will be given by the formula 



ds 2 = Ro~ dd 2 + R 2 2 
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ai = R o ot 2 — Ri 

If the bending stresses in the shell can be neglected, we may assume that 

Mi = M 2 = M 2 1 = M 12 = Qi = Q 2 = 0 

Since £1 = 0 and £ 2 = <p, let us use the notations 

Ni = Ne N 2 = N v 2Vn = N 21 = 

If, furthermore, the shell is loaded symmetrically with respect to its axis, 
then pi == 0, N ve — 0, and No, N v must be independent of 0 (Fig. 12.14). 



We find that in this case Eq. (12.28) is identically satisfied. From Eq. 
(12.29), we find that 

( RoNf) — + R0R2P2 = 0 


Since the forces N 0 and N* are functions of <p only, total differentiation 
signs are used in the above equations. Now, from Fig. 12.13, we observe 

that 

dRo 


or 


d(p 

dRo 

d<p 


d<p = A'D = AD cos <p = R 2 d<p cos <p 
= R 2 cos <p 


Therefore the condition 2F„ = 0 becomes 



(R 0 N r ) — RiNg cos <p + RoRgpi - 



(12.33) 
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Since the radius of curvature in the plane zz is Ri, from Eq. (12.30), we 
find that the condition 2 F z = 0 in 
the present case becomes 

£ + X + ’ 0 

By solving these two equations, No 
and N v can be calculated. 

Since Ro = sin v , we may re¬ 
write Eq. (12.34) as follows: 


No = 


RoN, 


Rop 


(12.34) 



R 2 sin <p sin ip 

t 

Substituting the above equation into (12.33) and multiplying the resulting 
equation by sin <p, we find that 

sin J* (R 0 N«,) + RoN v cos v> + E 0 E 2 (p 2 sin <p + p 3 cos </>) = 0 

dip 


or 


d_ 

dtp 


(RoNf sin ip) + RoRz(p 2 sin ip + p 3 cos ip) — 0 


Integrating between the limits 0 and <p, we obtain 

RoN* sin ip + Jj RoRzipz sin tp + p 3 cos ip) dip = 0 


But from Fig. 12.15, it can be seen that 

P '2 sin ip + P3 cos ip = p 

and the annular area of the shell on which p acts is 

2ttRqR 2 dip 

[* F 

Hence / R«R*(,P 2 sin <p + p 3 cos ip) dip = ^ 

an d 2ttRoNv sin <p + F = 0 (12.35) 

where F is the resultant of the total load acting on that portion of the 
shell corresponding to the angle <p. Instead of solving Eqs. (12.33) and 
(12.34) simultaneously, it is more convenient to solve from Eq. (12.35) 
and then to calculate N e from Eq. (12.34). 

As a first example let us consider the case of a spherical dome of constant 
thickness under its own weight (Fig. 12.16). Let p be the gravitational 
density of the material from which the shell is made. The gravitational 
force per unit area of the shell is then ph. If the radius of the sphere is 
a, the resultant of the total load on that portion of the spherical dome 
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subtended by an angle <p is 



For spherical shells, R\ = R 2 = cl. Equations (12.35) and (12.34) then 
give 



a 2 ph( 1 — cos <p) 
a sin 2 <p 


aph 


1 + cos (p 



ycos <p — 


1 ) 

1 + COS <P/ 


(12.36) 


The negative signs in the above equations indicate compression. An 
examination of these equations shows that N v is compressive throughout 
the shell while No becomes tensile when ip is greater than 51° 50'. 



In the construction of the spherical dome, sometimes the upper portion 
of the dome is removed, and a reinforcing ring is used to support the upper 
structure (Fig. 12.17). If 2*> 0 is the angle corresponding to the opening 
and P is the vertical load per unit length acting on the reinforcing ring, 
the resultant F corresponding to an angle <p is 

F = I ph • 2tt a sin <p • a d<p 
J<p 0 

= 2ira 2 ph (cos cpo — cos (p) 


* d 

Now the integration of J 2w ( RoN * sin (p) d<p becomes 

[ZttRoNv sin <?]*,=* — [2ttRoNv sin v]<?=*,> 

Let P be the vertical load per unit length acting on the reinforcing ring. 
Then = -P/sin <p 0 . Equation (12.36) becomes in this case 

2tt aN,, sin 2 <p + 2t raP sin <p 0 + 2^a 1 ph (cos <p 0 - cos <p) = 0 


or 



COS <p 0 — cos <P 


p sin <p 0 

• o 

sin 2 ip 


sin 2 ip 
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N 


= — aph 


\ 

COS <P 0 — cos <p 
COS <P -:— 5 - 

sin 2 <p 


From Eq. (12.34), we find 

+ p sm_^o (12 37) 

\ sin” / sin z <p 

As a second example, let us consider a shell in the form of an ellipsoid of 
revolution. We find the practical application of such shells in the con¬ 
struction of the ends of cylindrical tv 

boilers. For this purpose, only half of 
the ellipsoid such as that shown in 
Fig. 12.18 is used. Let a and b be the 
lengths of the major and minor axes of 
the ellipse, respectively. The equa¬ 
tion of the ellipse is then 

bV + a 2 p 2 = « 2 & 2 

The principal radii of curvature can fig. 12 18 

be computed by using formulas derived 
in Sec. 12.1. Noticing that Ro is in this case x, we have 



/?n 

dx __ 



~ dy - 

b 2 x 


d 2 x 

a 4 

dy 2 

6 2 x 3 


Substituting into the formulas for principal curvatures (p. 
ping the negative signs, we find 


322) and drop- 


„ 1 (aV + b'x*)* 

Kl ~ x, 6 2 


Rt = - = 
*2 


(a 4 ?/ 2 + f> 4 x 2 ) % 

a/'b* 


If p is the uniform steam pressure of the boiler, the resultant F corre¬ 
sponding to an angle <p is 

F = — p • ttRo 2 = — 7rpf?i 2 sin 2 <p 

Since p 3 = — p, Eqs. (12.35) and (12.34) then give 


N v = 


_ pEi _ p(a 4 y 2 + b^Y 1 


2b 


„ p p(aV + ( _aV \ 

Ne ~ RlP ~’R i Nv ~ 26 2 \ 2 a 4 y 2 + bWj 

At the top of the shell, x = 0 and y = b, Eqs. (12.38) give 


^= * =s 


(12.38) 
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At the equator AA, x = a and y — 0, we have 

N =2? 

^ 2 

= pa ^1 — 

Problem 1. Find the stresses in a spherical tank filled with liquid of specific 
weight p and supported along a parallel circle A A (tig. 12.19). Note that the 
pressure p 3 acting on the sphere for any angle <p is given by the expression 

p 3 = —pa( 1 — cos <p) 



Ans. N<p 
Ne 
N* 
Ne 


pa 2 / 

1 2 cos 2 <p > 

\ 

6 V 

1 + COS <p, 

) 

pa 2 / 


2 cos 2 <p \ 

6 V 

d — 0 cos *p -r 

1 + COS <p) 

pa 2 / 

c , 2 cos 2 <p ' 

\ 

6 V 

0 “T" - 

1 — COS 

) 

pa 2 / 


2 cos 2 «p \ 

6 V 

1 — 0 bus 

1 — COS <pj 


for <p < <po 


for tp > <po 



Fig. 12.19. Fig. 12.20. 


Problem 2. A conical shell is filled with liquid of specific weight p (Fig. 

Find the stresses in the shell. 

P?/(3d - 2 y) tan a 
Ans - N *- 


12 . 20 ) 


p(d - y)y tan a 
Ne = -—- 


cos a 


12.4. Membrane Theory of Circular Cylindrical Shells. If we rotate 
a straight line around an axis parallel to it and follow a circle in a plane 
perpendicular to the axis, we obtain a circular cylindrical shell. This 
straight line is called the generator of the cylinder. Let us take the 
coordinate axis £1 along the generator and | 2 along the circular arc in the 
plane perpendicular to the axis. Using the notation as shown in Fig. 
12.21, we have £1 = x and £2 = S. Let a be the radius of the circle. We 
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find that in this case a line element ds on the middle surface of the shell is 
given by the formula 

ds 2 = dx 2 + a 2 dd 2 

from which we obtain 

oc\ = 1 and a 2 = a 

The principal radii of curvature in this case are 

R i = co R 2 = a 


By letting the shearing forces and moments go to zero in the equilibrium 



Fig. 12.21. 


equations, we find from Eqs. (12.28) to (12.30) 
become 


that these equations 


dN x . dN x g , n 

a ^- + -aT + api = 0 

dN x e , dNg n 

a -3— + -rr i- ap 2 = 0 
dx dd 

No H - apt = 0 


(12.39) 


where we have used N Xf N e , and N x o in the place of N u N 2 , and N 12l 
respectively. With the external load given, N e can be found from the 
third equation, and then by integration N xe and N x are found from the 

second and first equation, respectively. 

As an example, let us consider a horizontal circular cylindrical shell 
filled with liquid and rigidly built in at the ends (Fig. 12.22). The 
pressure at any point in the shell is equal to the weight of a unit column of 
the liquid at that point. If p is the weight of the liquid per unit volume 
and 6 is measured from the vertical line as shown in Fig. 12.22, the pres¬ 
sure at point B, for example, is given by p(AB) = pa(l — cos 6). Since 
the pressure is directed outward, we have 

p 3 = — pa(l — cos 6) and p x = p 2 = 0 
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Substituting into Eqs. (12.39) and integrating, we find that 

Nq = pa 2 (l — cos 0) 

N x q = — J pa sin 0 dx + /i(0) = — pax sin 0 + /i(0) 
N x = J px cos 0 dx — - 

~ ~2~ cos ^ — a dd +M6) 



df 


dd 


\ dx + / 2 (0) 


(12.40) 


where /i(0) and / 2 (0) are functions of 0 to be determined from the bound¬ 
ary conditions. 



At the ends, the cylinder is assumed to be rigidly built in. Therefore, 
the strain component eg must be zero. But 


«• - M <"• ~ 

Substituting formulas (12.40) into the above expression, we find from the 
conditions eg — 0 at x = 0 and x = L that 

/ 2 (0) = ^ (1 - cos 0) /i(0) = ^ sin 0 + C 


From the expression for N x g, we observe that the constant C represents 
forces N x g uniformly distributed around the tube. If there is no torque 
applied, such a force cannot exist and C must therefore be zero. The 

solution of Eqs. (12.40) in this case is 


Ng = pa 2 (l - cos 0) 

N x g = -pa(^ - x) sin 0 (12.41) 

N z = - ^ (L - x) cos 0 + — (1 — cos 0) 

2 ^ ' 


If the supports are rigid and cannot be moved in the x direction, there 
will be no change in the length of the generator. We find, however, that, 
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corresponding to the forces given by (12.41), the change in the length of 
the generator 


u 


- r - * - Tk r <*• - Mi) * 


is not zero. This indicates that bending of the shell will occur, and the 
membrane theory will not be sufficient to describe the deformation m this 
case. A more complete solution of the problem can be obtained by taking 
into consideration the effect of bending as well as the membrane forces. 

Problem 1. A horizontal thin circular cylinder is filled with steam at a constant 
pressure p The cylinder is assumed to have a radius a, length L and thickness fc. 
Find the membrane forces in the cylinder if the ends are assumed to be ngKUy budt in. 

Problem 2. A horizontal thin circular cylinder is under its own weight Let p be 
the density of the material from which the cylinder is made, a the radius L the length 
and h the thickness. Find the membrane forces in the cylinder if the ends are assumed 

to be rigidly built in. 

12 6 Determination of the Strain Components. Before we derive 
the expressions for the strain components for thin shells, we shall find the 

general expressions for the strain compo¬ 
nents in any body referred to orthogonal 
curvilinear coordinates. Let £ 1 , £ 2 , and £3 
be the curvilinear coordinates. Consider 

two points P(£i,£ 2,£3) and Q(£i + d£i, 

£2 + d£ 2 , £3 + d£ 3 ) at a short distance ds 

apart. Let the direction cosines of PQ , 
referred to the tangents at P to the curvi¬ 
linear coordinates £ 1 , £ 2 , £ 3 , be l, m, n, respec¬ 
tively. These tangents are shown in Fig. 12.23 as X\, x 2 , and x 3 . 11 Ai, 

A 2, A 3 are the factors at P which transform the curvilinear coordinates 
into linear distances, we find that the projections of ds on x 2) and x 3 are 

l ds = A\d%i m ds = A 2 d^ 2 n ds = A^d^ (12.42) 



Fig. 12.23. 


If we take the squares of the above expressions and then add them 
together, we obtain 

ds 2 = (d.id£i) 2 + (A 2 d£ 2 ) 2 + (A 3 d£ 3 ) 2 

After deformation, let the particles which are at P, Q in the unstiained 
state be displaced to P', Q'. Let u u u 2 , u z be the projections of the dis¬ 
placement PP' on x h x 2f x 3 , and let £j = £1 + Mh & = €2 + ^ ^ + M3 
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be the curvilinear coordinates of P Assume that the displacement is 
small. Then 

U\ = AifjLi U2 = A2M2 Uz = A3/X3 ( 12 . 43 ) 

The curvilinear coordinates of Q'(£1 ,£'z) can be expressed to the first 

order as 

& — £1 + d£i + d/zi = £1 + Mi + d£i + 77^ d£ 1 + ^7^ d£ 2 + 77^ d£ 3 

0^1 0^2 3 

= $2 + d?2 + d/i2 = £2 + M2 + d^2 + -JTjT d£ 1 + 77^ d$2 + 77” d?3 

0^2 0^3 

£3 = £3 + d£* + d/i 3 = £3 + M3 + d£ 3 + 7~r d£i + 77^ d£ 2 + 77^ d£ 3 

dfi 2 0^3 


Since the quantities Ai, A 2 , A 3 vary from point to point, the quantities 
A[, A' 2 , A' 3 at P' can be expressed in terms of A 1 , A 2 , A 3 at P by the follow¬ 
ing formulas: 


a; 

a; 

a; 


— A 1 

+ 

3Ax 


+ 

dylx 


+ 

dAi 



Ml 

d£ 2 

M2 

a? 3 

M 3 


+ 

3A 2 


+ 

aA 2 


+ 

dA 2 


= A 2 

d£i 

Mi 

dh 

M2 

dt, 

M 3 


+ 

aA 3 


+ 

3 A 3 


+ 

3A 3 


= A 3 

a«i 

Mi 

d(* 

M2 

a? 3 

M 3 


Let ds' be the length of P'Q' and l ', ra', n' be the direction cosines of P'Q' 
referred to the tangents to the curvilinear coordinates £ 1 , £ 2 , £3 which pass 
through P'. The projections of P'Q' on these tangents can be expressed 
with sufficient accuracy by three formulas of the type 


1 u - x;<ff - «> - (x,+ §£ « + » + H‘«) 

l 1 ' 1, + it ,i£ ' + It i| * + it "'*■) 

Neglecting higher-order terms, we have 

Z' ds' = A, d{x + ^- l /xx d£, + ^ „ 2 dkx + ^/.! d«! + Ax dti 

o£ 1 o£ 2 a£ 3 o£i 

d£2 d£ 3 


Substituting formulas (12.42) and (12.43) into the above equation and 
noting that 


dAl m dh + Q A t d( t 


d£ 


1 


at 
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W6 find that 


/ 1 dui , U 2 dAi , Uz dA 

V ds' = Ids II + ^ ^ ' AiA 2 d£ 2 ^liA 3 d(z 

' / 


Similarly, we find that 


y Ai d / Ui\ , , Ai 3 [ Wi 

+ m ds T t W* W + n X, aT.U 1 


m 


' ds' = l ds 


A 2 d 



«■' + „*(i + i5-'+ 3A ' 


A 2 ^^2 ' -dl-d.2 ^^1 

m 3 dA 2 \ . _ , A 2 5 

+ CT aiT/ + A 3 ah \a 2 


U 2 



u ^ + mds A3 d 



u' ds' = l ds 

rx. 1 1/^1 \-* A <v - ' •' 

y (y x 1 dUz , U 2 dAz dA 3 

+ n ds ^1 + ^ a{j + AfAf di2 -t- Aii 4 3 a€l 

If £ is the longitudinal strain of a linear element along PQ we have 

P'Q' - PQ 


€ = 


PQ 


or 


P'Q' = PQ (1 + e) = ds (1 + e) 


But (P'Q') 2 = (l 1 ds’) 2 + (m' ds') 2 + (n’ ds’) 2 

The strain £ is therefore given by the equation 

dAA 


K , , 1 dui , «! u 3 aAA 

1 + Aid£i + A1A2 ^ A1A3 dhj 


+ m 


A 1 a 


+ n 


A 1 a 



+ 


+ 


A 2 a£ 2 W 1 ' v A 3 af 

Neglecting squares and products of u h u 2i Uz, we may write the result in 
the form 

e = eil 2 + e 2 m 2 + e 3 n 2 + 712 lm + yizln + 72 zmn 

in which 


(12.44) 


ci = 


1 dui u 2 dAi , dA 1 

A A i- 1 


A 1 A 2 a£ 2 


A\Az aj 3 
Uz dA 2 
A 2 A 3 aj 3 
iz 2 aA 3 . U\ dAz 
€3 = Tz d£z + a 2 aT 3 a^ AiA 3 ah 


e 2 = 


ill at: 

1 du 2 . Ui dA 2 

1 ~ iT 1" 1 i ^ I 

a 2 a^ 2 
1 au 3 


A 1 A 2 a^i 


712 


713 = 


723 = 



+ 


+ 


Ai a 


A 2 a £ 2 \a 3 


+ 


A 2 d£ 2 \Ai 

A 3 d ( U 3 
Aia{i\A, 
A 2 d I U 2 



(12.45) 
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Comparing (12.44) with the first equation of (2.14), we see that ei, e 2 , e 3 
are the longitudinal strain components in the directions 1, 2, and 3 respec¬ 
tively, and Yi 2 , 7 i 3 , 723 are the shearing strain components. 

In deriving the strain components for thin shells, we make the following 
assumptions: 

1. The normals of the undeformed middle surface are deformed into 
the normals of the deformed middle surface. 

2. The stress components normal to the middle surface are small com¬ 
pared with the other stress components and may be neglected in the stress- 
strain relations. 

According to the coordinate system we took for thin shells, £ 3 = z , 
while £i = £i and £ 2 = £ 2 . Since the middle surface is not assumed to be 
unstrained as in the case of small bending of flat plates, the displacements 
at any point in the directions of £1 and £ 2 are, to the first order of z, 


Ui = Uio + z 



U2 — U20 + z 



(12.46) 


where u i0 and U 20 are the displacements U\ and u 2 on the middle surface or 
at z = 0. 

We have already explained in Sec. 11.1 that the first assumption is 
equivalent to assuming that = y 2z = 0. From (12.45), if we carry 
out the differentiation, we find that 




1 dui 

A z dz 

A_ 3 _a_ 

A 2 d£ 2 




1 dll2 
A 3 dz 


Az d_ ( 

A 1 d£i \A 3 / 

_ U2 dA 2 
A 2 A 3 dz 


(12.47) 


If oq, «2 are the factors which transform the curvilinear coordinates to 
linear distances on the middle surface of the shell, we find then that 



Substituting into formulas (12.47), at z = 0, we find that 


( du\\ _ __ ^io _ 1 dw ( du 2 \ _ _ ^_L 

dz ) z ^o Ri «i d£i \ dz / 2==0 R2 «2 d £ 2 

where w is the displacement w 3 on the middle surface. Hence 




1 dwA 

~^idZi) 


U2 = U20 




1 dw 

<*2 d£ 2 


(12.48) 
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Neglecting z/Ri and z/R, in the presence of 1, we find 

A i = Ct l A 2 = 02 


339 


Noting that 


dA i 

dz 


CL l 

Ri 


aA 

dz 


02 

R 5 


Uz = w 


we 


obtain the strain components in the following form: 


-(? 


a-UlO , _W20_ 

€l = djl «i«2 d%2 


1 w\ _ r j_— 

2 Rl) Z L a l 



+ 



€2 


-(? 


ai/20 ^10 do 

0*2 a^2 Ol0 2 d£ 


! B,/ L« 


aiy 

oi d£ 

U 20 , aw \ 

«2 ^£ 2 / a$2 

1 aw 



W 20 


+ 


+ 


712 



0 2 d 
ol 1 aj 


( W2o\ 
02 / 


+ 


ai d 

0 L 2 a £2 


te)l 


02 a £2 V^2 ' «2 d$2 
1 /uio 1 dw\ do 2 
x aidUdt 


(12.49) 


+ 


a 1 O 2 V-R 

a 2 a / ^20 

01 d£i \0c2R2 
oi a / W 10 


1 aw 

o 2 2 a^ 2 

1 dw 


02 a£ 


a.Ei + «i 2 <3£ 



Formulas (12.49) may be written as 


ei = €10 ~ 2Xi 


€2 — €20 


2X2 


712 = To 2^X12 (12.50) 


where eio — 


1 awio , U20 doi 

T 


€20 — 


To = 


Xi = 


X2 = 


X12 = 



u 2 o , J_ dw\ dai 

o 2 a{ 2 / a ^ 2 

1 aw\ ao 


+ 


+ -L2») 

a 2 R 2 T a 2 2 <W 


01 a£i/ d£i 

Mio _j_ ^ 


aw 


02 dlAaJti ' ai 2 a?i/J 



In the above expressions, * 10> € 20 , 7o may be interpreted physically as 
strains in the middle surface of the shell, while xi, X*, X 12 are the changes 

in curvatures. . , 

From the second assumption, the following expressions for the stress 

components are obtained: 
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<r i = •= - 2 [eio + vt 2 o — z(x 1 + *X 2 )] 

1 — v L 

E 

<T2 = ^ _ v2 [€20 + V*10 — Z(X 2 + ^Xl)] (12.51) 

E 

Tl2 = 2(1 + i>) (7 ° “ 2zxi2) 


Substituting these expressions into Eqs. (12.27) and neglecting z/R\ and 
z/R 2 in the presence of 1, we obtain 


N, = 


N* = 


Eh 


1 - v 2 

Eh 

1 - V 2 


N 12 — N 21 = 


(€10 + ^€ 20 ) 
(€20 + ^€10) 

Ehy 0 


21 


M 1 

M 2 

M 12 


2(1 + ir) 

—D(x 1 + ^ 2 ) 

— D(x 2 4- *>xi) 

M 21 = D(1 — v)xi2 


(12.52) 


The above method of derivation is due to Reissner. 1 

12.6. General Theory of Circular Cylindrical Shells. Let us consider 
the case of circular cylindrical shells. We choose the coordinate axes so 
that x is in the direction of the generatrix, 6 is in the direction of the tangent 
to the circumference, and z is in the direction of the normal to the middle 
surface of the shell. Thus, £1 = x, £ 2 = 0. Let a be the radius of the 
circular cylinder. A line element ds on the middle surface is given in this 
case by the formula 

ds 2 = dx 2 + o 2 dd 2 
Hence «i = 1 <x 2 = a 


If we denote the tangent to the coordinate 0 by y , we find that the radii of 
curvature in the xz and yz planes are the principal radii of curvature. 
Thus, 

Ri = 00 R 2 = a 

Let N 1 = N x , A ^2 = No, N 12 — AL 0 , A/i = Af x , M 2 = A/#, A /12 = Mxe = 

M 2 i = Mox, Q 1 = Qx, Q 2 = Qo. With these notations and the values of a 
and R given by the above formulas, we find from Eqs. (12.28) to (12.32) 
the following equilibrium equations for circular cylindrical shells: 

1 E. Reissner, A New Derivation of the Equations for the Deformation of Elastic 
Shells, Am. J. Math., Vol. 63, No. 1, pp. 177-184, January, 1941. 
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dN z . dN x $ , 

a — -H + ap 1 


a 


3a; 

3AT xfl , 3W 


66 


= 0 


6x 


0 + ^ - Q* + 


69 


a ir + % + N> + ap3 

6x 66 

MT.W. „ 


3x 
dMxc 
'~66~ 


— a 


66 

6M. 

6x 


= 0 


= 0 


= 0 


(12.53) 


~h ciQx — 0 


From the last two equations, we find that 


< 2 . = - 


1 dM e dM xS 


a 66 


6x 


Qx = 


dM x 1 6M 


6x 


xO 


a 69 


(12.54) 


Substituting these relations in the first three equations in (12.53), we 


obtain 


a 


a 


6x 

6 2 M X 

6x 2 


+ 


66 


+ 


6 N z , 6 N x g 

6M X 0 1 dMg 


+ ap i = 0 


6N xg , dN* , civixe _ a + = o 


3a; 


a 66 


(12.55) 


_ 2 «^ + >?*! + A-, + «p,-0 

3a; 33 a 30 


To find the expressions for the strain components, let us denote 


u io = u 

€i = € z 

Xi = Xx 


W20 = V 
€2 = 

X 2 = Xe 


712 

X 12 


7x6 

Xxd 


From formulas (12.49) and (12.50), we obtain 


€x — € x 0 Z X 


e g = e^ 0 — 2X6 7x6 — 7o — 2zXxO (12.56) 


where 


€z0 — 


€60 — 


70 = 


W 

a 


1 3w 
+ a 66 


Xx = 


X 6 = 


Xx6 = T 


6u 
6x 
1 3y 
a 66 
6v 
6x 
6 2 w 
6x 2 

1 3_ 

a 66 

1 /l dv 
a 


v , 1 6w\ 
a a 66 ) 

6 2 w 

2 6x 6x 66 


(12.57) 
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Substituting these expressions into formulas (12.52), we obtain 


N 


du 


Nxe = 


“ 1 - V 2 

V W I 

dx 

Eh i 

(\ dv 

1 - „ 2 ' 

\a dd 

Eh 

_ 4 & 



. dv 
idd 

+ v 


-s)] 


du 

dx 


+ 


M 


= -d[ 


d 2 W 

dx 2 


+ 


dv d 2 W 

Jd + ~dd 2 



(12.58) 


M 


e 


dv , d 2 w 

Td Jd 2 


+ V 


d 2 w 

dx 2 


M xe = Z>( 1 




dv , d 2 W 

dx dx dd 


In terms of the displacement components u, v, w, Eqs. (12.55) become 


d 2 u . 1 — v d 2 u . 1 + v 

I /-x O a r\ O 1 


d 2 v 


l + * 


dx 2 

d 2 u 


2 a dx dd 

d 3 W 


2 a 2 dd 2 




+ 


du . 
v — + 
dx 


a 
dv 


dd 3 


+ 



2a dx dd 

1 d 2 v 1 dw 
a 2 dd 2 ~~ a 2 ~dd 


v dw , pi(l — v 2 ) 
a dx Eh 


= 0 


+ 


h 2 l d z w 


12 a 2 


a dd 


w h 2 ( 

a 12 V 



— v d 2 V 

dx 2 


+ 


dh) 



a 
d*w 


dd 2 


+ 


+ 


dx 4 1 a dx 2 dd 2 

d 3 v 1 d 3 v 
dx^dd + a 3 dd 3 


12a 2 \dx 2 dd 
p 2 (l — v 2 ) 

Eh 

dw A 
a 3 dd A 


= 0 (12.59) 


+ 


ap 3 ( 1 — v 2 ) _ 


Eh 


= 0 


The problem of the circular cylindrical shell reduces thus in each particu¬ 
lar case to the solution of this system of differential equations. Several 
examples of such solutions will be shown in the next two sections. 

12.7. Circular Cylindrical Shell Loaded Symmetrically with Respect 
to Its Axis. For circular cylindrical shells loaded symmetrically with 
respect to their axes, the solution of Eqs. (12.59) can be very much simpli¬ 
fied. Shells of this type have many practical applications, such as 
cylindrical boilers subjected to the action of steam pressure and vertical 
cylindrical containers subjected to internal liquid pressures. In such 
cases, because of symmetry, we find that p 2 = 0, v = 0, and u, w are 
functions of x only. If a is the radius of the cylinder, Eqs. (12.59) become 


d 2 u 


du 


« - 


dx 


dx 2 

w h 2 a dhv 
a 


v dw . pi(l — v 2 ) 
a dx Eh 


= 0 


12 dx A 


+ 


ap 3 ( 1 — v 2 ) _ 

Eh 


0 


(12.60) 
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If the cylinder is loaded by lateral loading only, pi 
.quation can be integrated to give 

du 


= 0 and the first 


vw 


dx 


- — == C 


(12.61) 


a 


where C is a constant of integration. From Eqs. (12.58), we find that 


du 

dx 


vw 

a 


N x (l - v 2 ) 
Eh 


TTmiation (12.61) indicates that the forces N x are constant. _ 

Eliminating du/dx from the second equation in (12.60), we obtain 


d A w 
dx 


- + 4(3Ho = 


vN z 
D ' aD 


(12.62) 


, 04 _ 3(1 — v *)/aV i 2 . This is an ordinary differential equation 

with constant coefficients. The complementary solution of this equation 


is 


w = C ie*' x + + CV 9 * 1 + CV " 1 


where Ci, C 2 , C 3 , C 4 are constants and q h q-i, q 3 , qt are the roots of the 

,• + 413* - 0 

By adding and subtracting the terms 4g*0 ! in the above equation, we have 


Therefore 


or 


(g 2 + 2/3 2 ) 2 - ±q 2 P 2 = o 
q 2 + 2/3 2 = ± 2 ? /3 

q = i/3 ± 


The complementary solution is 

W = e-^(Cie i?I + Cie-**) + e^{C 3 e^ x + C 4 e- ,?I ) 

If the particular integral \sj{x), the general solution of Eq. (12.62) can 
be written in the following form, 

w = e~^ x (Ci cos fix + C 2 sin fix) + e* x (C 3 cos fix + C 4 sin fix) + f(x) 




where Ci, C 2 , C 3 , C 4 are arbitrary constants. . , 

As a first example, let us consider a long circular pipe bent by a load 

uniformly distributed along a circular section. Let us take the coordinate 

axes as shown in Fig. 12.24 and consider the half cylinder at the right of 

the z axis . 1 In this case, there is no pressure p 3 distributed over the sur- 

i For the other half cylinder at the left of the z axis, we shall take * in the opposite 
direction to that shown in Fig. 12.24. 
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face of the shell, and if the end condition is such that N x = 0, then 
f(x) <= 0. Since the cylinder is long, at the support, which is at a large 



Fig. 12.24. 


value of x , w must be zero. This is possible only if C 3 
in (12.63). We have therefore 


w = e~ 0x (C i cos fix + C 2 sin fix) 


From Eqs. (12.58), we find that N xe 




= 0 and 

w 
a 




C 4 = 0 
(12.64) 


(12.65) 


Since N x is assumed to be zero, du/dx 
in the following form: 


= —vw/a and N 0 may be written 

Ehw 

a 


From Eq. (12.54), we have 

Q = = -D^ 

Jx dx dx 3 


( 12 . 66 ) 


In the present case, since each half of the cylinder will take one-half of 
the external load, at x = 0 we have Q* = -P/2. For a long cylinder, w 
must he symmetrical about x = 0, which requires that dw/dx = 0 there. 
The integration constants Ci and C 2 can be determined from these two 

conditions, viz., 



[-/3CiC-^(cos 0X + sin fix) + /3C 2 c _ ^(cos fix - sin fix)] x ~<> 

= -Cj + C, = 0 

[2/3 3 C 1 e-' iI (cos fix - sin fix) + 2fi 3 C«e~^{cos fix + sin /S.t)] x=0 

= 2fi 3 (Ci + C t ) = 25 
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Solving, we get 


Ci = C 2 = 


8/3 3 D 


The deflection w is therefore 


w = ^ 3 ^ (sin fix + cos fix) 


(12.67) 


Substituting into Eqs. (12.65), we find that 


N 


Ehw 


e 


M: 


D 


Me = - Dv 


Q 


-D 


a 

d 2 w 
dx 2 
d 2 w 
dx 2 
d z w 
dx 3 


- w ^ ^ + cos 

Pe (cos fix — sin fix) 


4 fi 

vPe-e* 

4 fi 
Pe-f>* 


( 12 . 68 ) 


(cos fix — sin fix) 
cos fix 


From these formulas, we find that the maximum deflection and the maxi¬ 
mum bending moment occur at x = 0 and are 


^max 


Pa 2 fi 
8fi*D ~ 2 Eh 


-^7 max 


4/3 


We observe also that all the quantities computed from these formulas are 
npcrlisible if x > t// 3. This indicates that the bending is of local character 
“under with length L - 2,/d loaded at the middle will have prae- 
tically the same maximum deflection and bending moments as those for a 

l01 :^ bending stresses can be computed from formulas (12.51) and 
(12.52), viz., 


a x - 


12 MxZ 

h* 


ae 


N e , }2Mez 


h 


h 3 


The maximum bending stresses occur at x - 0 
and z = h/2, and their values are 


(<Ti) max 


3 P 
2/3 h 2 


0 ) max 


Pafi 3 vP 

2 2 fib 2 



Fig. 12.25. 


As a second example, let us consider a cylindrical tank filled with liquid 
of a specific weight p. Take the coordinate system as shown in Fig 12.25. 
The pressure acting at any point x on the wall of the cylindrical tank is 
= — p (L — x), where the negative sign indicates that p* is directed 

outward and is opposite to the positive z direction. Equation (12.6 ) 
becomes 
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diw + 40% = - ” X) 


dx A 


D 


The particular integral of this equation is 


f(x) = - 
and the general solution is 


p( 1 ~ x) 
4/3 4 D 


p(L — x)a 2 


Eh 


w = e~ Bx (C i cos /3x + C 2 sin /3x) + e Bx (Cz cos fix 

+ C< sin /3x) - P(L ^ X) ° 2 (12.69) 

If L is large compared with y/ah , we may regard the cylinder as infinitely 
long. The constants C 3 and C 4 are then equal to zero. At the bottom 
of the tank, we may assume that the tank is rigidly built in. In such a 
case, we have 


w = 0 and ^ = 0 

ax 

From these conditions, we find that 


at x = 0 


(u0~o = Cx - ^ = 0 


/duA 

\dx / z=o 


Eh 


pa 


fi (C, - CO + = 0 


Eh 


or 


Cx = 


pa 2 L 

1 ^/T 


C* = 


pa z 

Eh 



The deflection w then becomes 

2 


ptt 1 j- 

w = -m {L 


- x - e~ Bx 


L cos /3x + 


( L - s) ” 


sin Px 



Substituting this expression into Eqs. (12.65), we find that 


N 


e 




M x = — D 


Ma = —Dv 


d 2 w _ 

p aLh ..-a* 

dx 2 

•v/12(1 - V 2 ) 

d 2 w 

vpaLh n _ Bx 

dx 2 

< 

1 

< 


sin fix + 


(3x — si 


sin /3x + 


cos fix 


cos 8x 


With these expressions for N 0 > M x , and Me, the maximum stresses can 
easily be calculated. The maximum bending moment occurs at the bot¬ 
tom of the tank, and its value is 


0-A) 
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12 8. Cylindrical Shells under Unsymmetrical Loadings. In the 

era! case of cylindrical shells under unsymmetrical loadings, we must 
fnlve the three equations in (12.59) simultaneously. Let us take as an 
p l e the case of a circular cylindrical shell filled with a liquid of 
specific weight p (Fig. 12.26). Assume that the edges of the shell can be 






Fig. 12.26 


regarded as simply supported. 1 Then at the supports, x = 0 and x = L, 
we have 

v = 0 w = 0 N x = 0 M x = 0 

It can easily be verified that these conditions as well as the conditions of 
symmetry of deformation are satisfied if we take the components of dis¬ 
placement in the form of the following series, 


00 


u 


-ll 


A mn cos 710 cos 


rmrx 


m = 1 n = 0 

co 00 


V 


-ll 


Bmu sin n0 sin 


rmrx 


(12.70) 


w — 


m = 1 n = 0 

V V . rmrx 

) ) C m „ cos 710 sin 

m= 1 n =0 


where L is the length of the cylinder and 6 is the angle measured as shown 
in Fig. 12.26. 

The intensity of the pressure p 3 is given by the following expressions, 


p 3 — — pa(cos 0 — cos a) when 0 < 0 < a 
p 3 == 0 when a < 0 < 7r 


(12.71) 


where the angle a defines the level of the liquid. It will be convenient to 
represent p 3 as given by (12.71) in the form of a Fourier’s series as follows. 


p 3 = 


-~ll 


D mn cos 7i0 sin 


rmrx 


(12.72) 


m n 


1 1. A. Wojtaszak, Deformation of Thin Cylindrical Shells Subjected to Internal 
Loading, Phil Mag., Ser. 7, Vol. 18, pp. 1099-1116, 1934. 
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The coefficients D mn can be calculated in the usual way and are given by 
the following formulas, 


Dmn 


8 pa 


mmr 2 (n 2 — 1) 


- (cos a sin na — n cos na sin a) (12.73) 


where m = 1, 3, 5 . . . and n = 2, 3, 4 , while 


Dmo = (sin a — a cos a) 
rmr 2 


D 


m 


, = ^ (2a - sin 2a) (12.74) 


ttltv 


In the case of a cylinder completely filled with liquid (Fig. 12.27), we 

denote by pd the pressure at the axis of the shell. Then 



p z = — p (d + a cos 0) 

and we obtain instead of (12.73) and (12.74) 


Dmn — 0 DmO — 


D m 1 — 


4pd 

7717T 

4 pa 

7M7T 


m = 1, 3, 5, . 


• • 


(12.75) 


For thin cylinders, h 2 /\2a 2 will be a small value, and 
the terms multiplied by that factor can be neglected in 
comparison with other terms in the second equation of (12.59). Substi¬ 
tuting (12.70) and (12.72) into Eqs. (12.59), and introducing the notation 

h 


x = ^ 

a 


v = 


2 L 


we obtain 


A mn [2mV + (1 - v)X 2 n 2 ] - J3 m „(l - v)\mmr + C mn 2v\rmr - 0 

.4 m „3(l + v) Xwtmr - B m „[3(l - v)mV + 6X 2 n 2 ] 

- C m „2X 2 n[3 + v \rnW + X 2 n 2 )] = 0 (12.76) 

i4mn3vXmir - Bm»X 2 n 2 [3 + i ! (mV 2 + X 2 n 2 )] 

- C mn[3X 2 + vKmV + X 2 n 2 ) 2 ] = - 


Since D mn is known from Eqs. (12.73), (12.74), or (12.75) the coefficients 
A mn , B mn , Cmn can be calculated in each particular case from Eqs. (12.76) 
for any value of m and n, and therefore the resultant forces, moments, and 
components of displacement can be found for any point of the cylindrical 

shell by using Eqs. (12.58) and (12.70). 

The above theoretical solution will now be applied to the case of a 

cylindrical shell full of liquid with the following numerical data: 
a = d = 19.68 in. L = 9.84 h = 2.76 in. r = 0.3 

Then X = \ = 0.5 X 2 = 0.25 q = ^ = 0.14 v 2 = 0.0196 
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From (12.75), we obtain 

DmO = D m l = 


4 pa 


rmr 
Dmn = 0 


where m = 1, 3, 5, . . 
for n > 1 


= 0, the solu- 


and 

Using the notation <p = 2a P Uh/^D we find that, for n 
tion of Eqs. (12.76) is 

, V<p\ _ 

Am0 ~ m 2 [3X 2 (l - » 2 ) + 7? 2 ?nV] 

B m o = 0 

Cm0 = m[3X 2 (l - v*) + i 2 t»V] 

For n = 1 the expressions for the coefficients are too complicated to be 

nut explicitly in terms of these parameters. For m = 1, 3, 5, the numeri¬ 
cal values of the coefficients are given in Table 12.1. It is seen that the 
values of these coefficients diminish very rapidly so that only a few terms 
in the series (12.70) are necessary to represent the deformation with 

sufficient accuracy. 

Table 12.1 


in 

1 

3 

5 


m0V -'h X 10 3 

CW"‘X x 10 3 

A ml <p-'h X 10 3 

X 10 3 

CW‘X X 10 3 

28.94 

0.0537 

0.00251 

-606 

- 3.371 

- 0.263 

24.38 

0.0520 
0.00247 

- 35.95 

- 0.0372 

- 0.00183 

-593 

- 3.352 

- 0.263 


Maximum values of w , N x , No, M x , and Me occur at x 
and will now be computed. Taking m = 1, 3, 5 and n = 

that 

_ 4,642p 


= L/2, 0 = 0 
0 , 1, we find 


^max 

(N X U* = 0.1326p 
(NeU* = 9.00p 
(M x ) m .x = 12.49p 
(M 0 ) ma , = 3.885p 


in. 


lb per in. 
lb per in. 
lb 
lb 


The maximum circumferential and longitudinal bending stresses are 


e) max ^ 


max 


6 (Ii) m = 6 335p p S i 

nr 


(»,)_« = = 9-913P psi 

Problem. In the numerical example worked out, if we take h = 0.25 in. but leave 
the other given data unchanged, calculate the maximum deflections and stresses. 
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12.9. Buckling of Circular Cylindrical Shell under Uniform Axial 
Compression. When a cylindrical shell is under uniform axial com¬ 
pression (Fig. 12.28), the cylindrical form of equilibrium 
becomes unstable at a certain value of the compressive 
load, and the cylinder buckles. Assume in this case that 
all middle surface forces except N x are very small. The 
products of N z and the derivatives of the displacements 
then become large enough to be included in the equilib¬ 
rium equations, while the products of other forces and 
derivatives of displacements can still be neglected. In 
a calculation similar to that of Sec. 11.6, we find that 
the force N x gives a y component N x (d 2 v/dx 2 ) dx add 
in the equation XF V = 0 and a z component N x {d 2 w/dx 2 ) 

Fig 12 28 ^ x a ^ e Q ua ^ on 2F* = 0. Dividing these com¬ 

ponents by dx dd and adding them to Eq. (12.53), we 

find that in such a case the equilibrium equations are 



dNe . dN x e AT 

+ a z + aN 


6N X dN xe 
a ~dx + ~dfT 

d 2 V 


= 0 


dd 

a ^ + 


dx 

dQe 


dx 2 


- Qe = 0 


a 


a 


dd 

dM x e 

dx 

dM x 

dx 


+ aN x ^ + N e = 0 


x dx 2 
dMe 
~dd~ 
dM X 0 
dd 


+ aQe = 0 
— aQ x = 0 


(12.77) 


where pi, p 2 , pz are taken as zero. If we eliminate the shearing forces Q x 
and Q e from these equations, we obtain 



dNe , dN x e , A7 - 

+ a r + aN 


dd 


dx 


dh) , dM X 0 


dx 2 


dx 


„ d 2 w . , T . d 2 M 
aNx + N 0 + a 


dx 2 


At? 


x _ 2 d 2 Mx9 


dM 0 

a dd 

d 2 M 


9 


At A A 


n AA 2 


= 0 


= 0 


(12.78) 


To solve these equations, let us express them in terms of the displace¬ 
ments u, v , w by using Eqs. (12.58). By taking compressive stress as 
positive and introducing the notations 


h 2 N x ( 1 - v 2 ) _ 

12a 2 “ Eh 


(12.79) 
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we finally obtain the following equations 


d 2 u 1 + v dh) 
“T ‘ 


1 + V d 2 u 


+ 


dx 2 ' 2 a dx dd 

1 — v dh) . dh) 


v dw . \ — v d 2 U 
a fcc ' 2 a 2 dd 2 


0 


dw 


2 a dxdd ' 2 

d 2 v 


+ 



2 dd 2 
du 


+ 


dx 2 

d 3 w 


+ 


^ 4* 


a 2 dd 2 

d 3 W 


a 2 dd 3 1 dx 2 dd 


+ 


a 2 dd 

1 — v dh) 


d 2 w . 

+ "to 


/ d*v 
\a dd 3 


dx 2 
d z v 


dh) 

dx 2 


= 0 (12.80) 


, z d*W _ 

+ a dx 4 + a dd 4 


1 ™ dx 2 dd 
d 4 W - d 4 W 


4" 2ct 


dx 2 dd 2 


= 0 


These equations are satisfied if 


u = — x + C 2 
va 


v — 0 w = Ci 


(12.81) 


where Ci and C 2 are constants. This solution represents the cylindrical 
form of equilibrium in which the compressed shell expands uniformly in 
the lateral direction. If we take the origin of coordinates at one end of 
the shell and let L be the length of the cylinder, the general solution of 
Eqs. (12.54) can be expressed in terms of the following series: 


u — 


C 1 v V , mirX 

— X 4- c 2 4 - ) A Amn sm nd cos ~lT 

m n 


mirX 


V = 


^ ^ Bmn cos n 0 sin L 


(12.82) 


m n 


m-KX 


w = 


Ci + 22 C m „ sin nd sin ^ 


m n 


For long cylinders, the edge conditions have only a small effect on the 
magnitude of the critical load, and the solution given by (12.82) will give 
the critical load for such a cylinder under axial compression irrespective 

of the type of edge supports. 

Substituting (12.82) into Eqs. (12.80) and introducing the notation 


X = 


rmra 


we find that 


mn 


X 2 + 


4 M 


+ B mn (1 2 y)X - + C mnV \ = 0 


(1 + v)Xn - + B 



(1 - v)(l + a)X 2 


+ (1 + a)n- - XV 


2 1 —"**» 2 

+ C mn [n + an(n 2 4~ X 2 )] = 0 

A mn v\ 4- B mn [l 4- «(n 2 + X 2 )] 4- C mn [ 1 - XV + «(X 2 4- n 2 ) 2 ] = 


(12.83) 


0 
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A nontrivial solution is obtained if we equate to zero the determinant of 
the coefficients in the above equations. The quantities a and <p are 
usually very small so that the terms containing their squares can be 
neglected. By expanding the determinant, we find that the minimum 
value of <p occurs when X 2 and n 2 are large numbers. Bearing these facts 
in mind, we shall neglect the small terms and finally obtain 


Let 


Then 


<P = 


fi = 


(n 2 + X 2 ) 2 . (1 - v)\ 2 
a -^- + 

(n 2 + X 2 ) 2 


(n 2 + X 2 ) 2 


X 2 


<p = a/3 + 


1 - 


P 


is a minimum if d<p/d$ = 0, or 




from which we find that 


& 



- v 2 


Hence 


<pmin = 2 \/«(1 — V 2 ) 


and, by using notations (12.79), 


N 


<Jcr = 


CT 


Eh 


h a V3(l - v 2 ) 


(12.84) 


Equation (12.84) gives the value of the critical stress for a long cylinder 
under axial compression. This theoretical value is, however, often three 
or four times that of the experimental values. To explain this dis¬ 
crepancy, a nonlinear theory of buckling has been advanced by von 
Karmdn and Tsien, 1 who assume that the squares of the derivatives of the 
deflection w are now of the same order of magnitude as the derivatives of 
other displacements. Such calculations, however, are too long to be 
included in this volume. 


1 See Th. von Kdrmdn and H. S. Tsien, The Buckling of Thin Cylindrical Shells 
under Axial Compression, J. Aeronaut. Sci., Vol. 8, p. 303, June, 1941; D. M. A. 
Leggett and R. P. N. Jones, The Behavior of a Cylindrical Shell under Axial Com¬ 
pression when the Buckling Load Has Been Exceeded, Brit. ARC Tech. Rept ., RLM 
2190, 1942; L. H. Donnell and C. C. Wan, Effect of Imperfections on Buckling of 
Thin Cylinders and Columns under Axial Compression, J. Applied Mech. f Vol. 17, 
No. 1, p. 173, 1951. 
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